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FOREWORD 


This document is a machine translation of Russian 
text vhich has been processed by the AN/GSQ~16(-XW=2) 
Machine Translator, owned and operated by the United 
States Air Force. The machine output has been fully 
posteedited. Ambiguity of meaning, words missing from 
the machine's dictionary, end words out of the context 
of meaning have been corrected. Tne sentence word 
order has been rearranged for readability due to the 


fact that Russian sentence structure does not follow 


‘the Envlish subject-verb-predicate sentence structure. 


The fact of translation does not guarantee editorial 


accuracy, nor does it indicate USAF approval or dis- 


approval of the materiul translated. 
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ANNOTATION 


This book is a monograph on the statistical theory 
of radar. It consists of two volumes. In the first vol- 
ume the basic problems of the theory of detection are ex- 
pounded, in the second -- the problems of radar measure- 
ments and several problems on target resolution. Methais 
for analysis and synthesis of radar systems are treated, 
as are many results and rvles obtained by these methods, 
The book is designed for teachers and those acquainted 
with the basic aspects of the theories of probability and 
the theories of random processes. The necessary infor- 


mation from the theory of statistical resolution ig given 
in the book. 


The book is intended for scientific workers and en- 
gineers, those concerned with radar problems, and also 


for post-graduate students and students of i a 
specialities, . . 
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MT=64-113, 

Problems of the Statistical Theory of 
Radar. Moscow, Soviet Radio Pub- 
lishing House, 1963. 

Pages: Cover ~ 421, 


INTRODUCTION 


Develcpment of radar technology nade necessary the creation of a theory of 
radar, which would establish the baaic regularities and unique critesia of quality 
of radar syatens, . 

This theory, in accordance with the functions performed by any radar set, is 
statistical. Actually, radar is used for detection of objects and maasurensnt of 
paraneters of their motion. the presénse or absence oF an object, as. weil as these : : 


paranoters, are random, ‘Besides the randomness of. measured magnitudes there are . 


other eausos of the rariomness of input radar data — the randommess of a reflected 
/ . eignal (fluctuation of a signal) and the haidatory presence: of thoae or other inter ne 
ferences, Such interferences ean. be natural noises of receivers, reflections frou 


Sa _ ~Kearby objects, the Surface of the earth and/or sea, and also pecially organited 


interferences of various foras exployed | for combat with eyetens of military assign~ 


tant. Asa result, the received radar signal t6 random and the radar set revealing - 


the object or measuring its coordinate oust receive thoee or other stabietical re- 


solutions coupled with the signal from the object (the resolution about the pres- 


nce or absence of an object, or about the various values of its parameters). 


The problem of analysis of the quality of radar work rk of every given form re- 
duces to the inveatigation of random proceseés in it with the influance on the 


receiver input of a randos aignal mixed with rioises or interferences. 
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The problem of synthesis of radar reduces to finding optimum (from the view- 
point of one or another applied statistical criterion) mathematical operations on 
the received signal and to the construction of a functional circuit executing 
these operations. Thus, in the synthesis of radar in the mode of detection the 
probability of errors of resolution are minimized (the probability of a false 
alarm and the omission of an object) and on this basis the method of optimum 
treatment of the signal is found. In the mode measuring object coordinates, ran- 
domly changing in time, frequently the mean-quadratic error of measurement at every 
moment of time is minimized, which is attained by the optimum filtration of the 
Signal, 

In connection with the rapid development of radar statistical analysis and 
the synthesis of radar systems and on their basis the development of the main re- 
vrais peculiar to radar, became the subjects of scientific investigations 
rather widely conducted in the past few years in various countries, First of all 
there appeared works devoted to the analysis of the properties of applied radar _ 
seta. ne of the first and, probably, the most complete was the book “Threshold 


—Sienais’ (1j. Subsequently there appeared various works in which were resolved 


various. particular problems of the analysis of various specific forms of radar ne 


mechanisms. 
First results of statistical synthesis of radar sets appeared later. The 


woat significant of them are the works on the theory of radar detection by ; 


4, Peterson, T. Berdsal and ¥. Fox [2], U. Middlton (3), 0. Middlten and Van 


Meter (4], (5J,. (6), Ve Sibert (7). To the devalopzent of principles peculiar to 


radar are devoted also the works of FP, Woodward and 1. Davis, the most essentigl 


results of which are presented in the book of F, Woodvard (8). Problens of the. 


detection of signals, not only on a background of noises but also on a background — 


of certain forms of interfering reflections, are considered in the works of L. 4. 


Vaynatteyn and V, 0, Zubakov, reflected in their book (9). 
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To the problems of radar measurements are devoted significantly fewer works. 
Besides investigations of certain particular questions coupled with specific sys- 
tems for processing of signals, one should mention here the work on the synthesis 
of meters by S, Ye. Faltkovich [10]. A series of interesting problems, pertaining 
to the theory of detection, as well as to the theory of measurements, is presented 
in the book of D, Middlton [77]. 

' There should be mentioned also the directions coupled with the application of 
various new forms of signals for radar and with the theory of radar survey of space. 
The first of them is a series of articles on phase code and frequency modulation, 
the references to which are presented in Chapter 1. The second direction was | 
successfully developed by Yu. B. Kobzarev and A. Ye. Basharinov [11]. 

The presented references on theoretical works in the field of radar are in 
no way full, and are done only in order to underline interest in theory of radar 
from the point of view of a wide range of specialists in various countries, Such | 
interest appeared several years ago for the authors of this monograph. This was 
connected with the necessity of comprehension already obtained and described in. 
informational literature as well as with the absence of many results. The theory 
of detection in published works was illuminated in detail enough; however, not all 
problems needed for practice were brought to a conclusion, The theory of radar 
measurements was not sufficiently deveined: In any case no attempts of a single 
account of the main principles of radar measwrements, inoluding the eSeolubicd of 
a wide range of problems having a practical value in this area are known to the 
authors, These circumstances were the main cauge of the series of investigations 
conducted by the authors, 

This monograph is an attemp* to systematically expound the main positions of 
statistical analysis ani synthesis of radar systems, In thig are used results 
obtained earlier, but not presented in literature in a gingle form, as well a3, 


especially, the results obtained by the authors. 











It is understood that the book does not pretend to be an exhausting account 
of all problems of radar theory. Many of them, moreover, are not even developed 


now. A significant part of the obtained results relating to radar are intended 


for work on one object. This put its own imprint on the character of the resolved 


problems, although many results and, all the more so, the methads of resolution of 
problems and certain marked general regularities relate in equal measure to all 
types of radar sets. 

Essential to the peculiarity of the statistical approach to radar is the 
possibility to investigate a noiseproof feature of radar sets in reference to 
various applied forms of interferences inasmuch as they are random processes. 
Therefore the statistical analysis of radar systems by various distributive laws of 
probabilities of input signal, in essence, coincides with an analysis of noiseproof 
feature. 

lf, however, we are limited only to an analysis, then there always cremains a 
wnown dissatisfaction connected with the problem about the fact that it is impos- 
sible to obtuin better characteristics (range, accuracy, resolving power, noise~ 
proof feature, ete.) than given by the analyzed systems. . 7 

In connection with this, special value is obtained by the synthesis of optimum 
systems which in given conditions are the best (best qualities of detection, high=_ 


est accuracy, ete.). Ina number of cases it appears that the oxisting forms of 


aystems possess properties very near to the properties of optimum systems. This 


indicates the fruitlessness of empirical attempts to find the best. forms of systens, 
In athar eaaea it appears that optimum systems ensure rather large gains not real- 
sted in pructios. In iene cases, theoretical synthesia directly promotes the 
abtainine of new properties. Furthermore, analysis of absolutely all possible 


modifi eat fons of radars is apparently impossible. Beeause of these. considerations, 


the icihers took the synthasis of opt aun radar systems as a hagis in the book. 








Statistical synthesis is presented in accordance with the functions performed 
by radar, since, by only specifying these functions manages to formulate a speci- 
fie criteria of optimumness, and to bring the problem of synthesis to a conclusion. 

In light of modern conceptions, any radar set performs two main functions: 
detection of targets and measurement of the parameters of their motion. The first 
of these functions is investigated in detail in the first volume of the book, the 
second--in the second volume. The problems of detection include both detection of 
a reflected signal on a background of noises and interferences in every point of 
parameter spaces of signal, and coverage of space or search in the regions of space 
defined by data of external target indication. The problems of measurement in- 
cluded the separate measurement of parameters of the motion of the object (range, 
velocity, angles) and their join measurement. 

The authors tried to illuminate all the main problems in the following pian. 
After a discussion of the main initial sample there is produced a synthesis of an 
optinum system and its properties are investigated, then there is produced dn 
analysis of the systems near to optimum, and also practically applied systems for 
the purpose of their comparison, 

| ‘Synthesis of optimum mechanisme is conducted in moat cases on the assumption 
that the reflected signal represents a normal random process and is mixed with 
white noise or with some other normal process appearing due to interfering Ye= . 
 flections. Analysie and synthesis in other assumptions about the signal have a 
fragnentary character. a | 

For apathasieed systems an analysis is produced of the nolseproof feature in. 
‘reference to certain forns of interferences, This analysis, in view of the diffi-~ 
— qulty of corresponding calculations, is not equally conducted everywhere in detail. 
. For convenience of discussing the problens of analysis and synthesis of 
various forms of radar systens they are first considered for 4 case of the re- 
 ¢@ption of a coherent signal, and then an incoherent one, 
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In the book there is taken the following order of discussion. 

Chapter 1 is devoted to radar signals and interferences. In it are presented 
the bases needed for the construction of the theory, characteristics of the various 
forms of main signals, the properties and signals received are described. 

In the analysis of various forms of radar sets it is always necessary to use 
the results of influence of signals and interferences on the main elements of the 
receiving mechanisms (amplifiers, detectors, receivers with automatic gain control, 
etc,). In order to avoid numerous repstitions, problems of influence of signals 
and interferences on these elements are considered in Chapter 2, 

In Chapter 3 there are expounded general problems of the theory of radar de- 
tection. In it, first of all, are presented several bases of the theory of sta- 
tistical resolutions which is the theoretical base of the synthesis of radar sys- 
tems. On the basis the general aspect of theory of detection of objects in space 
is considered and it appears that in all cases it is sufficient to produce detec- 
tion "along the points" of this space. There are revealed several general regu- 
larities of such detection and problems of the optimization of space coverage and 
investigation of the object are considered. 

Chapter 4 is devoted to the detection of a coherent. signal, which is investi- 
gated on the basis of the genera) results of Chapter 3, First of all considered 
is the detaction of signals on a background of noises: optimum systema of detec- | 


- tion are synthesized and various methods are investigated of their realization, — 


Investigated are dependences of characteristics of detection on the width of the 
spectrum of fluctictions of the reflected signal, the number of utilized carrier 
frequencies, and various deviations from optimun treatment of the signal inevitable 
in the practical realization of a system. Analogous problems are also investi- . 


gated for cases where, besides noise, there are passive and active interferences. —__ 


- Furthermore, there are considered problems on the possibility of improving the 


characteristics of detection by means of rational selection of a law of signal 


modulation. 


g 








Analysis and synthesis ef systems of detection of incoherent signal consti- 
tute the contents of Chapter 5. Synthesis of optimum systems leads, in a given 
case, to a conclusion with more particular conditions than with the detection of 
a coherent signal. Here systems are considered with an accumulation of squares 
of values of received signal envelope, with a binary accumulation and with the 
integration of range scanning. 

The enumerated chapters constitute the contents of the first volume of the 
book. The second volume starts with Chapter 6, devoted to the general principles 
of radar measurements. In the discussion of the problems of coordinate measure- 
ment, in light of statistical theory, a special stop is built on the tracking 
radar meters, finding wide distribution. Statistical analysis of nontracking me- 
ters is conducted in less detail. The main attention in the chapter is allotted 
to the synthesis of optimum radar meters. Besides the discussion of the possible 
aspects of such a synthesis there is consecutively brought to a conclusion the | 
synthesis of an arbitrary meter with the Gaussian statistics of measured parame- 
ters. With respect to optimum discriminators, only general. conclusions are drawn; . 
epacific resolutions are considered in subsequent chapters. Optimm mmoothing — 

. circuits are aynthesized in the chapter in a general form, 3 
In Chapters 7 and 8, on the basis of general theory presented in Chapter 6, 
problems are investigated of range measurement with a coherent and. an incoherent _ a4 
‘signal. accordingly. ‘The main attention 4s allotted to synthesis of optimum dis- 
—eriminators and consideration of various technical variants of discrininators, 
Consideration is given to a arbitrary modulated signal, and then the results are 
ade specific for all possible applied forms of modulation. Problens are investi- 
gated of the accuracy of range finders with various discriminators and various — 
amoothing circuits, synthesized in Chapter 6, there is considered the influence 
of interferences on range finders, switching the nonlinear shenonena in then, an 
sg is. also nade of # nontracking range: meters. | 


7 ; 











of detection and neasurenent of target coordinates. In it, first of all,.are ex. 7 
| pounded the possible approaches to an analysis of the resolving power and synthesis. © | 





In Chapter 9 there are conducted investigations of velocity meters based 
both on the use of the Doppler effect, and on the range differentiation and the 
angular coordinates. First of all the optimum frequency discriminators are syn- 
thesized, and the various possible systems are considered for their technical 
realization with an analysis of the characteristics of these systems. Froblems 
are investigated of the accuracy of meters velocity, on the whole, with various 
forms of discriminators and smoothing circuits, and also with the application of 
various principles of measurement. There are considered certain preblems con- 
nected with the action of interferences on velocity meters. 

In Chapter 10 there ig considered the measuremerit of angular coordinates with 
a coherent signal, and in Chapter 11 -~ with an incoherent signal. The distince-~ 
tive peculiarity of these measurements as compared with measurements of range and 
velocity is the fact that analysis and synthesis of goniometers are conducted for 
various methods of angular direction finding, With this there is synthesized an 
optimum radio channel (discriminator), the form of which is specified for every 
method of direction finding and systema near to optimum are investigated with the 
influence of both noises and some forms of interferences. An analysis is made not. | 


'. only of discriminators, but also of the accuracy of goniometers on the whole. fon FR 


Certain nonlinear phenomena in goniometer's are investigated.. foe 
In Chapter 12 optimum meters of several, in general, interdependent paraneters 


of the motion of the object (objects), arv synthesised at ones. It appears that the ce | 
optinun parameter totality meter is not divided, ‘as a rule, into unconnected me~ : | : 
; ters of. separate parameters, but represents a certain complicated multichannel 7 
. system, the channels of which are interconnected. The general solutions ‘found are 
used for the resolution of sone particular problems, =~ oF 2° ae . : - 


In Chapter 13.the resolving power of radar sets is investigated in the mode 
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of optimum power from the viewpoint of the solution of targets of radar sets. 
There are also presented possible criteria of appraisal of the resolving power. 
With the haip of the developed methods the resolving power of several forms of 
systems is analyzed and optimum systems are synthesized. 

It is necessary to emphasize that although the book embraces a significant 
quantity of problems of statistical theory of radar, placed as much as possible 
in a general form, by no means were all problems considered; certain discussions 
of actual but etill unsolved problems are contained in the conclusions to Chapters. 


CHAPTER 1 
SIGNALS AND INTERFERENCE IN RADAR 
1.1. Introductory Remarks 


For a satisfactory resolution of the problem of analysis and synthesis of 





radar systems it is necessary to consider the real properties of radar signals. 
In the first place this concerns the random, character of the received signal, 
stipulated both by fluctuations of the signal reflected from the target (appear- 
ing because of vibrations, soundings and other irregular components of the motion 


: | “of the target), and fadings of tha signal because of measurements of the propa- 

os gational conditions of radio waves. In connection with this, in thie chapter the = 
oe statistical characteristics are considered of a reflected radar signal, mainly 
ee coupled with the process of reflection of the eignal from the target, which isa 
oe characteristic peculiarity of radar. Furthernore there are briefly described the — 
aaa so properties of a sounding radar signal determining dn many cases the quality of 

ie work of various radar systems. In the chapter is also discussed a mathematical 

Bs ; | deseription of the received radar signal which, to a sufficient degree, reflects | 
a its real properties determined by experimental means. | 

if Under the conditions of the practical use of radar aystens, one of the main 


«eracteristics is their noiseproof feature in reference to natural interferences 
: (set noises, reflections from earth and water surfaces, ote.) specially organized - 


interferences. Therefore, here is also presented a brief description of various 
' forms of interferences, 
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1.2. The Main Radar Signal 


Modern radar stations are presented high requirements, which reduce to long 
range reception with specified characteristics and target detection time, high 
resolving power with a maximum number of target parameters and accurate tracking 
yy various coordinates. The necessity for fulfillment of these sometimes con-~ 
tradictory requirements puts definite limitations on the character of the main 
signal; in a number of cases for different operating modes of radar, different 
forms of signal modulation are used. 

Below will be briefly described some forms of main radar signals utilized at 
present the merits and deficiencies of separate forms of modulation shown and 
their influence noted on the characteristics of radar systems. Many of these prob- 
lems will be considered more specifically in subsequent chapters, 


1.2.1. Modulation and Coherence of Main Signal 


In virtue of the number of causes, connected mainly with the conditions of 
propagation and with the construction of antenna systens, in radar super-high fre- 
— quency oscillations are used as main signals. Such oscillations allow, by Doppler oe 7 
shift to determine the radial speed of the radar targets however, for determining | 7 
other characteristics of its motion (range and angular coordinates) it is necessary —— 
to introduce a modulation of these ‘oseillations, In a general case high-frequency oe 
oscillations can be subjected to amplitude and frequenay (or phase) nodulation, 
In accordance with hie for a Radler signal, wo have the following. notation: 
aeniy Par ierwia eee (12. ) 
a ea Re SB, u (exp (ited + ell: | 
How and henceforth the law of amplitude sodulation is designated by uit), the 
“finetion ¢(!) represents the law of phase nodulation, and ite tims derivative 
ee: 4.4) can be considered as the law of frequency modulation, It is also 
convenient by u(f)==walthexp (ie) to designate the couplex lew of modulation. 
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By W, and ¢,, we will designate the carrier frequency and the initial phase of 
the radar signal, and by P, -- its mean strength. 

As a main radaxy signal we will mean a signal already emitted into space. 
With such a definition, as modulation of the main signal it is necessary to con- 
sider modulation created by the transmitting mechanism, as well as modulation 
superimposed on the transmitted signal by the antenna system. The latter appears, 
for example, during scanning (movement) of the transmitting antenna of the radar, 
set relatively directed on target. 


Modulation of the main signal is accomplished by means of changing one or 


_ more parameters of the high-frequency carrier oscillation. Usually such a change 


is periodic and is characterized by its own period T,. An important form of mod- 
ulation of the main signal is amplitude pulse modulation. In a number of cases 
this modulation is combined with 21 additional frequency or phase and refer at 
the same time to intrapulse modulation. A description of separate forms of mod- 


‘ulation and their main characteristics will be presented below. 


Along with the conception of modulation below the conception of coherence of 
the main signal is considered. We will call the signal coherent, in which random — 


| changes (jumps) of the phase of the high-frequency filler are absent. This defi- 8 
_ nition, obviously, also enbraces signals with known phase jumps; when these = ie a 


are eliminated during reception thanks to so-called coherent heterodyning, with | 
which ‘the main ‘signal is used, for exanple, . in the appropriate ~ as heterodyne 


voltage shifted in. frequency and tine. 


In the frame work of the given definition continuous enission, during which | 


it ds possible to disregarni various instabilities of the operating ‘nodes of the 
transmitter, is always coherent. As applied to a pulse signal, coherence corres-~ 


ponds to a sixple connection between the Values of the initial phase” of the 


AGUA NE one-after-the-other pulses, 
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A coherent pulse signal is usually formed by means of gating the amplifying 
chain of a transmitter, to which is fed a high-frequency oscillation from the 
master oscillator preliminarily filtered through corresponding frequency multi- 
pliers. Through this the pulses appear as if cut from one continuous sinusoid. 

In another method of forming a pulse signal the transmitter generator (for 
example a magnetron) is started by the video pulses of a synchronizer, and the 
value of the initial phase of the high-frequency filling of adjacent pulses 
(owing to set noise and also various instabilities in the transmitter) appear to 
be random. In the absence of the above noted coherent heterodyning, such a pulse 
signal will be called incoherent. 

The randomness of high-frequency phase of adjacent pulses of an incoherent. 
signal does not allow to separate those phase changes of signal refiected from the 
target which are connected with its motion. As a result the measurement of 
Doppler shift becomes impossible, i.e., direct measurement of the radial velocity 
of the target, which 1s one of the essential deficiencies of an incoherent signal.” 


 :1,2.2. Function of the Autocorrelation of the Main Signal 


One of the most important characteristics of a main signal is dts: funetion of 


“autossrrelation serving as a neasure of that orthogonality of the initial eignal and - 
Aisplaced in the time and frequency of signals, Which ensures ‘application of the a ee 
given form of modulation, The value, added to this characteristic of the main 
--edgnal, 49 explained by the fact that, as will be shown in subsequent chapters, 
‘the formation of thie function is reduced in essence to the radictechnical opers= 
-— tdon dn different radar receivers which  Produes the mutiplicetion of . — 
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during an incoherent signal (during the time of one pulos), but the accuracy of 
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Signal by the required and subsequent integration for a decrease of the influence 
of noises.” 
Let us consider some general properties of the function of autocorrelation. 
In accordance with that presented, the function of autocorrelation of a main 


signal will be called 


C(s, 0) = 5+ (udp eyut neat = 
8p 


a 
=p {a (ts) a, () ltlt vie + ty (1.2.2) 
—% 
whereby C(O, 0) = 1, and the effective duration of the signal 
- te 
Trg f la(ty| ae. (1.2.3) 
-° 


In a number of cases, particuiarly in problems of measuring coordinates, it 
is convenient to consider the duration of the signal as unlimited. By the auto- 
correlation funtion we will ederstend | 


cnompry [evar wera oS (1.2024) 


The function ot 9.) is easy to express also by the spectrun of nodulation of :. . . 
the main signal. Indeed, substituting into (1.2.2), inntead of u(t) the inverse. : 


Zz Fourier transform from the spectrum of modulation . 














Upon fenesa, es oe es oe “. (1.2.8) . a i 
we have Co ree ete 
ae eee (25) 
Cle, Oyen ge | EMSS) ys, peerage 
Bs 


= Time t and frequency 2 shifts of the received signal are connected with the 
_ propagation time of the signal to the target and back and with the Doppler effect 
a during reflection of the signal fron the moving target. 
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Boe Thus, the Fourier transform from the function of autocorrelation C (1,82) is 
me written in the form 

Ew ae 

ro S, (©, g) = 2 ere é (1.2.6) 
t For development of the general properties of the function C (r,2) it is 
Koos, 

‘a convenient to introduce a conception of its effective width along both axes 

+e ; 

a {v9(Q) and Q.9(t) accordingly), which reflects the general character of 
so the drop of function of the autocorrelation in these directions. The effective 


width © (r, 2) along the axis * is determined by the formula 
€.9 (QO) <= fiew O) dex st fis Ojrde , (1.2.7) : 


Turning to the expression for the function S,(u,Q) we see that 





1S (a, O)|"= a = Su, (0) Sus (0-40), — (1.2.8) a ow 





; Ee o where Snld=Su(o, 0) Gite cited so tra of function __ 
pe Rylan C(t, 0). ee SR a ek ee 


Be Then formula (ua) can be rewritten in the forn 


tw (Oaa f Sa(ehlet Ojon, ans ee ar) 


: Hanes, in particular, at toliowe that, in the case o vhere the function of. Sidede - a 
ation C (6,2) has, along the axis ©, the form of a short piles (vo that the 
: " spectru: of Salo) appears to. be wide and during real Doppler shifts mie 
“3 Sul +0) Salo) _, the effective duration ‘of the funotion sf autocorrelation 
tol) “WiLL depend weakly on the shift along the axte 9, yy os 
- For a determination of the effective width of the function of sapiies es 
: =, ‘ Co Q) along the axie O it is useful to note that, as follows fron (1.2.2), : 
= “this function can be considered as @ Fourier tranaforn relative to O finstion ot. 
a | terat-bou'y . Taking this into account we will obtain | A Stee yi 
7 Ooi Fle w.cyratin | sees (Pat. . | (2.9) e Coe 
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Hence, in particular, it follows that the effective width of the function of 
autocorrelation along the axis 92 depends only on the amplitude modulation of 
the nain signal. 

It is obvious that in calculating the influence of noises and fluctuations 
of the radar signal the signals, characterized by the parameters ( 1, Q ) and 
(O, 0) are practically indiscernible if the value of the function of autocor- 
relation C(1,2) differs little from C€(0,0) . If the function C(t, %) slowly 
drops from the origin of coordinates then by the same causes it will be difficult 
to indicate which are the true target position data within the limits of the re~ 
gion (1, &) for which C(t. 2) is approximately constant. In connection with this 
the square of the modulus of the function of autocorrelation [C (x. 2)|2 will be 
called the function of indeterminacy of the main signal. In form of function of 
indeterminacy it can be judged against the resolving power and accuracy which can 
ensure the ‘Application of. one or another form of modulation. , 


The main property of the function of Andeterminacy is the constancy Limited a 
py its volume, Actually, 


j few Oy du = dye | [Suto - 


ag ae 6g OQ 
x Sa (a -4- oy dtu = aa | { Sus (0)als | , 
. . a 
{ .- : | ee - 
cata [fer] micmmret 
ee ee ge a © (20) 
thie property of the. function of ate received the name of “the ine 


| determinacy ‘principle in radar" {7}. In accordance with this principle it as in fs * 
| possible to arbitrarily decrease the "volune of indeterninacy" ‘Limited by the. 


_ “function of Andeterminacy it can only be deforaed (coupressed along one of the 


“axes owing to the extension along the other) ¢ or redistributed on the pline (4,9 M 





In the latter case there appear additional maxima of funetions of indeterminacy 

which iead to an ambiguity in the determination of the target coordinate data. 

Such a redistribution is most vividly developed with a periodic signal; connected 

with it, the ambiguity is physically explained by the fact that the delay of signal 

on the period of modulation does not lead to a change of any characteristics of 
signal, and a frequency shift to a frequency of repetition of modulation when it, 

as frequently occurs, is considerably: smaller than the width of the spectrum of md- 
: lations it also does not practically lead to a change of signal. 
- Let us consider what form the function of autocorrelation of the main signal. 

has during periodic modulation. In real conditions the total duration of the 

“periodic signal is limited (for example, owing to the movement of the transmitting 


antenna). Intreducing, in connection with this, the conception about the envelope 





of the periodically modulated sign>l g(t), so that u(t) = g(t)u,(t) (where u,(t) 


- is periodic signal modulation with period T,), an expression for the function of 


_—, autocorrelation of such a signal can be written in the form 
* " oo : * 
Cis, =z [+ )eOateui( Mat 
a r, i 
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Ss Here we divided the interval of integration into periods of modulation, considered 
se | the periodicity of modulation, because of which uo{kT,, +t) = ug(t), and also the 

oe smallness of change of the envelope g(t) after the period of modulation T,. 
i Let us designate by C, (+ @ ) the fumotion of autocozrelation of one period 
Po of mod: vation : | | 
, ES | Cult, O=z, fatto eltlat, shsaedt) 
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Let us note henceforth that the function Co ( r,2 ) is periodic in t with period 


The 


Introducing the spectrum of the envelope of the periodically modulated 
signal 


G(a)= g(the “dt, 


the function of autocorrelation of this signal can be rewritten in the form 
a o 
__ Cyt, Q) asks 
C(x, N= SE f de, j da,G (,)G" («,) ¢ 
Se 





xe y elma oar, 
b=—08 
XG o 
=o i dw, feo (w,) G* (@,) eles y a(a _ 


bag 


—atO— bt) = Gb y fa(a—o4 


daw ~p 


+e Fe) G (weds, (1.2.12) 


where 4(*) is the delta~function. 
For manifestation of form of function of autocorrelation it is convenient to 


assume that the envelope p(t) of the considered periodic signal is right-angled, 


My an increase in the duration of the signal 7. there ocours a narrowing of the 


central peak of function - (oe 


oem 


3 
the "filtering" property ef this function we obtain for. the function of autocor- - 


which is the spectrur of g(t). Using | 


relation of the periodic: signal the following expression: 
© sin (o—~ aha t se 


Cis, O) C,(s, 0) ye @ateary % 


for signals with high resolving power with respect to range for whieh C,(+, Q) © 
weakly drops alone the axis Q , the function of autocorrelatien Cis, O) during 
periodic modulation represents as a function of Q the totality of values ofC, (s, Q), 


Ay” 





taken by intervals equal to the frequency of repetition of modulation «,=- 2%, 
Because of limited duration of the periodically modulated signal the peaks of 
function of autocorrelation C(s, MQ) have along the axis 0 a finite width on the 


order of -\ . With a fixed @ C(t, O) is in accordance with (1.2.11) periodic 





oon function * with a period T,. The general form of the function C(s, Q) for 
2) periodic signal is illustrated in Fig. 1.1. 


In conclusion, let us make one remark concerning the function introduced by 





us for the autocorrelation of one period of modulation Co(r, 2). as it is easy to 
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see, 
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where U,(#) is the spectrum of one period of modulation. 


r, 
os ~ nt 
ae U, (9) = S us, (t) e~ “dt. | (1.2.14) 
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a a Fig. 1.1, Funetion of indeterminacy [C(.@i" for a periodic signal. 
‘eo is the width of the function iC. a). 
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The approximate equality in (1.2.13) is correct under the condition that 
Co(v, 2) sufficiently rapidly diminishes with the growth of [|r] . 
A comparison of (1.2.5) and (1.2.13) shows that the function Co(r, 2) in 
the interval equal to the period of modulation possesses the same general prop~ 
erties as the above considered function of the autocorrelation of the main signal 


with nonperiodic modulation. 
1.2.3. Frequency Modulation 


Proceeding to a consideration of the separate forms of goaations we will 
describe their characteristics with the help of the above introduced function of 
autocorrelation, reflecting all the properties of the main signal of interest to 
us. In this and following points will be considered the various forms of modu- 
lation of a continuous signal. 

As follows from the preceding [see (1.2.7)] the effective width of the 
function of autocorrelation +(0) along the axis + , and accordingly the resolv- 
ing power with respect to range, depend on the width of the spectrum of modulation. - 
One of the possible methods of expanding the spectrum of a continuous main signal | 


is the introduction of modulation of its frequency. Frequency modulation was 


historically the first method for obtaining resolving power with respect to range. 


during continuous emission. © 


With frequency modulation, the frequency of the main signal can be represented - 
in the form 


where ; a . 0 Hs | 239 
sor] wid; (12,6) 


Ty is the period of modulation, 


. In ease of sinusoidal sa ai modulation the ‘frequency of the signal changes 


aeeording to the law ies sine,t, 
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and the phase of the signal-~according to the law 
t 
(= lo, (dt= s* (1 ~— Cos at). 
@ . den tec 


Autocorrelation function for case as is easy to see, has the form 
. as : ©,t 
Cis, O— a fe (s + +) + 1b5 do, (1.2.17) 


where o=e is the angular frequency of the repeated modulation; 
. 
2. gn Me Cot 
b= 5; a=2 =" sin->-. 


To take the integral (1.2.17) in the general form, unfortunately, is impossi- 
ble; therefore, we are forced to limit ourselves to the consideration of C,(+, 0) 
for certain characteristic cases. On the axis 0 


iad er, 
Cc, (0, Q) = = . ! 


‘ar 
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i.e.,/C,.(0,Q)'drops along the axis 2, as “ag (1—cosO7,) . For b= Sok (k is 
an integer) the expression (1.2.17) coincides with accuracy up to the coefficient | 
with an integral presentation of the Bessel function [12], so that 

of 


C,(s, be )=(—1Alae 


where J,(a) is a Bessel function of the k-th order of tho l-st sort. 
Usually {> 1. In this case : 
- re ICy(s, buy) hx (wus), 


‘the contour of the function ef indeterminacy for sinusoidal FM is represented 
in Pig. 1.2 in the form of curves F (ws) = const on the planes (4, o,,») « he 
Gan be seen from the figure the resolving power assured by the use of « harmonic 

FM de rather low: a O=0 (on axis +) are secondary maxima for +0; the first 
| magnitude of these maxina constitutes approximately 16% of the base. With an in- 
| Grease in O there takes place a displacenent of the main maximum along the curves 
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with real values of o, and T,, this slope is quite small, so that the presence of 
the region of indeterminacy shows up mainly in the resolving powers with respect 

to frequency. The width of the interval of frequencies, within the limits of which 
the solution is impossible, approximately coincides with the width of the spectrum 


of modulation and for the case considered is approximately equal to my, . 


a) The width of the region of ambiguity 
@a*@aq_--'~ along the axis +, is naturally equal to 
2". Graphically the function [C,(s, 0)? 


with linear frequency: modulation is il- 


lustrated by Fig. 1.4. 





In the case of frequency modulation, 
according to the law of symmetric saw- 


tooth waves 


cate w (4 -- os (1 Sit) at Ws. (1.2.20) 





we~We = Using the same assumption on the small- 


ness of +, we obtain 
oTpl3 . bh 


Fig. 1.3. Change of frequency of con- exp Vr ar, | ia i sin(oe 2") 
tinuous main signal with linear fre- C,(s, Q) = Bit ee ye 
quency modulation: a) asymmetric 

sawtooth} b) symmetric sawtooth, 


@yt -- = 


: 1 ain(wae +) : 
—@¢ weer oem EO, 
aap (1.2621). 


There are two main zones of indeterminacy located along lines 


Sy 
Oe -7"* e 


the magnitude of tha slope of which, as before, is equal to the speed of change of | 


frequency during medulation. ‘The magnitude of the function of indeterminacy 


IC, (*, Oy! dn the zone of indeterminacy (on each of these lines) diminishes 


with / 3S [>e to 0.25 (in case of asymmetric sawtooth |¢,(%, O)" kept 


‘the unit value in this region). . 
Thus, the above are obtained formulas for the function of indeterminacy 


{Cys Wy? corresponding to one period of modulation with different forms of 





near to sates $ secondary maxima are displaced almost parallel to the base. 
Extent of these maxima along the axis + can be estimated by a magnitude of the or- 
der Fk ‘ 

ee 


From other possible functions of w,(f) the most frequently used is the linear 
change of frequency by the laws of asymmetric and symmetric sawtooth waves (Fig. 1.3) 


Fig. 1.2. Section of the function of indeter- 
minacy [C,(s,4e,)/¢ for sinusoidal frequency 
modulation of a continuous main signal. 


In the first case, with a continuous main signal we have: 


e=e_tert at [ti<t, | (1.2.18) 
‘Ome , 


The function of autocorrelation is determined by formula (1.2.12). Replacing for | 
a mall «the difference $(t-+1)-—-9(t) by SOrsceeu(i)s, , we obtain 


Out + 
C.(% Oyexexp(i Set yee) | (1.2.19) 


Ae can be seen from the formula, [Ca(s, Q)|* = t . < ey line 
(Om — Bea, 
Near this line there naturally exists a region of indeterminacy , within the 


‘limits of which the solution of targets is practically iupossible.” ‘The slope of 


this region to the axis Q coincides with the speed of change of frequency at a 





“this region, of course, does not atretch to infinity; at large * the utilised 
approximation becomes insufficient; si function of autocorrelation diminishes 


‘Laster than this follows fron (1.2.19 


23 





frequency modulation. The function of indeterminacy |C(t, {)|? for a periodic fre- 
quency modulated main signal will be formed in accordance with (1.2.12) by means of 
a periodic one (with the period Tt) <-- repetition of the function |Co(z, Q)!? along 
the axis t , by which along the axis 2 from this function are "selected the values 
of !Co(v, kuy)|2 , where k is an integer. The width of the maxima formed in this 
was along the axis 2 is the reciprocal of total duration of the f.m. signal. 
These maxima lead to ambiguity in determining the parameters of the target. 
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Fig. 1.4. Section of the function of inde- 
terminacy for linear frequency modulation. 


1.2.4. Phase Code Manipulation 


By phase. code manipulation (POM) is understood such a modulation of the main 
signal with which is established a definite sequence (code)of changes of initial 
| phase of a high-frequency oscillation in so-called code intervals, into which the 
| whole period of modulation is divided, during continuous emission. Duration of the. 
code intervals is constant and is equal to tue a 7 





"tt ds possible, certainly, to call an interval code, within the limite of 
‘which a shown phase remains constant. The duration of every such interval, naturally ~ 
depends on the code utilized, It is possible, however, to find the interval which | 
is the greatest common divisor for all intervals. Its duration is also designated 


by me. 
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Any PCM signal can be considered as the sum of n shifted one relative to 
another at a magnitude ™ of elementary sequences of right-angle pulses, each of 
which is formed by oscillations in code intervals, equally located in adjacent 
periods of modulation. Within the limits of one period the modulating signal 
can be recorded in the form 

TS exlie}t—C— Deb 
bt 


where nate 3 


$:=$(ls,) is. the relative shift of the initial phase in the l-st code interval; 
f(t] is the unit right-angle pulse of duration ‘%, . 
Substituting this expression into (1.2.11), we obtain for the function of 
autocorrelation of one period of modulation along the axis * the following formula: 
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where c==vt,-+ As. 


If the shift of PCM of the signal aoes not exceed the duration of code interval toe 


(edgy » then 
| Cats 2[- = +3 exp tiies til] 
if the shift of PCM of the eignal is a multiple of duration of code intervals > 
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ns problem of constructing a code reduces to the selection of such a sequence — 


“and such values of phases by which Co(ves) for sll would be sufficiently emall 

- (in principle it is desirable to obtain Cy(vt,) #0) . ‘Thus, the function of auto= — 
- correlatdon of the FCM of s signal has on axis t one maximm at 10 and, possi- 
- bly, weveral additional maxima (“remainders”) at roi. the magnitude of these 


“rensinders" depends considerably on the selection of the code, 


LS 


The main characteristics of codes are the duration of code interval t deter- 
mining the resolving power with respect to range at a considered main signal, and 
the quantity of code intervals n, determining in many cases the magnitude of the 
"remainders" during encoding. The required interval of uniqueness is still one 
factor influencing the selection of these characteristics inasmuch as 7,=nr,. 

In the absence of the completed theory of phase code manipulation there is, 
however, a significant number of works devoted to this form of modulation, and 
noticeable successes are attained in the matter of practical construction of 
various codes. For continuous emission binary codes were offered (particularly 
described in [7]), for which the initial phases of high-frequency oscillations in 
adjacent code intervals differ from 0 or x, and the quantity of code intervals n 
is determined by the formula n = 2" -- 1, where m is any integer. "Remainders"” 
for such codes have a magnitude + (Hoffman's code), since at += , the quantity 
of code intervals with coinciding values of initial phases are always of less 
quantity per unit of such intervals with noncoincident values of initial phases. 

It follows from this that for compensation of these "remainders" it is eufficient 
to select as the difference of initial phases a certain i seeniyiae: RAS . tt is 
os a easy to see that 7=* == arocos 8 (BE .. 
| Phase code manipulation of the main signal has obtained lately significant 
2 | ‘ circulation, In favor of phase code manipulation in its comparison with frequency — 
°.. modulation remaining in a certain sense classical, is the absence of indeterminacy 
a | “in the treatment of frequency shift of the echo signal in measuring the range and 
ts a : velocity of a target and high simplicity of the eration of the corresponding coding a 
“ | - and decoding equipment. These sinplifications are connected, in the first place, = 
| with the constant duration of code intervals aiid with fixed ee of phase of — 
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high frequency oscillations at the limits of these intervals, i.e., with allowed 
discretisation of the characteristics of coders and decoders. 


1.2.5. Pulse Modulation 


In amplitude pulse modulation the function of u,(t) is considerably different 
from zero only within the limits of a certain interval wt, of a smaller period of 
repetition of the modulation T,. The duration of this interval is called the pulse 
duration and in a general case is determined” as 


“af ui (0) dt. 

The general form of the function of autocorrelation of a periodic pulse signal, 
like a signal with any other periodic modulation, is determined by formula (1.2.12) 
and does not differ in the same way from that described above (Par. 1.2.2). ‘The 
pulse character of the signal appears only in the form of a function of indeter- . 
minacy of one period of modulation [Co(r, Q)/?. Let us consider as examples the 
amplitude modulation of the signal by a sequence of square and Gaussian pulses. 

The function of indeterminacy for one period of medulation in the case of a 
‘square pulse of the duration t, is determined, as 1s easily verified, by the formla 


| IC,(4 Oy (1— 2-58 (1 —%)> (1.2.23) >. | 


i ‘corrected when Res » For a random Gaussian pulse exp{—1.57(-))| the function — 


of indeterminacy is equal to | | 
ICa(s, OyPmenn{—1s7((EY+ TEI (aeaeth) 


where ¢, de the effective pulse duration. 
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As can be seen from these formulas, the function of indeterminacy for one 
period of modulation (or for a single pulse”) has a maximum in the origin of 
coordinates and monotonically decreases with an increase of r and @ (Fig. 1.1). 


With a decrease in pulse duration t the drop of [Co(t, 2)? along the axis + 


oceurs more sharply so that the maximum of the function of indeterminacy in this 


direction is narrowed; the changes along axis 2 carry an inverse character. 

As can be sven from the foregoing, obtaining a high range resolving power re- 
quires a shortening of the pulse which in turn leads during a periodic pulse sig- 
nal with a limited peak power, to a lowering of its mean power. In connection 
with this for the expansion of the main signal spectrum, at present, instead of 
shortening the pulses, there is frequently applied an additional intrapulse fre- 
quency and phase code modulation. 

For a frequency modulated pulse, the frequency of which changes linearly in 


time we have ‘s 
w()==ua(t)explia-r} 
where | a= 5 = const is the speed of frequency change. 
For one period of frequency modulated pulse signal the function of auto- 
correlation will be equal-to | | 1 | 
: ts * t . ; o 
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_ “Uoually the pulse duration is long compared with the wieeh of the peaks of the. eee 


function of en, along ‘axis «? 
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where st, is the deviation of frequency within limits of the sitknes In eonnection oe 





*peaiden a periodic pulse signal, there is also possible a main signal in the 
form of an isolated sending. Such a sigrial will be formed, for example, during the 
motion of the transmitting radar set antenna of continuous emission relative to the © 
direction considered; the form of cae a a case “8 determined by form of the 
pattern of directivity of the antenna the funetion of indeterminacy of such 


a sipnal coincides, on the interval of “Tiration Ty with the finetion of eh padebern pany 
of one pericd of the corresponding periodic pee modulation. 











with this, if one were interested in C,(t, 0) near the main maximum, then 
Ma (t-+-%)-= ualt)’ and 
Ic, (s, a)|* ~ |U, (av-+-Q))*, (1.2. 26) 


where U,(«). is the spectrum of function of ue(t). 

As can be seen from (1.2.26), in this case, as in frequency modulation of a 
continuous signal, the sone of indeterminacy is along line ta—— » Which because 
of large u practically coincides with the axis Q. The formula (1.2.26) also 
allows to determine the law of amplitude modulation (the form of pulse), which 
ensures the extraction of the desired function of indeterminacy, Thus, for ex- 
ample, for a decrease in [Co(r, Q)|? by Gaussian's law it is required, as a main 
signal, to take the sequence of pulses also of a bell form. Thus, linear intra- 
pulse modulation of frequency allows, by means of selection of the law of ampli- 
tude pulse modulation to obtain the desired law of change of the function of in- 7 
determinacy along the axis x. - 


Turning to phase code manipulation, let us note that during ‘Pulse extention, * - ie 
gives, in general, poorer resulte than during continuous exiesion inasmuch as in. a 
. this case, with mixing of the received and pedestal Anpulses, part of the code ine Pie 
P - tervals is rot covered which leads to an increase in the: residual level function ie oe 
~ 1Cale, a). . There were binary pulse codes constructed (13), for which the magne ae 
ae tude of this level is on the order: of In? (Barker's code”), However, such codes ‘ a 
exist only for n “3,4, 5,7, U, 13. For large n'a, vhieh are eer ae tne - 
essential increase of resolving power during long pulses, this level has a magni ‘ - ; 
: tude ny Which in many cases, is insufficient. The way out of this rosition is, ; : : 


apparently, the use of a specially selected nonopt tana (fron the viewpoint of 


detection reliability) processing of the sigual during reception, which allows, - 
‘however, to Lower the level of minor lobes of the function of inisterainaey. | 





“parker's codes are also applicaile with continuous emission. — 


: a 


Another way out is the application of codes with a higher base, and, in particular, 
a quaternary code [15], which with a pulse signal allows to receive the zero "re- 


mainders" of the function of indeterminacy. 


1.2.6. Random Modulation 


As was shown above, the periodic modulation of a main signal leads to the 
appearance of additional maxima of the function of indeterminacy |C(«, Q)|? and 
accordingly to an ambiguous determination of the coordinates of targets. One of 
the possible forms of nonperiodic modulation is random modulation. 

The essential peculiarity of random mdulation is the fact that the charac- 
teristics of the main signal also appear random. In particular, the function 

Cir, 2) | determined by the formula (1.2.2), can be considered as a certain trans- 
form of the random law of modulation and Sunects ae upon ‘the realization . 
of the main signal to random form, | 





| E(x, 9) could nave been moat fully characterised with the help of a multi- a 
dimensional distributive lav, however by far this Law is not found in all cases, 





- E of the. magnitude interesting us. Cin. 2): the mean n value, dispersion, and. one= 
"dimensional distributive law. “The modulating process. will be considered ergodic 





y as i“ plitude | and hase modulation wilt be. considered normal. 


as accordance with p (26202) to be determined by the relationships | . oe 
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“+. ‘Therefore, we will henceforth be. Limited. to the-use of the simplest characteristics 
O° and: stationary, ‘The distributive laws of anplituie and Phase f for. eases, 1 Of ate ee 


| “Lat us fist tum to the case of asplitude noise modulation, ‘For a oe 
of modulation the mean value and dispersion of the finetion Cie, 9) will bein 


where p,() is the coefficient of correlation of the modulating process. 

Usually the duration of the signal T is a much longer time than the corre- 
lation of the modulating process, 80 chat the limits of integration in practical 
calculations can be spread to infinity. 

The modulus of the mean’ value of the function of autocorrelation diminishes 
with an increase in |r| and {Q| and with a corresponding selection of Pu (t) does 
not have secondary maxima which can only appear due to random blips of the func- 
tion C(z,2) . Dispersion of the function of autocorrelation characterizes the 
. intensity of such blips. | 
- “The value of C(x, 0) can be considered independent at points, distant from 
“each other, by iv along the axis 5 or by - along the axis, where Af, is 


the width spectrum of the modulating process, and T is the duration of the main 


.. Signal. For calculating the probability of the absence of blips of the function 











—. {€(, Qi? , exceeding a certain level A, it is sufficient to determine the prob- 
_- ability of absence of such blips at the points where the value of this funetion 
can be considered independent for which, in turn, it is sufficient to use a one- 
dimensional distribution of this function. At. a large T the real and imaginary 
part of C(t, Q) can be considered distrivuted by normal law. Considering them 
- uncorrelated » we obtain for [C(s, 0)’ an exponential distribution. 
| Then 

PIC (My >A) =e (—3 =. 4 (1.2.29) 


where o? 


-long the axis Q==0 the function C(+,0) is real and [C(s,0)* ia dis 


is taken for tha sonsidered values of , and 0. 


tributed according to chi-square the law with one degree of freedom. At large 


a we will obtain 
, % 


PyC(o> Alay Fe en { fa] ' (1.2.30) 
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The probability of the absence of blips on the parts of a plane (*,.Q) with 


the dimensions 4t x AQ will equal to 


Rn n 
P, (As, 60)= JJ (I — P:)=1-Y Pj, (1.2.31) 
Fl j=! 
where n= Sa? is the number of independent values of C(s, Q) in the con- 


sidered part of the plane (t, Q); 
P; is the probability of exceeding level A at point j. 

Using formulas (1.2.28), (1.2.29) and (1.2.31), one can determine (assigning 
a specific form of the function of correlation of the modulating process), with 
what values of the width of the spectrum of modulation A/, and the duration of the 
sending is T ensured with the given probability of P, , the necessary drop of the 
function of indeterminacy (C(x, 9)|? , characterized by level A, in the region in- 
teresting us (A\rxAQ) . In such a calculation, if one were to be interested in 
the order of the obtained magnitudes, the difference need not be considered between 
(3.2.29) and (1.2.30), and also one should take advantage of the fact that disper- 
sion of the function C(r, 2) does not depend on + outside the basic maximum and 
during real Doppler shifts slightly depends on 9, so that in the considered part 

Arx AQ can be considered constant. 


Analogously consideration is given to phase noise modulation u(t.) = axp (es8(O}, a 


for which 
BEE Sales exp(—arel t—pu(ey, 22632) 
where a is the coefficient characterizing the depth of modulation, 


° and Pu(s)is the dispersion and coefficient of the correlation of the modu~— 
lating process (F(ja=) « | 
The mean value of C(r, Q) , a8 before, is determined by formula (a, 2.2), ete | 
into which, instead of pyit) , one should substitute (1. on 
(1.2.33) 
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For dispersion of the function of autocorrelation we will obtain 


gee aly BE ll (s)} 1} je {a? 3? «(2px (t)— 
— Pu (t-+*)— pu (f—+)]} — 1) Mar. (1.2.3) 


The probability of the absence of blips of the function |C(s, O)* in the areas of 
St AQ = for that case can also be calculated by the formula (1.2.31). ‘The 
necessary value of dispersion of on for calculations by this formula corresponds 


' to the case of [3] > a7 » for which we have 





oo @ 
Qa%e2 a ; 
deamenp(— Bai OTE f eninctat (1.2.35) 
a=! : —O 


Assigning the form of the function of correlation of the medulating process p, (+) 
the final formulas for all cases interesting us can be obtained. 

The considered forms of random modulations, ensuring practically identical 
(with an equal width of the spectrum and the time of existence) characteristics 
of the main signal allow, in distinction from the usually utilized forms of per- 
fodie modulation, to produce an unambiguous determination of the. coordinates of 
targets. This proximity of random modulation to the ideal, for which the function 
‘of indeterminacy has a single maximum and uniform "remainders" on the remaining 
part of the plane (r, 2) it is correct, certainly, at a sufficiently large T, 





A known difficulty in the practical use of random modulation is the necessity 
: Mel for storage in the receiving pechanims of the developed law of modulation, and 
. Be . also a lowering of the work economy of trananitters because of the random change. 
a of output power by then. . 


1.2.7. Multifrequency Signal 





Ta a number of cases a totality of several signals with various carrier 
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frequencies is used as a main signal. Such a multifrequency signal is applied, 
in particular, for smoothing fluctuations of a signal reflected from the target 
which increases the reliability of its detection (see Chapter 4). In these cases 
the main signal can be recorded in the form | 
£()= SV FP; Rew; (exp {iot +i}, (1.2.36) 
i=l 
where m is the quantity of the utilized carrier frequencies; 
Ps is the mean power of the j-th signal; 
u,(t) is the complex law of modulation of the j-th signal. 
With a multifrequency signal it is already insufficient to consider the 
function of autocorrelation of each of its frequency components and it is necessary 


to also introduce the function of their mutual correlation 
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Ke emeet, | : (1.2.37) 


As is shown below, in the practical use of a multifrequency signal they strive 

to ensure independence of the signals reflected from the target on each of the 
cacnstttuaat frequencies which allows to produce their independent processing (the . 
multiplication of each of the signals by the required signal and integration). 

The necessary (but not. sufficient) condition of independence of the reflected sig- - 
nels is the orthogonality of the corresponding constituent of the main sigal. 
From (1.2.37) it is clear that this orthogonality cannot be ensured by the velec- 
tion of lawe of modulation since the Fourier transform of the function | 

Calt, w“u+Qa) ds the product of the spectra of modulation of the j-th and 
ket signals one of which will shift in frequency to a magnitude wu+Q, 90 
that the required equality to aero of this function at J ¥k de attained only at 
a nonoverlapping of the shown spectra, ties, et a sufficiently great magnitude of 


luy~oul . Henceforth in discussing the characteristics of various radar systems — 





in the case of a multifrequency signal this condition will be considered carried 


out, 


1.3. Reflected Radar Signal 


During reflection the radar signal undergoes a number of changes connected 
with the properties of the reflecting objects. It is natural to distinguish the 
useful signal received as a result of reflection from the target, the detection 
and measurement of the coordinates of which are a problem of the given radar set, 
and the signals conditioned by presence of any kind of pebieetine objects camnou- 
flaging the target (passive interferences). Such objects ¢an be the surface of 
the land or sea, dipole reflector clouds, hydrometeors, etc. A number of the 
general properties of a useful gignal and interfering reflections, with eertain 
assumptions, can be considered without specifying the form of the reflecting ob- 
ject which justifies the unification of these questions under discussion. 


Let us start with a qualitative consideration of the properties of the sig- 





iM nal reflected from the target, With this we will endeavor to establish a connec- 

eS tion between the statistical characteristics of the reflected signal necessary for 
9 the future and the radar characteristics of the target usually utilized in engi- 

Ce neering practice. | . | 

- First of all one should note that the power of the reflected signal depends on 
s the range of the target and iis effective reflecting surface, the frequency and | 
PS ‘delay of aignal — on the velocity and range of the target relative to the radar 

N | set. Furthermore, a9 it is known, the amplitude and phase of the signal reflected 
Lf from the target depend on its aspect. | | | 
« - “a The dependence of the power of ‘the echo signal on the speck of the target 

: ig usually in the form of a pattern of secondary emission, which for. the majority. 
. | of radar targets at the utilized working frequencies of radar sets is strongly cut 


with large gape between its extremes, For targets of a simple geometric form the 
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pattern of secondary emission can be calculated theoretically as a result of a 
more or less strict resolution of corresponding electrodynamic problems. However, 
for real targets, to make such a calculation is almost never managed and it is 
necessary to define the pattern of secondary emission experimentally.” 

The patterns of secondary emission are only static characteristics of the re- 
flected signal. Under real conditions, owing to the motion of the target and 
change in conditions of the propagation of radio waves, the reflected signal al~ 
ways fluctuates in amplitude and phase. The fluctuations, connected with the 
changes of propagation conditions, are not specific for radar and we will not re~ 
main on them; the fluctuations connected with the motion of the target are due to 
the change of aspect of the target (hunting) and the vibration of its surface. 
During hunting the pattern of secondary emission is turned in a random manner re~ 
lative to the direction to the radar set, and owing to the vibrations changes the 
form of this pattern, which, as a result, appears to be a random function of time, 

In virtue of all the shown causes, the signal reflected from the target is 


a random process and can be written as 


£()=ReV TPE () u(t — exp {i (04 +)! +9) ah) 
where Py is the power of signal; 
u(t} is the complex law of modulation introduced in the Preceding paragraph; . 
sand », are the delay and Doppler shift of the reflected signal frequency; 

Et), o(t) are the laws of amplitude and phase fluctuations of the echo signal, 

- Formula (1.3.1) is approximate and is true with an assumption of sufficiently 
small dimensions of target, when "erosion" of tie law of modulation with a re- 
flection from its separate parts can be disregaried. | 8 es 
An adequate description of the random process x(t) is possible only with the . 
inelusion of statistical theory. The fullest characteristic of such a process. 





* . . 
; Analogous pattern can be constructed for the phase of the reflected signal; 
er: it represents significantly less interest and is not. used at all in radar 
practice. = on rn 
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which at the same time is necessary in resolving a whole series of problems of the 
analysis and synthesis of radar systems, is a totality of multidimensional prob- 
ability distributions of the values of this process. With a tendency of the di- 
mension of the number to infinity there can be obtained the so-called functional 
of the probability density representing the probability density of the realizations 
of the process (see Section 1.4). 

To directly find the distribution of probabilities proceeding from the real 
properties of target and its motion is very difficult. It appears unavoidable, 
in connection with this to us a more or less simplified radar adel of the target. 
As such a model the presentation is very convenient of the target in the form of 
a totality of a large number of independently and randomly (in accordance with a 
definite distributive law) located reflecting elements, transferred one relative 
to another and relative to the rao set. In virtue of a central limiting theorem 
[20] the signal from such a totality of the reflecting elements is a normal random 


process, All multidimensional distributions of such a process are Gaussian and 
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have the form 


Here xjssx(t,)(J=1,...,.n) is the totality of values of the process x(t) at the 
considered moment of time; [R,,| is the determinant of a correlated matrix composed 
of values of the function of correlation RU, ty) of the signal x(t); |[Wuall 


is the inverse matrix of the correlation; its elements are determined by the 





equations: i 
Ma . VR WY an § ‘ 
oe .  .* where 8, is the Kronecker delta symbol: 
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For detecting the elements of the inverse matrix it is convenient to use the 
equality [18] 


(Ras) 
Va= hal? 


where (R;,)is the cofactor of element R4x Of the correlation matrix. 

In formula (1.3.2) the mathematical expectation of the reflected signal x(t) 
is assumed as equal to zero. This is observed in the case of a small change in 
the average density of reflectors at an interval equal to the wavelength when for 
the phase of @(t) it is natural to obtain in the interval of (0,22) a uniform dis- 
tribution of probabilities. 

Use of described model of radar target is justified by the fact that in a 
large number of cases the target has dimensions significantly exceeding the wave- 
length due to the fact that in calculating the signal reflected from such a target 
it is possible to use the geometric optics appreach. Taking this into account, 
the signal from the target is considered as the sum of signals from separate 
"bright points" on the surface of the target. The number. of these points for tar- 
gets is usuallyvery high, and their mutual Location changes in a very indefinite 
manner depending upon the aspect of the target so that it can be fully considered 
random. Results of experimental determination of a one-dimensional distributive 
law for a signal reflected, for example, from a flying aircraft showed that this 
law sufficiently accurately approximates the normal. Width of the spectrum of 





_ fluctuations of the echo signal has an order of ten cycles per second [19]. 

rae 2 The. assumption of normality of the reflected radar signal is still justified 
e. . - to a large degree in the case of interfering reflections from: the earth's surface, 
the clouds of metallized dipoles, and similar ‘objects, since in these cases the 


oe number of randomly located elementary reflectors forming the interfering signal is 
‘ss very large, ee . 
a In order to completely characterize the normal random process which we will 


ee _ consider a reflected signal, it is sufficient to find its function of correlation. 
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Let us calculate the function of correlation for an arbitrary totality of 
reflecting objects, and then specify the obtained result for a useful signal and 
passive interferences (interfering reflections). The calculation of the function 
of correlation of the signal, reflected from passive interference, for a number of 
particular cases is made in [1, 9, 20]. The calculation below of the function of 
correlation.of the reflected signal will be made in a more general form so that 
the obtained results are useful for a large number of possible cases. | 

Let us consider at first the cases of single-frequency operation. A signal, 
reflected from every elementary reflecting object, is delayed at the time of 
propagation of the main signal with a modified amplitude and phase, and can be re- 


corded in the form 
x, (8) = Y/ eeaoe Reg (?i. %t) X 
2d, 
xs gCuers), (1.344) 
where d,, 9,, 6, are the spherical coordinates of the considered reflecting object, 
taken from the antenna of the radar set; 
P, is the emitted power; 
@, is the carrier frequency; 
a is the wavelength; 
G,, G, are the gains of the tranemitting and receiving antennas; 





3% is the effective reflecting surface of object, neutralized along 
all possible orientations; | 





g(7, % f) ds the product of standaniized coefficients of the directivity of 
the transmitting and receiving antennas. 
Substituting into expression (1.3.4) the value of these functions at the same 
moment of time, we will disregard the displacement of the receiving diagram during 
the time of propagation of the signal. 


The coefficient 5)(t) takes into account tho reflecting properties of the 
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object at the considered frequency at a given moment, |s,(t)/? the relation of the 
effective reflecting surface to its mean value, and 8} (t) characterizes the phase 
shift during reflection. This coefficient takes into account also the polarization 
properties of the reflecting object anc is different for antenna systems with a' 
different polarization. The change of s,(t) during the time of propagation was 
disregarded. 

The signal from the totality of reflectors x(t) represents the sum of the 
signals x1(t) all along 1. The upper limit of this sum (the number of reflectors) 
N can alsu be a random function of time (for example in examining the signal re- 
flected from a strongly intersected site or the signal reflected from a cloud of 
dipoles when formulation of interference during observation is continued). How- 
aver, usually during the time of correlation of the reflected signal N changes 
little, and this change practically does not affect the results, Therefore, we 
will not consider it henceforth. 

Considering the above marked equality as a zero mean value of the reflected 
signal, and considering the position of the reflectors as independent, for the 
function of correlation R(t), t2) we obtain 
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di, 9% are the coordinates of the reflector at moment t,, and df’, gs 6, 
at moment to: 

Averaging in (1.3.5) should be produced by the random variables 
dis d's te Feu He SDS Uh) « | 

In order to obtain a simpler expression for R(t,, tz), let us apply the 
following additional conditions, usually done in practice: 











1. Let us disregard the change of angular coordinates during the time of 
correlation of the reflected signal, considering that during that time the re- 
flector is displaced by a small share of the width of the pattern of directivity. 

2. Let us segregate and consider separately two components of the motion of 
every reflector: one, that connected with the motion of all the totality of re- 
flectors on the whole, and the other, that connected with the random transferences 
of reflectors. We will consider that the regular motion occurs with an unaltering 
radial speed of u(9,/) during the time of correlation. 

With this 
d'=d;—v (pu 8) (t,—4) + Ady, 


where Ad, is the random transference during the time of At=t,—t, ‘ 

3. The random transferences and changes in the orientation of the reflector 
will be considered independent of its initial position. Moreover, the relative 
change of dy during the time of correlation of the reflected signal will be con- 
sidered low. 

4. Differences in the regular radial transferences of reflectors striking 
the antenna beam will be considered small as compared with the interval of so- 
lution with respect to range. This will allow us to substitute into the argu- 


" ment o{t,— 2, ) the magnitude di dy — (ts — 4) ’ 


¢ 
where o, is the mean value of velocity for all reflectors 9(p, 4). 


5. The properties of all reflectors will be considered identical. 

With the assumptions made, averaging into (1.3.5) should be done by di 9, by, Ady 
and by si(t,), 5,(4,) . Averaging by dj, 9%, reduces to miltiplication of the 
sun by the probability density P(d, 9 4) and to the integration all along the 
space, Moreover, in virtue of the identity of the terms under the integral there 
will enter the magnitude NP(d,9,4)=a(d.9.) representing the mean density of 
the reflectors at the point (d, @, §) at the moment of time t,. As a result we 
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(1.3.4) 


If in the considered totality there enter reflectors of various ferms, then 
all the results will remain correct, but (1.3.5) and (1.3.6) should be summed 
through all the varieties of reflectors. 


In the obtained formula it is convenient to join all members, independent of 


- the law of modulation and determined by the character of fluctuations, conditioned 


oy motion of the reflectors relative to the radar set and the rotation of the 
antenna. With this (1.3.6) is rewritten in the form 


Rly 4) = Re ene ths tru (a2) 


‘ ee 
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In the expression for Rp{z; ti, 42) it is convenient to ssparate a factor (we wiil _ 


designate it by a(2)], determining the distribution of the intensity of the re~ 
flected signal by the values of lag 2, the coefficient of correlation of fluctu- 
ation r(z; t, t,) [considering that = 7(2;4,4)=! Jj, which in a general case oan 
also depend on 8, and the factor exp(iorz(z)(h—~ti)} , the index of which characterizes 
the magnitude of the Doppler phase shizt of the reflected signal corresponding to 
the interval of lags (z, z+dz). Taking into account these designations, instead 7 ; 
of (1.3.6) we obtain "= 7 ee 
“i an 
Rep fee jetelrteita tne. wey sah. 
Kul 2) uth — 2p 22 (t,— tele de, | 














Presentation (1.3.7) of the function of correlation of the reflected signal 
is very general and correct, in particular, at noncoinciding positions of the 
transmitting and receiving antennas. In the just now considered case of coin~ 
ciding antennas the coefficient of correlation r and the Doppler shift w, do not 
depend on z. 

The coefficient of correlation r(z; t, t) takes into account the dependence 
of the fluctuations of the reflected signal on random and regular dislocations of 
reflectors and changes of their orientation relative to the radar set. Using 
(1.3.7), it is possible to specify the form of the function r(z; ti, a) = for 
various particular cases of the distribution of reflectors in space (targets of 
different construction, a three-dimensional cloud of dipoles, terrestrial surface, 
etc.) and the law of motion of the antenna. | | . 

Formula (1.3.7) can be generalized without much trouble in the case of multi- . 
frequency emission with the arbitrary laws of modulation on each of the carrier 


frequencies. Repeating for that case the conclusion of formula, (1.3.7) and con~ . 
gidering for simplicity the reflecting Rest of objects: identical, for all 


utilized Sreqenneiee we obtain 


Ry 4)= ae r 25 t,, t —Hey=ogie ate 
3] Dinter ty Ade x (3.8) 
Kast a4, (net 4) de, a. 


where wt is the lee of nodulation of oscillation with the carrier frequency Ope eo 
 Veually in practice with multi frequency work the utilized, frequencies are spaced 


sufficiently far apart, » 80 that the corresponding reflected signals are statisti 
cally independent. Such a selection of the working frequencies. allows to receive — oa 
a gain in range of detection of the target and to inprove the quality of election te 


- ofa moving target. on a background of passive interferences (Chapter h)s ‘Formula ey 
(1.3.8) allows to formulate the conditions of independance of the reflected oo a 
bene a large proctical. value, | | 





As can be seen from (1.3.8), for the conversion of any component from 
3 7% k to zero is sufficient, so that the wavelength of the separation frequency 


Qn 
a n= nl was small as compared with the interval of noticeable change 


a(z)r(z, t,t) and the separation frequency |w;—w,| was small as compared with 
the sum cf the widths of the spectra of modulation of j-th and k-th signals. In 
duing continuous emission without modulation 4j(t)==4a()=! , and the degree of 
correlation of signals is completely determined by the relationship between 4j, 
and the extent of totality of reflecting objects with respect to range. The same 
is obtained in the case of a small dimension of the source of reflection as com- 
pared with the intervals of solution in range, corresponding to the considered 
signals. Moreover, 1; (4, +m ¢ — Hy, Be a ih—4)) - can be carried out in 


(1.3.8) after the integral sign. 
To the condition of independence of the reflected signals can be added the 
~ following graphic formulation: tho reflected signals are statistically inde- 


-pendent in the case where the wavelength corresponding to the separation frequency, Pus 


is. small compared with the oxtent of the consiaered reflecting object in range. 
a (with a given aspect of it relative to the radar eat) or with the extent of ine a 
as tervals of revolution, corresponding to the lave of odulation. of the considered. 
- signales | | 4 nm 
| Let my 1 define: concretely the obtained general relationships for the. case of 
signals reflected. from the target and interfering with the” reflections. ‘the 


— - . dinensions of. target we will henceforth assume omall as. compared with the width of 7 — 


- “the pattern of directivity of the antenna, as well as compared with the extent of ~ 
the intervals of solution in range, end we will diaregard. the diffusion of pod 


: . lation of the reflected signal owing to the extent of the target. Furthermore, 





da post ‘cases ‘we will disregard the distortion of the modulation of the reflected: eS 


a signal. owing, to the Depaer settee a 





The function of the correlation of the signal reflected from the target is 
recorded in the form 


Ra (ts ts) = Re Poe (Pur er 4) BC Po» Ost) (ty —2) 4" Ey—e)X 
X(t, —t) el Metearemto ae?) 


where p(f,—t,) is the coefficient of the correlation of fluctuations of the re- 
flected signal; | 
P. is the power. 
: The factor g(9,, 9,, f) in resolving a number of problems can be included in 
the law of modulation of the reflected signal u(f—s). | 
_In this case the function of correlation during multifrequency emission will 


be converted in a similar manner 





Re (ty t,)== Re y} Ardy B (Pe ys tHe (Pe Nes t,) x 
ik , 


X ui (ts— a; (ta—*) ein el item ash ean pay, (1.3.10) 


where e(/,—,) is the coefficient of the correlation of fluctuations (exemplarily 
assumed as identical to all the utilized frequencies); | 
e,; is the Doppler shift of the j-th carrier. frequency; 
A; is the amplitude of the J-th reflected signal. 
The coefficient p;, determines the degree of correlation of the j-th and k-th 
signals - 
om faire ey, (1.3.22) 
~~ 
wnere a,(r) is the distribution density of the reflecting surface. 
For: interfering reflections from small-size objects (henctforth we will call 


such objects discrete interferences or interferences of the type “interfering, 


false target") the function of correlation of the reflected signal can aleo be re~ 
corded in the form of (1.3.9), (1.3.10). 









There is significant interest in the case of a slow change of the function 
f(z) = a(z)r(z, 4,6) 2" eopresponding to extensive passive interference. 
Physically it is obvious that this case is the most complicated from the view- 
point of protection of the radar set from the influence of interfering reflections. 
Therefore, an analysis and synthesis of the means of protection from the inter- 
ferences under consideration in this case correspond to the minimum approach en- 
suring the best effect in the worst case. The practical use of the results of 
synthesis does not require a knowledge of the distribution of elementary reflec- 
tors in space which profitably distinguishes the given case fron the remaining. 

In the case of extensive interference, the expression for the function of 
correlation can be simplified considerably. If the main signal iva multiple modu- 
lated single sending and f(z) changes little in the interval equal to the dur- 


ation of the sending then from (1.3.7) we ob. ain 
"Ra (yt) Re 9b) (tes bts) Tag, [2(l, — 4,)) plier Pankhmtd, (1.3.12) 


where “ay ‘Ls the Doppler frequency of. interference} 


|  e@) is determined by the aquality (1.2.2) aml te, | 
The factor in this. formula takes into account the distortion of modulation ; 
owing ‘to the motion of the ‘target. UsusLly they are sufficiently weak and their ; 
-consequence need not. be considered. Calculation of these distortions will be | 
| given in Section 4,9. | | 
-1f u(t) is the periodic signal, then for obtaining a formula, analogous to 
AL.) 12), it is sufficient to require & amall ahange of f(t) after the duration of 
the period, and in the case of stationary noiso modulation of the main signal +« 
| during the time of, and several times exceeding the time of icteerarion of the . , * 
modulating random process. Moreover, in accordance with (1.5.7) and (1.2.2!) a 
7 ‘er Ral WRC tM a 
" xennnnh stay (es tte de, (0) 


As can be seen from (1.3.12) and (1.3.13), in the case of extensive passive 
interference the transience is dependent only on the presence of the factor r(z;t), ts). 
Returning to formula (1.3.5), it is easy to perceive that r(z; ti.¢2) depends not 
only on tne difference of t, and t5, but also on their absolute values which are | 
connected with the change of position of the pattern of directivity. In the mode 
of detection the position of the pattern of directivity usually changes sufficiently 
slowly, During interference extended at angles, r(z;¢;,f2.) can be considered as the 
slow function of t,, which diminishes sufficiently fast with an increase of |f-~4] . 
Henceforth, we will consider this assumption to be carried out. Moreover, as 
follows from (1.3.12) and (1.3.13), the signal reflected from extensive passive | 
interference can be considered a quasi-stationary random process. In Chapter 4 it 
will be shown that for use in problems of analysis and synthesis of results ob- 
tained for stationary interference, it is sufficient to require a smallness of 
change of f(z) in the interval of solution in range. 

In the case of extensive passive interference and multifrequency emission the 
above mentioned conditions of the independence of reflected signals, corresponding 
to various carrier frequencies, coincide with the conditions with which the se- 
parate reception of these signals is possible (1.2) and are always satisfied, 
Therefore, the function of correlation cf the reflected signal in this case is the 
aum of the functions of correlation of the separate constituents, 

It was earlier indicated that the normality of the reflected radar signai is 
based on the presentation of the target in the form of a totality of a large number 
of random, transferred one relative to another, "brilliant" points. The paraneters. 
of @ normal random process utilised for a deseription of this signal depend, nat~ 
urally, on the aspect of the target since with change an ite orientation relative 
to the vader eet the quantity and peculiarity. changes of those "brillient" points, — 
which participate in forming the echo signals. In most cases the target (for ex- | 


ample an aircraft) for the duration of a long interval of time does not practically — 
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changes its orientation so that the presentation of the reflected signal in the 


form of a normal random process with fixed values of parameters is comprehensive. 


‘In some cases the target in this sense is not stabilized and participates in com- 
plicated rotations (for example artificial. earth satellites). Morsover, the re- 


. flected signal for every orientation of a target, as before, can be considered 


normal, but the orientation of the target itself is random. 

Usually the rotation of a target is rather slow, and in a number of cases 
after intervals of tine the parameters interesting us of the normal random pro- 
cess (echo signal) practically do not change, although they remain indefinite. 

In connection with this in calculating the characteristics of radar systems working 
on such ballistic targets 1t is possible, as before, to use an idealized reflected 
signal in the form of a johwal Pardon process neutralizing then the calculated 
characteristics of the radar set, taking into account the probability of the 
various target orientations. With this neutralizing, if the form of the function 
of correlation of the echo signal practically does not depend on the orientation 
of the target it is sufficient to limit ourselves to those of its characteristics _ 
as the probability of the various magnitudes of the effective reflecting surface 
which determines the intensity of the reflected signal. 

The above conducted investigation of the characteristics of the reflected 
radar signal is connected with those of ite changes which are determined by the 
process of reflection from the target. With an incoherent pulse signal there are 
etill additional random changes of the echo signal connected with "jumps" of the 
initial phase of the high-frequency filling of adjacent pulses of the main signal. - 
In connection with this the distribution of probabilities for an incoherent echo | 


signal, considering its change from pulse to pulse, is not normal. This question 


will be considered in more detail in the chapters devoted to the calculation of 


the charasteristics of incoherent radar systems, 











1.4. The Received Radar Signal 


The input signal for different radar systems (the received signal) is a 
mixture (sum) of the reflected signal and set noises of the receiver, converted 
in the input of the system. Into the received signal one should also include 
various interferences inevitable under real conditions of the use of radar sys- 
tems. 

Earlier it was indicated that in many cases the reflected radar signal is 
subordinated to the normal distribution of probabilities. Set noises, as it is 
known, in most cases can also be considered as normal and "white" (having constant 
spectral density of Ny within the limits of the band pass cf the receiver); also 
normal are many forms of interfering signals including such wide-spread forms as 
active noise interferences and reflections from daaaive interferences in the form 
of a cloud of dipole reflectors and also reflections from the earth's and sea's 
surface. In virtue of the circumstances presented, the received radar signal is 
frequently a normal random process. Its mathematical description is given as 
also for a reflected signal, by the multi-dimensional probability of density of 
the form (1.3.2). 

In distinction from the reflected signal the correlated function of the re- 
ceived signal clearly determining the distributive law of probabilities, is the 
sum of the correlated functions of all conetituents of the signal. Henceforth, | 


in the mathematical description of a received signal y(t), besides the multi- 


dimensional probability density, there will be widely used the functional of the 7 
probability density which is obtained from the n-dimensional probability density | 
for the values of the signa) at moments {,=jAf (jt, 2,.., a) as a result of maximum . 
transition during 4/..0 and noo. Let us consider more specifically this 


- functional and its properties. 
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Limit of the index of exponents in (1.3.2) is easily calculated 
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The functional of the density of probabilities is recorded thus: 


rr ; 
Pip (=k, exp{——- { [Mes Ady nyitaratal, } (Lede) 
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Equation (1.3.3), determining the elements of the inverse correlated matrix, 


can be written in the form 


x Rica bts= 


tal 
converted at 4/-0 and 4+0o into ah integral equation 
ae 
f Rite NW (9, yds 8(t, — fy), (1.4.2) 
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_ where R(t, to) is the function of correlation of the received signal, equal to 


R(tyy ty) Py Re u(t, —s) u(t, — 9) p(t, 1) X 


him do,d(y=t) , 
Kee FN be, (1.4.3) 


Here N, is the spectral aoe of set noises of the receiving mechanian, 
4 The factor K,= lim = aay mt in the expresaion (1.4.2), dn general, is 


infinitely large, However, in resolving seadtlea problems, this circumstance is 

immaterial since in the synthesis of measuring radar syatens we use ( Chapter 6) 
the logarithnic derivative of the fnetional of probability density, and in syne 
theeis cf radar systems of detection (Chapter 3) -- the relation of these — 


functionals. It is easy to verify that both these functions are finite. 

The logarithmic derivative of the functional F[y(t)] by. the eroitrary 
parameter 1 is determined as the sum of logarithmic: derivative: K, and the deriv- 
ative of the index of exponents in (1.4.1) by this careneter, ‘hihi physically 


can be range, velocity or any other coordinate of the target. — 
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Here (R;,) is the cofactor of the element i gx the dash signifies the differenti- 
ation on the parameter 2. 
As a result of maximm transition at a~+oo and4/~Qwe will obtein 
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where the function W(t), ta) is determined by equation (1.4.2). 
Finally, for the derivative on the ae 4 from the eee of the 


functional Fly(t)) we have 
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Formula (1.4.4) easily allows to establish the finiteness of the relation of 
determinants of correlated matrices for two arbitrary normal processes. In the 
particular case interesting us, pertaining to the problems cf detection, one of 
the considered processes is the arbitrary interference with the funetion of cor- 
relation Ru (th, t2) and second is the sum of the useful signal and the inter- 
ference with the function of correlation, which can be recorded in the form | 


ARe (tit) +Ralt, 2). Moreover, we are interested in the determinant 


a =: Rajat I a 
[Bsa ( ‘| [Roja + Raja |ARejn + Raja] Wejal (1.4.6) 
= [Bin + 2Qj,A/-?, 
where ||7,;,|| is the matrix, the inverse of  [[Rujali 3 and 
Qin= YY Re, TH as, 
= 
In the limit at At-0 and n-»eo we obtain 
at 
Q(t, A= tim Qin = J Re (ty, 8) Wy(s, t,) ds. (1.4.7) 
hati, 
Applying to the determinant |8j,(3)|"' the formula 
4 a te 
Ral=exp{ fa yr, tae, (1.4.8) 
Q dy ave 
which follows from (1.4.4), where 
a 
y Ra Win Bin 
basi 
we have ‘ 
(t= cap fa Yon sree 
7 tant ‘ 
whereby for ,, the equation is correct 
a 
> [344 -$- 2Q,,4/] Wry = 8), 
ent 
Changing to the limit at 4¢..9 and n-»oo, we have 
B-*(4)= lim |B, (2))-*= 
bua (1.4.9) 
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and there is determined from the equation 


tT 
j (AQ (ts 8) -+2(,—H]V(s, tds =8 (t,t), (1.4.10) 


which can be rewritten in the form 


z . 
{ e¢. s)V(s, t,)ds== + [8(4,—-4)—V (t, t)] = O(t,, t,). (1.4.11) 


Comparing (1.4.9) and (1.4.11) and considering the symmetry of the matrix 
UQiall , we see that 


; a rT 
BQ)=e - J di { a(t, 4) at (1.4.12) 


and the function 4(/,, 4) in accordance with (1.4.10) and 1.4.11) is determined 
by the integral equation 


Wty +2 FOU 18, Ads—=QUty 1) (14413) 


Formulas (1.4.12) and (1.4.13) allow to find the limit of the determinant of the 
matrix of the form (1.4.6). Thus, the relation of functionals of the probability 
of density of the received signal with the absence and presence of the useful, sig- 
nal. is obtained by the application of the obtained formulas. 

All the expressions connected with the functional of the density of prob- 
abilities are easily generalised by a multi-dimensional case where for some re- 
solutions of the parameters of the target it is necessary to use m signals re- 
ceived on independent channels. These problems will be considered in Chapter 10 
and 12, devoted to multi-~dimensional measurements, 


1.5. Jamming In Rader 


Under the conditions of the practical use of various radar systems an essential 
role is played by their noiseproof feature, which in many cases predetermines the _ 
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radar can be created naturally and artificially. Natural jamming includes, in 
the first place, set noises of the receiving mechanisms, and also reflections 
from local objects, the earth, and sea surfaces, galactic noises, and other fac- 


tors, which are connected with the peculiarities of the construction of a radar 





oe set and the conditions of its operation. Here touch the so-called mutual inter- 
ferences connected with the presence in space of the simultaneous emissions of 
sta many radar stations. The main forms of natural interferences and their charac- © 
es teristics were briefly described above with considerations of the properties of 
the reflected and received radar signals, Here will be cited that which is nec- 
Bo essary for the further information on artificial interferences especially created 
Sr for jamming the normal operation of radar stations [1, 21, 22, 23, 76]. 
Artificial, specially organized interferences by their own character can be 
active and passive. Active interferences are created by special jamming trans- 
mitters, passive are the result of the reflection of a main radar signal from 
specially fixed reflecting objects. Let us first consider active interferences. 
According to target designation, active interferences can be divided into 
spot and barrage. Spot jammings are tuned to a fixed frequency, have a compar- 
atively narrow spectrun and are intended for the supyression of separate radar 
sets. For the creation of such interference, preliminary and sufficiently acour- 
ate intelligence of the main parameters of the suppressed radar set is necessary 
in connection with which the corresponding janming equipment should be joined with 


the reconnaissance receiver. This form of jamming is intended basically for :n- 





dividual radar protection of an object and allows to create the necessary excess 
of level of interference above the reflected radar signal even for stations with a 
small operating range. Barrage jammings cover a sufficiently wide range of fre- 
quencies, do not require accurate reconnaissance equipment and can simultaneously 


jam several radar stations. S3arrage jamming can be used for individual protection 








as well as for radar cover of a group of targets with the help of special pro~ 
ducers of interference. | 

The important forms of active interferences are noise and reciprocal (relay), 
Interference in the form of continuous noise signal ("snooth" noise interference) 
is able to disturb the operation of range measuring mechanisms, For increasing 
the effectiveness of noise interference in reference to goniometrical radar sys- 
tens it is necessary to increase the spectral constituents in thse areas of possi- 
ble scanning frequencies, . 

Henceforth, for noise interference there is taken an ddealtsetion in the form 
of normal white noise which is justified by the fact that the width of the spec- 
trum of noise interference in most cases significantly exceeds the bandwidth of 
the input circuits of the receiving mechanism. In accordance with this ideali- 
zation the noise interference will be characterized by a single parameter with 
a@ spectral density of N,. 

Reciprocal active interference controls the main radar signal: corresponding 
jamming transmitters either overradiate an intensive and, especially, a thoroughly | 
modulated signal of a radar station, or are triggered by this signal. Reciprocal 
“interference can have a pulse as well as a continuous character, and can be either 
single or repeated (with "multiplication”). Tranamitters of eingle reciprocal in- 
terferences intended for jamming autotracking systems can give aignalse modulated 
in addition by amplitude or lag time, Multiple reciprocal (Limitation) jamming 
is applied against radar detection sets. Suvh jJamuing creates false blips on the 
radar yoreen, which can mask a group of targets proceeding from behind, and a | 
pulse repetition period selected in the appropriate way — and a preducerx of inter-~ 
ferences. Transmitters of reciprocal interference are dintinguiehed by simplicity, | 
small delay time of relatively useful jamming signal, broud-bandnens, small ro~ : 
covery time and, ag a result, the ability to simultaneous jan Li radar stations. - 








Besides noise and reciprocal jamming, one should note also pulse jamming 
with a regular period of repetition (interference of the type "railing") and 
random pulse jamming (RPJ) with a random repetition period. The amplitudes of 
pulses of interference will be considered constant, and their duration ~~ of the 
same order as the pulses of a useful signal. Considering the average porosity 
of random pulse jamming ex where vy is the mean frequency of the appearance 
of interference pulses, significantly larger than one can be taken for the prob- 
ability of appearance of n pulses of RPJ in the interval of duration + of the 


Poisson distribution 


P(n) == exp {— vs}. (1.5.1) 


At large y, when vt, is comparable with one, should coneider that physically, 
pulses of RPJ cannot be overlapped. Then the full probability. jd! of appearance 
of a pulse of interference in the interval of (t, t + dt) is equal to the product 
of the probability vdt of the appearance of a pulse in this interval under the 
condition that in the interval of (/—r,y,/) the pulses of RPJ do not appear on the — 
probability of this condition. It follows from this 

wea: 52) 


Therefore, in the case of large vt it is possible to use distribution (1.5.1), 
taking instead of y the equivalent mean frequency 4. | 

Tho deseribed forms of active interferences ean be created practisally in any 
of the presently utilized bands of frequencies and act either eerenly, or ‘inter-. | 
mittently at definite or random moments of time, 

By passive interference we will mainly mean dipole reflectors from various 
materials. Reflectors are made up into packs which usually contain ten thousand — 
- dipoles. ‘The dimension, form, and material of the dipole is determined by its 
basic characteristics: the neutralised effective reflecting surface, polarization : 
of the signal reflected from it, the rate of descent, the coefficient of adhesion, 
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The effective reflecting surface of one half-wave dipole is estimated by the 
formula 0,184? where 3 is the working wavelength. The coefficient of adhesion 
estimates the decrease of the number of effective dipoles owing to adhesion and 
the breakdown of the reflectors with aperture of the pack. An important char- 
acteristic of passive interference is also the time of dispersion necessary for 
full "development" of a cloud of interference after aperture of the pack. The 
signal reflected from the cloud of dipole reflectors will be considered a normal 
random process. The form of its function of correlation is presented in Section 
1.3. | 

Equipment for passive interference consists of automata for discharging the 
reflectors and also special equipment for raising the interference in front, on 
the side, and to the rear of the covered object. | 

An important form of interference is also the so-called false targets which 
fulfill a misinforming role and are in contrast to the method of coarse force 
(superpowerful transmitters of active interferences, "dense" clouds of dipoles of 
a large extension). In a number of cases, as a meang of oreating false targets, 

there can be used active and passive interferences «+ tranamitters of raciprocal, 

Cindtation ) jamming, amall seperately located clouds: ak siipele reflectors, and 30. 
forth, Along with this there san be applied special squlpment wae desoy Crrtar 
traps"), which wild carry special equipment. simdating ‘the. acho signa fram. a ee 


_ target. 





1.6.. Conclusion 


In this Chapter we connidered the min charastertetioe of variere applied 
Laws of. modulation of the main radar signal, the ene properties oF the Pe 
‘reflected dignal, and algo ig interferencan. 
% Very important, for the future ig. ee proventatton of Mie ahs wi gttial ant, 4 


a series of MIGSANOES the entire aigeas received in ws form of a norwal rasdon 


Rey | 

pS process. Since this presentation corresponds well to the essence of the majority 
aa of problems found at present in radar, then it limits little the conmunity of the 
Sa below obtained results. Some of these results, as will be shown in subsequent 
bo chapters also pervade signals not subordinated, in general, to the normal dis- 
ee tributive law of probabilities. 

ry 

a 








Bf 
es, 
e 


rn 





pd Nas 7 CS AT YET PI GLY PEM LEI ER, - PT OIA Ce ey 
FA NEUSE EULE B SE SUE EE OE SA RT FI PAT TET, MTT Ve Aa al 


OHAPTER 2. 


_ THE Ee OF ‘SIGNALS AND INTERFERENCES ON THe ELEMENTS OF THE 
RaDIO RECEIVER MECHANISM - 


2ele Sie eae 


. The radio receiver mechanism is an obligatory component part of any radar 


- set. Moreover, within the limits of one ‘radar phatton the same receiver is 


frequently sai to perform sng west diverse unstions Senneeted with detection, 


the measurentent of coordinates; aos tracking of any target parameter. 
. ‘The receiving mechanism, to a great ‘degree, is subject. to tho influence of 


interferences of a distinct: form and. Etuchustcons of: the signal rerleoted from 


‘the target, whereupon it viet convert the signal and inievference in aie A way 


that their characteristics at the output appear to be significantly ose nes and 


- dependent on thé selection of parameters of this receiver, . Thercfore, dupcng the 


analysis of systems: of radar detection and neasurenent 1b is necessery to know 
the characteristics of signals: and interferences at. the anne of the recelver 
or its separate elements. 


The receiving mechaniems differ, depending upon the functions perfommed by 


-them and the form of the received signal, Thus, there can be receivers of 


coherent and incoherent, pulse and continuous signals, Of course it ia difficult 
to describe al] the poseible modifications of the circuits of receiving mechanians. 


The oirouits applied in various chanuels of the radar set will be given in aubsan 


| quent chapters. However, in spite of the difference of forms of receivers many 
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elements from which they are constructed appear to be identical and change only 


_in their requirements. We will dwell briefly on the elements of the receiver. 


They include the input high-frequency mechanisms including the waveguide channels 
and preselectors. Many modern receiving mechanisms have high frequency amplifers 


built on the basis of parametric amplifiers, molecular amplifiers, or traveling 


wave tube amplifiers. The obligatory elements of radar receivers are mixers, 


in which there occurs the conversion of the signal spectrum owing to the inter~ 
action of the signal and heterodyne voltages. The essential peculiarity of 
coherent signal receivers is the fact that the voltage of heterodynes is rigidly 
connected by phase with the main signal. Usually this is obtained by the fact 
that the heterodynes and the transmitter of the station have, as a general source, 
a quartz generator. Besides this, the application is possible of a coherent 
heterodyne phaseing from the transmitter. In incoherent reception such a rigid 
connection between the main signal and the heterodyne voltage does not exist and, 
as heterodynes, in this case, klystron generators are usually used. 

The majority of modern receivers have intermediate frequency amplifiers 
(IFA). The exception constitutes receivers of a direct amplifier which in radar 
are applied comparatively rarely in view of their low sensitivity. In incoherent 
pulse receivers the pass band of the IPA is selected in accordance with the. 
spectrum of received pulses (or wider). In optianun receivers of @ pulse coherent : 
Slenal, as one will see below, tie IPA should consiat at md ndaun of two amplifiers, 


The first amplifier ig a wide band, and in it is carried out the gating of the 


Signal. The second amplifier is a narrow band with the pass band coordinated 


with the spectrum of fluctuatious of the received signal, 


After proceeding through the IPA the signal is detected by a second detector 
and proceeds to the input of the video amplifier in pulae incoherent receivers, of 
the low frequency amplifier in coherent receivers. From the output of these 


amplifiers the signal proceeds to various channels of the radar set, intended 


ee 
Weed 





for the detection of targets, range measurement, angles etc. 

In radar sets using for the measurement of angles the principle of instantan- 
eous amplitude comparison of signals, the receiving mechanism usually consists 
of three identical channels. Signals from the output IFA of these charmels move 
to the phase debeclons: in the output of which are oroduced voltages proportional 
to the angular displacement of the direction on target, ralative to an equisignal 
direction. Phase detectors are also applied in the channels of measurement of 
velocity of a target of stations with coherent emission and in autofrequency 
control systems. 

Finally, the majority of modern receiving mechanisms have a sv7cem of auto- 
matic gain control (GC), For the various types of receiving mechanisms the system 
of AGC can be accomplished differently. However ia investigating the ingiuense of 
the AGC system on the characteristics of a signal, the receiving mechanian with 
AGC can be represented in the form of an equivalent diagram which ia common for — 
many cages. , 

It is advisable: to preliminarily expound tha problena of the action of signals 
and interferances on tha snumeratad elements. of the radio receiving mechaniam, 
inasmuch ag they are conmon for the majority of sursequent chapters, Wurthermore, 
it is usaful to introduce uefinite idealizatdens for sho sharacteriatics ae Ue 
elamenta of the receiving mechanism and to etipniate tiie Malte of thelr application 
in order te then widely “Ye -suzh idpalized charactoriuitea,’ Thase prob lems are. 
the contents of the preeaut chapter. Curtainlys i Ln hy amy pretends tc bea 
full aacount of all the pitnens of the infhianee of interferences on recog ving | 
mechanisus. Speclaliats in radio reeed ving inischan dems: ay remain discantenbid by’ 
~ the fact thaé in referurce to the soparste slemwits of :regetver vie idea tleations 
taken are too rough. However, one should consider that raquevitly’ thia ds done 
for the purpove af alimpLitying. the sanrgats of Pasar Syatone on the whole, which 


. da conducted in aubeequant chapters, Let us note that the asterial predented oat 
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represent an independent interest under the influence of interferences jointly 
with a useful signal at the receiving mechanism. 

In the account are widely used the results of analysis of the influence of 
random processes on the elements of radio reception mechanisms which are contained 
in the works of V. I. Bunimovich [24], B. R. Levin [17], S. 0. Rays [25] and 
others. In view of the limits of volume, detailed mathematical computations are 
lowered, and only the final expressions are given and the method of obtaining them. 
Along with the already known results, in the chapter is contained the original 
material relating to the problems of the influence of random signals and inter~ 
ferences on the receiving mechanism with automatic gain control, 

Before going to an analysis of the passage of signals and interferences through 
the separate elements of the receiving mechanism let us consider the problem of 


noises in the receiver. 


2.2. Noises In Receiver. The Noise Factor and the Effective 
2 Noise Temperature of the Receiving Mechanism 
Since noises are of a wider band than the receiving mechanism we will hence- 


forth consider that in the input of the ideal receiver there takes place a noise 


‘voltage idealized by white noise, Then the only characteristic that will be 
» necessary in subsequent chapters is the spectral density Ny of this equivalent 


noise converted to the input of the receiver. In order to find this characteristic 
let us consider the cause of the appearance of noises and the quantitative char» 
acteristics of noise. First of all let us note that if even the receiving mechanism 


itself was ideally noiseless, in the input of the receiver there would take place 


a noise voltage. The causes of the appearance of these input noises will be 


“indicated somewhat below. Since the receiving mechanism itself is imperfect and 


creates additional noises, then noise voltage in the output of the receiver will 


be determined by input as well as set nojses. If the receiver does not contain 


low-noise high frequency amplifiers then the noise voltage determined in the 











output will be set noises, 

In order to quantitatively estimate how far a real receiver differes from 
an ideal noiseless set there is usually introduced the conception of the noise 
factor of a receiving mechanisn. 

The noise factor F of a certain linear quadripole is called the number 
showing how many times the ratio of signal to noise, by the power on its input, 
is larger than the corresponding ratio of signal to noise in the output, 


Pease 


Pa ox 


See 


Po eus 


Pueus (2.2.1) 


where f*#!—~ is the ratio of signal power to noise power at the input in the 


quadripole-pass band; 
fous — ig the ratio of signal power to noise power on the output. 
From the relationship (2.2.1) it is clear that for an ideal noiseless 
quadripole the noise factor is equal to one and for any real one F>1l. 
Let us represent the recelving mechaniom in the form of series connected 
quadripoles which accordingly have the noise factors: Fy, Pos Fapeee If the 


loads of the quadripoles are coordinated, then for the nolse factor of the receiving . 


Machanisn it is simple to obtain the following relationship: | 


Fy~- ly Fem 
Paka tga tee (2,252): oc 
mere G) and Go are the amplification factors of auoeetpenee by power. . 
From the obtained expression it ig clear that if the receiver has @ high 


frequency amplifier with a large amplification fyotor, then its noise factor 


- will be basically determined by the set noises of this amplifier and the input: 
‘dlirouits. | : | . 


However, receivers of the ulcrowave range frequently do not have high 


‘frequency amplifiers. In auch receivers the first intense noiay element will be 


Gd 




















the mixer, the second--~the intermediate frequency amplifier. Noises of the 
mixer are composed of set noises of the crystal detector and heterodyne noises, 
Usually the noise properties of the mixer are assumed to characterize the 


relative noise temperature 


= =G,F,, 


where T] is the effective noise temperature of the mixer; 
T is the absolute temperature of the elements of the receiving mechanism; 
G) and Fy is the transmission factor by power and noise factor of mixer, 


Then the noise factor of a receiver will be recorded in the form 


Fe tthnt (2.2.3) 
Here Fo is the noise factor of the IFA. 

Thus, the noise factor of the receiver is basically determined by noises of 
the intermediate frequency amplifier and noises of the mixer. There are many 
causes of appearance of noises of the IFA. It is possible to indicate, for 
example, such sources of noise as thermal resistance noises, noises appearing 
owing to the Schottky effect in electron tubes, and others, . 7 

As follows from formula (2.2.2), the noise factor of the whole intermediate 


Frecuandy amplifier is basically determined by the noise factors of its first. . : 


; atages. Therefore, during projection of the receiving mechanisms, special 


attention is given to the-noise properties of the input circuit and the first — 


stages of the IFA. Not renaining in detail on these problems, we will indicate 


that the noise factor. for microwave receivers in which there is no amplification 


_ at high frequency, usually occurs on the order of 10-15 db (27). . 


If the raceiving mechanism has a high frequency amplifier, which is used 


as a traveling-wave tube (W tude), ¢ then the enone factor of such a receiver has : eS 


'. on the order of 3-5 db (28). 











Knowing the magnitude of noise factor, it is possible to easily calculate 
the power of noise on the output of the IFA. From formula (2.2.1) we obtain 


Po suxs=GF Py ax, 


where G is the amplification factor by the power of the channel of the receiving 
mechanism to the second detector. 


The power of noises on the input in the pass band of the IFA can be calculated 


by the known formula 


Py ax = kT ax4feg: 
(2.2.4) 


where 7,, is the equivalent noise temperature in the input expressed in 
absolute units; 
Sieg is the effective pass band of the IFA; 
& is the Boltzmann constant. 


Then power of noise in the output of the IFA will be equal to 


Pos oun = AGF ay bfag = kT ag Gdfeg, (2.2.5) 
whore Teo Tesf = is the effective noise temperature of the receiving mechanism, 
It is necessary to note that the noise factor F included in these formulas . | 
is the noise factor measured at an effective noise temperature in the input Tss > | 
which can differ from the standard ceauneatune of To ™ 290° K, Then one may use 
the following relationship between the noise factors measured at temperature Ts 3 


and the standard noise factor measured at temperaturs Ty, 


Fas heft (A I). (2.2.6) ; 
Receiver noises limit. the real sensitivity of the receiving mechanism and 
signify. the maximum range of the radar station. Furthermore, owing to the 


presence of noises, there takes place additional fluctuating errors in the measure- 


ment of target position data. In connection with this, the most important preblen — 


an ral 


gest 





of projection of the receiving mechanisms of radar stations is lowering the level 
of noises. 
Recently, to this end essential successes were reached owing mainly to the 
application of parametric and molecular amplifiers. Their set noises turn out 
to be comparably smaller than the level of input noises. 
The input noises will be those noises appearing before the first low-noise 
amplifier. By the causes of their appearance, it is possible '» «1: divide into 
two groups. To the first group belong noises which appear owing to the emission 
of a celestial background (cosmic noises), the secondary emission of an absorbant 
medium (atmospheric noises), thermal radiation of the earth sensed by the lateral 
lobes of the directivity pattern of the antenna. To the second group belong the 
noises which appear in the antenna and the elements of the receiving channel of 
the preceding amplifier. To them belong the noises which appear owing to the 
finite conductance of the surface of the metallic antenna, losses in the wave- 
guide channel from the antenna to the low-noise amplifier, direct losses in the 
antenna switch ete. |e 
. If the constituent noises of antennas, appearing owing to heated earth, can. 
be Anfluenced. by lowering the level of the lateral lobes owing to an improvenent, me, 
| in the construction: of the antenna, then more complicated io the problem of : ia : : 
~ lowering the level of enission noise of the aky, received by the station fron the 
. ‘direction of: the main lobe of the directivity pattern. of the antenna. ‘This noise ae ea 
‘consists of constituents dus to scattering and absorption in the atuosphere, and 
also of noise ‘exdestion arriving from apace located beyond the linits of the ite — 
sphere loosade noise). Although the problez of the dependence of the level of . 


os noises on the working frequency of the station is oti) Anouffickentiy dnvesti- | 
| gated, there 4s {nformation giving the possibility to judge the fact that the. 





- level of cosmic noise is inversely proportional. to. the. frequency. This is an 
illustrated by Fig. 2.1, borrowed fron (26). In. the figure ie shown the dependence 
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of effective noise temperature of ideal antennas on the frequency. At higher 
frequencies (above 10,000 Mc.) atmospheric noises start to show up strongly which 
are increased with an increase in the working frequency of the station. Hence, in 
particular, there apparently exists a certain optimum range of working frequencies 
at which the noise temperature of the antenna is minimum. Furthermore, the given 
graph gives the possibility to estimate the magnitude of the noise temperature 

of the antenna 7, . 

Noises of the elements of the receiving channel to the low-noise amplifier can 
be easily estimated. If there is a certain source with an equivalent noise temper- 
ature 7, and we must calculate the effective noise temperature on the output of 
the passive quadripole with a transmission factor with the power G,, , then it 
is possible to use the following formula: 


Tyx2= Typ tT ay (1 — Gay), (2.2.7) 
where Ty, is the absolute teisperature of a passive quadripole, 

The influence of additional quadripole elements can easily be estimated by ; 
a series application of expressions of this type. | an . 

In the case of the application of parametric or molecular amplifiers 9 more i ; 
= convenient characteristic of the noise properties of the receiver is the effective “ : 
5 noise tenperature Ts ° tt will. ‘pe composed of the. noise tenperature at the oput = 
and the temperature of the set noises of the. amplifier: a 


Te = Ts + Tyo ; 


| Nic veindt ew Woot the effective noise tenparatune of tne - 7 
tits =f revel ving wechand sin can be estimated = the formula © 


Fg Tatey + Top soar : (RRB) 
where T, is the equivalent noise temperature of the antenna; Nese . | = 
| Ty is the absolute ‘temperature ‘of. the waveguide channel; 


_ Gy de-the transaission factor by the power of this channel; 














Tye is the noise temperature of a high frequency amplifier. 
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Fig. 2.1, Effective noise temperature of ideal 
antennas, molecular and parametric amplifiers: 
1) ideal antenna aimed horizontally at galactic 
center; 2) ideal antenna vertically aimed at 
galactic pole; 3) molecular amplifier; 4) 
parametric amplifiers. 

_ KBY: (a) f, Ne. 


_ According to Fig. 2.1 it is possible to estinate the effective noise serere=: ut 


ture of molecular and parametric amplifiers and its dependence on the. working 
' " fpequency. As can be seen from the graph, the noise tenperature of the molecular ie 
: a amplifier ‘turns. out ‘to be especially low (several degrees of m)5 therefore, in ee = - 
: reveiving rechanieus with such amplifiers the input. noises start to play a very - ate 
st ; large role. o connection with this, a serious problem is the decrease. of noises | 
: os on the Anput. This can be done by at improvenent in the: construction of the pis 
- antenna, selection of. the working frequency of the ‘station, cooling of the elenents 2 
. ; of the antonnaswavoguide channel te the —— vee and a decrease. of | 
losses dn these elenants. 


Henceforth we. will ‘operate. everyvtere with the Spectral density of noise for 


whieh is easy to obtain: from the above-nentioned relationships: 


ogee ee me 








or 


1 : 
Ny=~q kT og: (2.2.10) 


2.3. Passage of Signal and Interferences Through an 
Intermediate Frequency Amplifier. 


Let us consider the idealizations which will be taken in subsequent chapters 
with respect to the characteristics of the IFA and the question about how well 
these idealizations are performed in practice. While the signal on the input of 
any stage of the IFA is significantly less than the region of linearity of the 
anode~grid characteristic of the stage, the IFA can be simply characterized by 
its own amplification factor and frequency response. 

Depending upon the construction of the intermediate frequency amplifier, the 
form of its frequency response can be different. If the required pass band of 
the receiver is comparatively small (== < ) » then the IFA is usually cone 
structed from identical stages, tuned to the intermediate frequency of a, . 

If the number of stages is low, the frequency response of the IFA H(iw) can 
approximate the resonance curve of 4 single circuit. | 

In this case. | 
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7 where be: is the effective pass band of the IFA; 








K is the amplification factor of the IFA; aes. 
ey is the intermediate frequency, and be uy. . | : 
; With: a large number of oingle tuned otages (in prastice more than ix) the 
. frequency response of the IFA sufficiently well apnea & Gaussian curve - 


fom? a ee 
oe  (MGe) it Ke Seen >, “ (eaaa) | 
; “The IPA of broudeband ‘peceivers consists of a detuned relatively intermediate - 
Frequency of a pe or a set of three ne in this case, ab a given pass . - 








re band there is obtained a higher arplification in the stage and a higher selectivity 


pot than in the case of resonant IFA'S. With this, the form of the frequency response 
ie approaches a square. Therefore, for such IFA'S the frequency response can be 


considered ideally square: 
|H (je)? 
“|, at ey — Foca, +e, 


0 at e<en—F, e>e,+%. 
(2.3.3) 


In virtue of the broad-band characteristics of noise in the input of the 
receiver, the spectral density of the noise in the output of the IFA is determined 
as No!H{iw)|?. Since usually the pass band of the IFA is significantly less 
than the magnitude of the intermediate frequency, then in the output a narrow= 
band normal random process will take place. It is not difficult to show that 
with symmetric frequency response relative to on, of IFA the function of cor- 
relation of the process on the output will have the forn | 


| Ro) = eFa(s)cos ayyt, a - (es3sa) 
where a(s) is the slowly changing function (for the period =. a connected sot wie 
#4 7 ‘the frequency response of IFA and the ‘spectral. density of noise in | 
- the on No by. the relationship — 


fe. oe. som afel NM) Pcovede - ee oo e 
: ow whe where Ha) 2 ingg U0} | . se i. _ 
| tot j 1H, (iw) "Nada is the Atepareton of noise an thie output of the IFA. : a 
Producing a ealoulation for r various forus sof frequency response of TPA, v we. - 





obtain: | 
 eeor the a. curve. oe 
= | a faci tg ie 
a ; Ms “ a= “> (2.3.6) BE 
a ee ator the Gaussian curve. oe fut oe 4 
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--for the ideally square frequency response 





Cl a(y= de ° 
(2.3.8) 


These results will be required henceforth in the determination of the quanti- 
tative characteristics of noise on the output of the detector, 
Presentation of IFA in the form of a linear quadripole is correct only as 
long as the amplifier works without overloadings. Since the power of a useful 
signal and interferences on the input can vary within rather wide limits, for a 
guarantee of linear operating conditions of IFA and all of the receiving mechanism 
on the whole there is applied a system of AGC which varies the amplification 
factor of the receiving mechanism inversely proportional to the amplitude of 
the input signal. Therefore, IFA can te considered linear within a wide range of 
oe variations in amplitude of the input signal. | | | 
s In opite of the application of a system of AGC, inthe IFA there can appear 
ra overdoadings: by strong signals or interferences, with. which: the. TFA san no ae i 
oe conaideres: linear, Tals can ocour due to: ‘one: of following causes: o 
: | Af power of the signal or interference on the input of the rita of 
% ae exceeds the: range of: power in. ‘which: at normally works, a a 2a 7 
fo 2. With: large Junps in the levad of the signal or “Lnterterence « on the. oat 
of the receiver, which oan arise, for. example, dn the ‘node of. ourvey. the eC 
: : ‘aysten. cannot Anotantly proceas. hes ‘and. aa the first nonents i tine y overlong 


of the TPA can. arise. os ~ 





“ay During the influence of: a difterent, fora of -tarequt poe 4 anterterences 





a or. igh power, whieh are. nob ‘bended by: the: systen ACC. ae 
ean © The. pherioanon of overlie ding the. TP. consists. of. the fact ‘that ‘sigue in 
. the input: of. the: last tages: of the IFA have, ‘gush. large anplitudes that the cha 5 | ¢ 





My acteriatics of tubes can no longer be considered, linea, 9 bo ieee 
En dat us nbte: that in certain receiving mechani sas utilized in the mode of . 


x ane 
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ee stages of the TRA, at all times: except the tine: of action. of the gates, cae 


However ful cutoff of the IPA stags. outside the gate is ‘practically not sceompldahed <8 
ee = - owing mainly to dinect pastage, of interferences “theough ‘the, capacitance of the anode 
fe.3 " t the arid of tube,, and: the avsenbly capacitances. th ao well destgned: amplifier the 


| selection of moving targets, the amplitude limitation in the IFA is introduced 
intentionally for the purpose of stabilization of the level of a false alarm 
in the mode of detection of targets in passive interferences. 

Considering that in most cases we will be interested in such operating 
conditions of a receiving mechanism with which the IFA is not overloaded, and 
also taking into consideration the complexity of the theoretical analysis of the 
passage of signals and interferences in the mode of overloading through the IFA . 
and all radio channeis of the station on the whole, we will henceforth require 
that the amplifier, at any interference or signal, work in the linear mode and 
be described by the frequency response of the approximations which were made above. 

. Let us stop at the problems of gating intermediate frequency anplifiers. 

. For the purpose of protecting pulse receivers fron a different form ee none - 
synchronous pulse interferr ‘ces gating is applied. . oe 
. From that which follows it- will be clear that gating is connected with the 
vs opt treatnent of signals, Gating takes place usually at cutoff of the ast 





kee result of this thare takes. place a selection of the agal ain time. 





nae attenuation introduced ‘outetde the gate, by. one: eating atage ‘ef sho. IFA ie obtadned 
- “on the onder of 20. dbs ‘Moreover: taking anto eonvideratton that" ‘ye onyetal 


: ve baer: 4s overloaded by strong, interferences, three to four gatang, ee “of. coe 
: a ™. appears to be suffteient tor selecting interference of practically any. peer 


7 ae » Lora: wil be sean’: as y squares: oe ce 








A In eonelusion let us note thst in a” ‘number at ‘gases: during the analysis of. 
kas of a ‘different. fora of interferences © os, the. radto hate the strobe 




















2.4. Detection of Noise Concurrently with a Useful Signal 


One of the essential nonlinear conversions of noises and a useful signal 


producible by the receiving mechanism is detection. With this, the characteristics 
of the signal and noise are changed owing to their interaction. For a subsequent 
analysis it is necessary to know the mathematical expectation, the spectral density, 
the correlation function, and also the distributive laws of the probabilities of 
the random honeds in the cutput of the detector. These characteristics are 

given in the present paragraph. . 

Depending upon the circuit and operating mode, there can be ‘the following 
forms of detectors: anode, grid, cathode, and diode. In radar the largest appli- 
cation is received by the diode detector. Considering that all the enumerated 
types of detectors easily reduce to the diode with certain salivaiont paraneters 
we will henceforth consider only the diode Seueckaus. 

The most important characteristic of the detector is the dependence of the 
detector currer:t on the applied voltage: /;=q({u) . This dependence is nonlinear, 
For low input voltages it is well approximated by the function of the form J,=fu? 3 


in this case the detector is quadratic. At high input voltages the dependence 


of the current of the detector on the applied voltage can be approximated by the 


function of the form 


ku at a>), 


neva ( uct 


In this case the detector is called "linear", 

During the analysis, the influence of the lag of the load of the detector 
will be considered approximately assuming that on the output of the detector are 
only low frequency constituent signals and noises, and high frequency constituents | 


are filtered out in the load and subsequent circuits, 








2.4.1. Influence of a Normal Signal of Constant Amplitude 
Concurrently with Noise on a 
Linear Detector 


Let us analyze the influence of a normal sinusoidal signal of constant 
amplitude in the presence of set noises of the receiver or broad-band noise 
interference on a linear detector. Following V. I. Bunimovich [24], the narrow- 
band random process on the output of the IFA, which takes place owing to the 
influence of noise, can be represented in the form 

a()=E (6) cos (t)= E(t) cos (egypt — 9(f)) = 


= A(t) cosa,pt + B(t) sin Wayt 
(2.4.1) 


where F(t) and §(t) are the slowly changing random functions of time, which are 
called accordingly the envelope and phase of the random process; 
A(t) and B(t) are the normal random processes with zero mean values and 
dispersions equal to dispersion g* of the process u(t). In 
coinciding moments of time, the processes A(t) and B(t) are - 
independent; 
| “up is the central frequency of the adjustment of the IFA, 
In accordance with that said above, the voltage on the output of the detector 
“will be equal to 
= 9 (E.cos )) == ( kREcosh at Ecos>0, 
0 at Ecosb<0, 
(2.4.2) 
Distributing the nonlinear function g (E cos@) in the Fourier series and 
limiting ourselves to the first member of the series, we find the aera 


constituent voltage on the output of the detector 


(264.3) 
High frequency constituents do not interest us inasmuch as they will be 


Sng 
Bsux (E) = + fe cos (bath == “e 


_ filtered out by the load, 
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Consequently, the voltage on the output of the linear detector with sccumney 
up to a constant factor is equal to the random process envelope on the input. 
For finding statistical characteristics interesting to us of the random process, 
on the output it is necessary to know the laws of distribution of the probabilities 
of the envelope. Let us consider the case where besides the noise on the input 
of the detecter there is also the influence of a sinusoidal signal of constant 


amplitude E,, which can be represented in the form 


Ug (t) = Ey cos (wayt — Ip) == Ag COS Wat aT Be sin ent. ; (20404) 


Then the full expression for the random process on the input of the detector 
will have the form 


W(t) =[A (1) 4 Ac] 608 egy? +-[B(!) + Be] sitt apt = 
== E (t) cos[aypt — 4 (¢)]. (2.4.5) 

Inasmuch as processes A(t) and B(t) in coinciding moments of time are indepen- 
dent, then from the equality (2.4.5) it is simple to see that the problem of finding 
a one-dimensional distributive law of the envelope E(t) of the sum of the sinusoidal . 
signal and the noise on the input of the detector reduces to finding the probability 
density of the length of the radius vector, the components of which are independent 
and have a normal distribution with the parameters (0, A,] and (a, 8] ., 

Resolving this problem with the help of the known methods of the theory of 
probability, it is simple to obtain the expression for a one-dimensional law of 
distribution of the envelope of the additive mixture of the sinusoidal signal 


and noise 


Urry £2) 
—— EF, 
neeke™ 1 [2] st £>0 


hes E<0 
1 (E)=0 ee (2.406) 


where /,(x) is a Bessel function of the m') order from the imaginary argument. 
Thus, the first distribution function of the envelope of the sum of the 
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sinusoidal signal and noise on the output of the IFA represents the generalized 
distrivutive law of Rayleigh. 


During the absence of a useful signal F,=0 and the distributive law of the 
envelope changes to the usual Rayleigh law 


a; = . 
hEj=+-e 
A (E)=0 


at E>0, 


oo se D (2.407) 


Henceforth the useful signal will most frequently be in the form of a normal 
random process, It is sleds that the sum of such signal and noise will also be 
a normal process. - Then the distributive law of the envelope of the additive 
mixture of such a signal and noise will be expressed by the formula (2.4.7), 
where oa? is the dispersion of the sum of the signal and noise. 

The two-dimensional distributive law of an envelope in a general case, when 


there is a normal sinusoidal signal and noise, is described by the following 
expression: | 
‘ ae ELFEN tet Bcc at 


[Ey Eyt w= wee! aye TaN 5 


< al) FE E.—aly & 
XY ent! ati _ : ita | “ail a wt E, |x 
mod 
E. en c 
Xn Ga : ai” = | 





a (i —a*(s)] (20408) 7 


where Ea = all Fes = Ec (t+ 8); 
| Sor ao at m>0; 


Im(x) is a Bessel function of the 7 ~ order from the imaginary argument. 
Inasmuch as the voltage on the output of the detector is proportional to 
the envelope of the random process on the input, it is obvious that with the help 


of these expressions the distributive laws of the random process on the output of 
detector are simply determined. . | 


- Using forma (2.4.3) and (2.4.6), for the mathematical expectation of 











voltage on the output of the detector we obtain 


r= fer ede dere ™ 1 [EE J. 


After integration and necessary conversions we have 


aime Mos) + eC) HACE) Ga 


where qu £5, is the relation of signal power and noise on the input of the 
detector. 

The graph of the dependence of the relation dux(/ésuzu() on fq is 
shown in Fig. 2.2. Here the mean value of voltage on the output in absence of 
a useful signal |g=0| is described by the following expression: 


Moux wo (t) = 5 


Vin’ (2.4.10) 
From the graph it is clear that with high ratios of signal to noise 9 >I, 


the curve asymptotically approaches the line tA ¢ At emall values of 9<! 
there takes place a suppression of the signal by the noise, since an increase of 
voltage on the output with weak signals is less than those which were in the 
absence. of noises. 

Using the eisanstcnn of the Bessel functions we obtain the fact that with 
email values of g<! (a weak signal) the relationship (2.4.9) can be written 


in the form 


fete): (26412) 
For a strong signal ( q7>1 ) the following asymptotic expression will be 


correct: 





Usur() ae os aoe 


(204-12) 
+ gate) . 
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Not remaining in detail on the 
derivation of the formula for the 
function of correlation of the process 
of the output of the detector, let us 


present its final expression 


Reus (1) = "2 [6,0(2) + 540° (0), 





(2.4.13) 
where 
! B) 
=2g(1—-+—-¢g+—9'—... 
Fig. 2.2. Dependence of the relative b, a PIG 4 ) : 
mathematical expectation of voltage on =, yy My at 9@<h; 
the output of the linear detector on s Ite? —art-. 
the ratio of signal to noise. ait 
> = 
8 at goo, 
6,0 


Substituting into formula (2.4.13) <=0 , we obtain the expression for the 


dispersion of voltage on the output of the detector 


has © Ge (Ot Oy) = (2ebel4) 


Characteristics of the random process in the output of the linear detector 
in the absence of a sinusoidal signal is simple to obtain by substituting into 
the preceding formulas q= 0. Then the function of correlation and the dispersion 
of noise in the output of the detector will have the forn 


Roux (*) = Li a? (*), ~ (204-15) , 
4 Ate? 
Guus & a * (2.4.16) 


For many practical problems which will be considered in subsequent chapters, 
it appears to be necessary to know the value of the spectral density of the 
voltage on the output of the detector at w=0. Converting, according to Fourier, | 
both parts of the equality (2.4.15), for the spectral density of noise on the 
output of the linear detector we obtain the following expression: 


«a 
Sous (a) = 5 s a(t) 7 ds. 
=0 


V5 





Considering o=0, we have 


hist P 
5, 0)= a’ s)ds. 
ussz (0) w ( (20017) : 
Substituting formulas (2.3.6), (2.3.7) and (2.3.8) into (2.4.17) and effecting 
integration for various forms of frequency response of the IFA we find: 


--for the resonance curve of a single circuit 





hte? 
Sux (0) = aa53 . (264018) 
-~-for the Gaussian curve 
att 
Saas O= THE’ (264019) 


-~-for the square frequency response 
Swux (= 45, (2.4.20) 

26402. Characteristics of Noise on the Output of a Square~Law Detector 

Let us consider the problem of the influence of noise on a square~law devector. 
Noise on the input of the detector, as before will be considered a stationary, 
narrow-band, normal random process with a zero mean value and dispersion equal to 
a? | : | 

The noise voltage after nonlinear conversion in the detector (without calou- 
lation of filtration in the load) ua (t) will be connected with the voltage on 
the input of the detector by the relationship 


ay (t) == ku® (t). (2.4021) 


Then it is obvious that the mathematical expectation of noise on the output 


of the square-law detector will have the form 
Baur (()=4q (t)== ks". (2.4.22) 
Using formulas (2.4.21) and (2.4.22), the function of corralation of the 
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voltage 4, (t) can be written in the form 
Ry (8) a (Fa FP) — 4, (= 
= k*[u*(t) ai (+s) -- of. 
Let us use the forma for the compound central moment of the fourth order of 


normally distributed random variables 


KNX pXq=RuaRy tb Rika t Rakes (2.4223) 


where R;; is the correlated moment of random variables *; and +i Designating 
X= =4(l), 4,= 4%, = 4 (t+) 


and using the obtained relationships, the expression for the function of correlation 
of voltage a(t) can be written in the form 


Ra (3) == 2k°R? (2). (2slhe2h) 


Substituting expresoion (2.3.4) for R(t) into (2.4.24) and considerirg that 
the filter of the detector will separate only low-frequency constituents of the 


_ voltages of noises, we obtain the function of correlation of the voltage on the 


output of the detector in the form 


Reus (4) == *9'a"(s). (2.4425) 


Hence the dispersion of noise on the output is equal to 


Quah | (244.626) 
As was already noted, for an analysis of the influence of set noises of the | 
receiving mechanism or noise interference on the radio channel. of the radar set, 
it is necessary to caiculate the value of the spectral density of noise on the 
output of the detector at w=0 . Converting, according to Fourier, both parts 
of the equality (2.4.25), for the spectral density of noise on the output we 


find 


Sous (w) == &'s! f at (s)e7 ds, 
—c 


ABab21) 


¥o 


Considering »=0 , we obtain 


Saux (0) = 2k%o* J a? (s) dx. (2.4.28) 


Calculating Ss. (0) analogously to the preceding, and for various forms 
of frequency response of IFA, we obtain: 


«~for the resonance curve of a single circuit 





Re Sou Be (2.4.29) 
re —for the Gaussian curve 
a Saux (0) = 2h%0° boy?’ (2.4.30) 
-—for a square frequency response 
eo Swan (0) == 2%! & (2.4432) 
atte 2.4.36 The Influence of Noise Concurrent, with a Signal on a 
Bs Square-Law Detector 
a Let us now consider the detection of noise in the presence of a signal. Let _ 
ey the input of the detector be influenced by the sun of the signal s(t) and noise 
x : n(t) . 
bee a(j=3(t)+a(y. (2.4.32) 
ee The signal will not be specified for now and the noise, ao before, will be— 
bo considered a narrow-band, normal random process with a mean value of zero and 
“o 
ae a dispersion of o? , Naturally, the signal and noise are indepandent. 
Ps The voltage on the output of the detector will be recorded in the form 
2 y(t) = hu® (t= k[s (t) Lay (244433) 
bs The mathematical expectation of this voltage is equal to 
Ke by (= k(s*() +a). (2.4.34) 
be, . Using (2.4.33) and (2.4.34), it is simple to find the function of correlation 
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of the random process on the output of the square-law detector 


— 


Ra(t, = 45 (fea) — aa eas) = 
= h*1R,. (3) + Ryo ()-+ 4Ro (8) Sf) 8 (E+ 8)], (2.4.35) 
where the component 
R, (=F OS C+F)—-F HSCS 
resulted from the presence of the signal; the second component 
Ry l)=a* Dats) — a Hares 
resulted from the presence of noise, and the third component appeared owing to 
the interaction of the signal with the noise. In the derivation of this expression 
it was considered that a()=a(l-++s) =a(ija'(i-+s) =a" ()n(f-+-*)=0 were like the 
central moments of an odd order of normally distributed random variables, 
Let us now consider the specific forms of a useful signal. In Chapter 1 it 
was shown that the signal reflected from a target can be represented in most 
cases in the form of a narrow-band normal random process. If the function of 


‘correlation of a signel on the output of the IPA is equal to 9,%b(t)coSwapt =, 


then from the forma (2.4.34) it follows that the mathematical expectation of 


‘the random process on the output of the detector will be cqual to | 


aah meld +o4t as (264036) 

Thus, an increase of the constant constituent of voltage on the output of | 
the detector is proportional to the dispersion of the useful signal on the input, 

Lat us turn to 9 determination of the function of correlation of the voltage 
on the output of the detector, | 2 | 

Since the sum of the signal and noise in the given case represents a norual 
random process, then for the function of correlation Roy (*) forma (2.4.25). 
is correct in which oa*"(s) mist be replaced by (2% 6(s)+-o'a(s)|' , as a result. 


ga 









of 


Roux (t) == k* {3 6 (x)-+- ofa (z)}*. (2.4037) 

Consequently, the function of correlation of the voltage on the output of | 
a square-law detector is proportional to the square of the sum of the envelope 
functions of correlations of a useful signal and noise on its input. 


Dispersion of the process on the output of the detector is . 


hur = Al, + ofl. . (2644438) 
Comparing formula (2.4.38) and (2.4.36), it is simple to note that the disper- 
sion of the random process on the output of a square-law detector in the case 
considered is equal to the square of its mathematical expectation. 
In the case where the useful signal is a sinusoidal oscillation 
8(t) = Ec cos euyl, . 
the mathematical expectation a;(/) can be found, again using the general forms 
(2.4.34), | | 


: ‘ 7% 
bg (1) 2 & | -y-+$ 3° 4- -p- cos twat} 


Since the high-frequency constituents will be filtered out, the fing] — 
expression for the mathematical expectation of the voltage on the output of the ie 


_ detector will have the form 


| Yous ij == bs" [I +g], . (2.4.39) | 
where q is the above introduced relation of the power of the signal and noise on i 


the input of the detector. 


The function of correlation of the process on the output of the detector 
according to the formula (2.4.35). It is obvious that at s(t) *E¢ cos wut 


5 (SCE) = Ef cos ays f 605 (ay (t 4-9)|. 
R(t. ¢)==0. . 
The remaining constituents of formula (2.4.35) we have already calculated. 


Then Rey (t. 0) ==: 26" [RE (t) -f- 2E? C08 wupl cos [urgplt + 9)] Ra (9D). 


x3 














Since the filter standing in the load of the detector neutralizes the random 


process in time, we will be interested in the function of correlation R,(t,s). 


“neutralized in time. 


Considering that the average in time is 


Stacia tina bee ae 
COS Mg, ({) cos [wo,(é + s)} => COS gy %, 


we obtain 


Ra (tes) = 2k" [Ry (2) + ELRu ($1) COS uy]. (2.4.40) 

_- Substituting into (2.4.40) the expression for the function of correlation of 
noise (2.3.4) and being interested only in the low-frequency constituents of 
voltage on the output, we find the final expression for the function of correlation 
of the voltage on the output of a square~-law detector 


Rous (8) == ha" [a"(s) + 2ga (s)}. . (2.4.41) 
The dispersion of low-frequency constituents of the voltage on the opt of 


a detector fe 


ee == k's (1 4-24}. eat) 
It is useful to note that the intensity of low-frequency. constituents on 
the output of a -Square-law detector consists of two parts. The firet part does 4 es 


ot depend on the useful signal and is caused only by noises. The second part, is . : 
7 caused by the interaction between noise and a useful signal at detection, : 


let us find the distributive lawe of the voltage on the output of a detector. — 


7 Applying the envelope method, it is easy to show that the low-frequency part of 
. the voltage on the output of a square-law detector js proportional to the square 
of the envelope E(t) of the random process on the input. The probability denaitios ue 

of the envelope for cases interesting us will be expressed by formas (2.4. 6), | 
(2007), (20be8)e Consequently, it. is necessary to find the distributive lave 


of the random process x(t), Which 1s connected with E(t) by the Relattoetiy 
F(x E(t), 














if the distributive laws of the process E(t) are known. 

Applying the rules of the theory of probability we obtain the expression for 
a two-dimensional prebability density of the square of the envelope of the random 
process consisting of the additive mixture of the sinusoidal signal and noise (17): : 


hltp rt rhsd= wae x 


Aytayt B24 22,—28,,E, 00) oo 


ee —“ei—aiy| SC (st) Wx, 43 Ny 
Xe Fl —ehs) Yen [suows xx |x 


l- a*(t)j 


Xtal SE A a SHEA VR] 
i lai (204043) 
where x, == E*(#); x,= E"(¢-+-+); the remaining designations are the sane as in the 
formula (2.4.8). a | 
In the case where a useful signal is absent, the two-dimensional distributive 


law of the random process on the output of a square=law detector will be determined 


from (2.4.43), where it is necessary to place EusEa=0,. 


| aX a » - RSA ; . mi aay 
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The one-dimensional probability density 0 of the equare. OF: the envelope of 


- the. sun of the sinusoidal ‘herald. and noise can be obtained trom 8 (abel) Te 
has the form on 


: a, ae a i ee OES 
‘ t katy eal of Eye FO. 
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_ ‘For the case where a useful: sigul is absent, from formule (2eheb5) at End, “— 


‘we will obtain a one-dinenstonal 1 probability, density of the paeate of: the noise 


envelope. 


Let us note that the atereabative lave of probabilities of = 
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of the unvelope of the sum of the useful signal in the form of a normal random 
poe _ precess and noise will also be described by formulas (2.4.44) and (2.4.45), where 
ae the parameters o? and a(t) refer to the sum of the sional and noise. | 
z . Thus, we have considered the main statistical characteristics of the random 
Ee: processes on the output of the aalectens _These characteristics will be required 
ee in subsequent chapters. o : 






aes 2-5¢ On the Passage of 


ee Video dspli fier and a low Frequeney 
‘a Amplifier _ 


_. After detection, the signal proceeds to the input of the video amplifier in 
radar sets with incoherent reception or a low frequency amplifier in coherent | 
: oe receivers. These amplifiers can be of the moat divers forms. . 


Not remaining on their specific peculiarities let us consider the Adeald zations 





a which will be used henceforth, and the question about to what measure these etn 
é asa izations are carried out in practice. 3 oe 
ba iret of all let ue note that. the aeplitide characteristics of. these explifiers . 
no ean be considered Mnear only within the linited range of _shanges of the input 

ue eignal. An analysis of the radio channel will be conducted an ‘oubsequent chapters Za 
on the assumption that the amplitude characteristic of amplifiors is Linear up - : 

| : . to a certain value of axplitude of. signal in the: © in, and then there bapine the 2 
a Sdeal limitation (rig. 2.3)- — 





‘© Pkg. 23 baplitude characterisisec of Ae Zale Anpitude characteriate of 
oo fh ap ter. anamplifier, 











In certain amplifiers of a special form, along with the limitation above, 

a certain threshold cutoff or limitation is introduced from below. The exemplary 
form of the amplitude characteristic of such an amplifier, the broken-line curve 
approximating it is shown in Fig. 24. 

Let us note that since usually the amplification factor of a video amplifier 
or low frequency amplifier becomes rather high, the level of the signal limitatior 
in the receiving mechanism on the whole, in most cases, is determined by the 
limitation in these amplifiers. | 

The signal from the output of a video amplifier or AFA usually proceeds 
to the input of circuits, the inertness of which is significantly higher than the 
inertness of an amplifier. ‘For example, in channels of tracking by angular 
coordinates, in the stations using the method of conical scanning or method of 
tracking by bundles of pulses, the signal moves to the input of the pulse detector 
The pass band of the pulse detector on the envelope is significantly less than 
the pass band of a video amplifier. 

In the channels of range tracking in time, the discriminator is a significant: 
more inertial mechanism than the video amplifier, etc. Therefore, in an analysis 
_ Of the influence of interferenses on the radio channel the video amplifier or APA 
will be considered an inertialess link with a broken-line amplitude curve. 

Since the signal on the input of these amplifiers is much larger than in 
an intermediate frequency amplifier then they, to large degrees, are subject to 
overloadings. ‘The phenomanon of overloading consists basically of the fact that - 
| during the income of strong signals or interferences, the transient and coupling 
capacitors are charged. Due to this, after the inceme of such interference there 
 eooure a temporary decrease of amplification. If for the duration of this tine 
a useful signs] appears, then it will not practically pass through the amplifier. 

However, in most cases we will be interested in such operating sodes of the. 


video amplifier or AFA when they are not overloaded and, considering that in 


x7 





ee 


. is expressed by the formula 


their construction special circuits are applied for controlling the consequences 
of overloadings, we will henceforth not take these phenomena into account. 
2.6. Characteristics of Voltage on the Output of Phase and 
Pulse Detectors 

Important and very frequently utilized elements of radio channels are phase 
detectors. They are applied in various goniometer and frequency meter systems 
an analysis of which will be conducted in subsequent chapters. Usually phase 
detectors are divided into two groups: switching and vector measuring. 

The diagram of a switching phase detector is in Fig. 2.5. Its characteristic 
peculiarity is the presence of a high-speed electronic commtator Of the forming 
stage), which with the period of the reference voltage ug(t) given it switches 
and disconnects the amplifying tubes. The operation of the commtator is completely 
wiconnected with the input voltage u,(t). Consequently, the circuit appears to 
be linear on the input voltage, and the voltage to the low-frequency filter u3(t) 


w, (=a (0) 0(0), . 

where ha is the square voltage obtained fron the piterahe lindtation.. 
If the reference voitage is not subject to interferences, : ‘and An the. ectrun 

uy (t) the components on the third harmonic of the pedestal frequencies: are omall, : 

then, as it was shown in [30] u(t) it is posaible to consider it originating fron 


. u(t) by means of miltiplication by the main harmonio of the reference: voltage. 7 oe Sac: 


Comnutational phase detectors usually are used st low frequencies Ga eireuste are : 


- gonionetric channels. of stations with conical seannlians . 


At high frequencies, for example Li circuits of Anstantanwous coupartson of. 


. Signals, more frequently used are vector-measuring detectors, a diagras or Wich 
-48 shown in Figs 2.6, On diode D, de the sus of the voltages uy (t) and: uglt), “ 
| and on diode De is the difference of the sase voltages. “The voltages Bees tee 


as a result of detection are subtracted bys ineuris of special oo of one 


seks! 
yi 
pores 


eye fee 
a ‘ 





pre. Fig. 2.5. Diagram of a phase detector of the 
ba switching type. 
. KEY: (a) Filter. 
cf 
ae. loads of the amplitude detectors. 
The presence of diodes in combination with RC-nets makes a circuit, strictly 
. speaking nonlinear relative to u,(t). However, considering the amplitude detectors 
— as mechanisms separating the envelope or square of the envelope of the input nar-~ 


row-band random process, it. is easy to obtain the mathematical operations on 
out the phase detector of such a type. 





bet Mg. 206. Diagram of a phase detector of the 
ae _—- Vector measuring type. 

oe Oo | KEY: (a) Diode 1; (b) Diode 2. 

. , With quadratic amplitude detectors, designating 

Po | y(t) = Ey) 05 fart 4-9, (0), 

a , i, (ft) = E, (t) cus [wayl 4-9, (t)), 


vy 














for the square of the envelope of the sum and the difference of these voltages 
we obtain 

EY = E; +24, () E, (f) cos (9, () — 92 (81+ £3 0, 

E* (QE; (()—2E,() Es) cosle. ()— 201+ £3 (0, 


where £,(t) is the envelope of uo(t)+uz(t); 
E_(!) is the envelope of Uy (t)—=u, (t). 
Hence, considering the presence of subtraction in the circuit, for voltage 


on the output of the phase detector we have the following expression: 


Baur (1)= RE, (f) E, (4) cos [p, (4) — 9a (F)), (2.6.1) 
where ky is the proportionality factor, having the dimension [+ |. 
Thus a phase detector with quadratic characteristics of diodes is equivalent 

to a simple cross-mltiplying mechanism (with further rejecting of higher harmonics 
of wu). With linear characteristics of diodes the equivalences of the miti- 
plication of input voltages is not obtained. In this case, as is easy to show, 
the phase detector is equivalent to the cross-mltiplied voltage u,(t) with the 
standardized reference voltage (again with rejection of the higher harmonics so ), 7 
Let us define the characteristics of the random process of a phase detector | 
with quadratic characteristics of the diodes. Let on one input be the sum of the 
e signal s(t) and noise ny (t) | | _ ~ 
= « (= 3(t) Fa, (). 
 SOnthe oun input | | 7 
a, ()=mns(l)4-m(th 
where na(t) is the noise voltage, uncorrelated with n;(t); 
| m is the positive value, smaller than one, | . : . 
Such a position takes place, for example, in radar sete with coherent radi- 
ation using the method of instantaneous amplitude comparison of signals (see 
Ch. 10). The useful signal s(t) represents a narrow-band normal random process. . 


He 


pete: 
cy 
i 
pe Then from forma (2.4.23) it follows that the function of the correlation 
Ree 
Bw. of process obtained as a result of multiplication of u,(t) and by uo(t) will 
a ‘ 
ve equal to 
ce ; R(s)= Rul) Re) + Raul) Ra) 
ee where R,,(s) and R(t} is the function of correlation of random processes on two inputs 
r) 
ey accordingly; 
be R,,(s) and Ris (t) de. the function of mutual correlation. 
i In view of narrow-band characteristic of processes these functions of cor- 
aay relation will have the form of (2.3.4). 
a Considering that the high-frequency constituents of the process in the output 
= will be filtered out by the detector load and subsequent inertial circuits, for 
oO 
a the function of correlation of voltage on the output of the detector we obtain 
the following expression: 
(" Rous (8) y fa? 24 4u (*)400(6) + a a 44, (+) a,,(%)}. | (246.2) 
ay where analogous to expression (2.3.5) 
Ron | . = 
ee 9 dy, (8) = da’ j 2, HF, Lie)!" (10S, (9) 4. N,] cos wedw; 
Ss to “ pes SS 
re. + . sd A 
95 Gy, (thy j 247, (is) (8, (a) 4 N,] cos wed; 
2 5 : , 
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: Here Nitin) and Sila) are low-frequency equivalents of the frequency 
response of IFA and tho spectral denoity of the useful signal on the nee of — 
APA; No is as before, the spectral density of the input noise. 
It. is obvions that the tathematical expectation of the voltage on the output 
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of the phase detector will have the form 


Yeux (Q=R, (0) = 9,3,2,, (0) = a ) 2| H, (ia) 'S, (w) do. (2.6.4) 


Since subsequent circuits are very inertial in relation to the correlation 
time of the process on the output, then a sufficient characteristic of the process 
will be the value of the spectral density at zero frequency Ssux(9) . Analogous 
to the preceding 

__ fed 
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Using equality (2.6.3), according to the Parseval theorem we obtain 





eo Sous (O)== -L- | Hs (ie) *{lm*S, (0) + Nal Ss (0) + Nal + 


“2 
+ m'S{(2)} de. (2.6.5) 

On the output of the receiving mechanism in the angle measuring channels of 
the stations using the method of conical scanning or the method of tracking by | 
Rae, . bundles of pulses, is placed the pulse detector which should separate the envelope 
ee ‘of pulses, The cirouit of the detector is shown in Fig. 2.7. Usually the time 
- constant of the charge, determined by the product of (Ra+Ri)Ce , is much longer — 

than the duration of the gate. Therefore, it is possible to consider that the | 
' detector integrates the input voltage during the time of gate action. 





re a i ‘Consequently the voltage on the output of the detector to the end of the | 
action of the strobe is equal to | _ 





maar | der(fdt, > : (2.6.6) 
oe Ao was shown in (31] the pulse detector, during the absence of overloadings, 
a -. * 48 equivalent by the envelope to a simple RC-filter _— an a aaa tine 


constant determined by the Fore 
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where T is the time constant of discharge; 


T} is the time constant of charge; 





“ 1 is the space charge coefficient. 

Bas : In connection with this, the pulse 
Be te detector will henceforth be frequently 
om considered equivalent to a circuit con- 
BS sisting of a series connected amplifier 
os with an amplification factor equal to 
4 the transmission factor of the detector 
sae Fig. 2.7. Circuit of a pulse detector. 

oe and an RC-filter with a time constant J. . 
Ba In view of the large inertness of subsequent circuits, the inertness of the 

8. detector can frequently be disregarded. 

Be More accurate analysis of the work of the pulse detector, taking into account 
ae the presence of overloadings, is contained in [32]. 

- | The information shown on phase and pulse detectors is sufficient for an 

ee analysis of a radio channel by the influence of various forms of signals and 


be interferences. 


(267. Influence of Signaly and Interferences on a Receiving . 
Mechanion with Automatic Gain Control 





“The systen of automatic gain control (AGC) is a part of the majority of . 
receiving mechanisms of radar stations. From practice it is known that the AGC ms 7 | 
system significantly affects the passage of signals and interferences through 

the radio recedving mechanisn, ~~ | ss - 
| _ Depending upon the selection of the parameters of the AGC, the fluctuation o 
of the signal can be smoothed or increased owing to its operation, Physically, 7 - 
this vecurs because under the influence of an input signal on the output of the 
filter of the AGC the adjustment voltage 49 produced which contains to some degree ; 
the fluctuating constituent. This voltage changes the amplification factor of | | | 
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the receiving mechanism as a result of which the random constituents of the signal 
on the output of the corresponding radar channel can be decreased as well as 
increased. On the operation of the AGC system depends the accuracy of the radar 


measurements in the presence of interferences. 


Theoretically, the problem of investigating the influence of random voltages 
on a receiving mechanism with AGC appears to be rather complicated inasmuch as 
the AGC system is nonlinear. Even with linearization of the regulating character- 
istic of the receiver system the AGC is described by differential equations with 





variable coefficients depending on the input signal. With the influence of the 
random process on the input of a receiving mechanism with AGC, its parameters 
change in a random manner and they are correlated with the input influence. Theree 
fore, a strict resolution of the problem within the frame work of the correlation 
me theory is impossible. 


In the present paragraph the influence will be thoroughly analyzed on the 


Ne . AGC system of noises and fluctuations of a signal reflected from a target, pulse 7 
Re: _ random interference, intermittent interferences, and also a signal fluctuating _ 
pe . in amplitude and modulated by sinusoidal law (which takes place in radar sets : 
x _ ‘Using the method of conical scanning). As a result of She analysis there the 


~~. Gharacteristics are obtained of the sauebuatsone and interferences < on the output 
_ of the receiving mechanian, - . 





Let us note that in subsequent chapters. the properties of ACC will be con~ 
sidered simplified since a strict calculation of the properties of the ACC system 
— leads to a significant complication of the analysis. of the radio channels of the . 





Po neasuring systens of coordinates, With this. a manifestation of. the main regularities 


tp 


= fe hampered. | 

ee However during the analysis of the radio channels of specific radar sets with 
a . # ae 

foes: _ & quantitative appraisal of the noise proof feature, a simplified approach to 
i the appraisal of the influence of AGC frequently turns out to be insufficient. 
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More accurate expressions are required for the characteristics of the signal and 
the interferences in the output of the receiver. In these cases the results of 
the conducted analysis will appear useful and necessary. 
27-1. Influence of Signal Fluctuations on a Receiving 
Mechanism with AGC 

An equivalent circuit of the AGC system with delay is shown in Fig. 2.8. 
The voltage on the input u(t) moves to a variable amplifier. If the voltage on 
the output of the amplifier v(t) exceeda the level of delay Eq, then on the output 
of the feedback circuit is produced an adjustment voltage Ep(t), which changes 
the amplification factor of the receiving mechanism in such away in order to 
ensure small changes in the magnitude of the voltage on the output with large 
changes of voltage on the input. 

During the analysis it will be 
agaumed that ‘ine variable amplifier is 


inertiallesa since the inertness of the 






“gi feedback eircult is much higher then the 


inertness of the auplifier. In virtue’ 


Pig. a8, Fauivadent cirouit of a of the high inertness, the dnput pertur 
receiver with AGC: ; (oe ; . Bs 
9) variable amplifier; feedback | bation of the AGC system may Es conpiceres: 


olrouit. 
the srvelope of the signal on the input 


even ina cage where the eignal, has 4 pulse character. “In-accondance with this, 


by u(t) and v(t) averpuhare will henceforth va understood as the envelopes of 
these signals. The feedback sive tadueuaed te be Mnoar for the envelope of 
- the sigtial. Tht means ‘that the detector. in the feedback circuits 18 either 
- dnertialless or is aguivalont to a lingar inertial circuit with respect to the ae 
envelope, (311.--Surthersere, it iy assumed that owing to the fluctuations the 


amplitude of the ‘ign dyes not fall lower than the devel of delay. ‘This assumption 


as fwiy permissible if tte delay is sarried out after the filter in the feedback 


cireuite of the AGC, 





In the solution of the problem we 
will use a piecewise linear approximation 
of the regulating characteristic by which 
we will understand the dependence of 
the amplification factor on the voltage 





of adjustment. Then on every section 


Fig. 2.9. Regulating characteristic of of approximation the amplification 
an amplifier. 
factor will be expressed by the forma 





Pe K(E,)=K,— 5E,, (2.7.1) 


where K, and 5= tga are the parameters of tho linearized regulating characteristic 
on a given section of the approximation, the value of which 
is clear fron Fig. 209 
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Since the steady-state mode of operation of the system interests us it is 
| ‘sufficient to consider one section of approximation corresponding to the edad 
Po a “entablished state of the systen. Thus, the voltage on the output. of the a 
PS - ee is connected with the voltage on the Anput by the  Pelabionship 


a) ee Hae te : % fe oi uthik ~ DE, (Hh (2.702) 
pe acces. o x “the Feedback clrouit, in virtue of ite Linearity, is deseribed - the free 
bs ‘quency response kill ios), where H(0) = de | : . 
aa ~The Penden purturtation ‘on the input Ae conveniently written in the form 
ee a - 2 a gene Jower isd, a a 2109) - 
2. | : “stor A« ult) ds the nathenatical expectation of the = Fecosss: on. the dnp 
a Say (a) 49 the randow function ©” s ; tes 

ss . ‘the randon process on the — of the systen is conveniently prosated an 
NS . "deme, =? ger | deg 
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The adjustment voltage, in view of the linearity of the feedback circuit 
with respect to the envelope, will be determined by the formla 
k, ° ‘ tet k E 
E,()= gt | V(e)H (ioe de — hE 
a m (2.7.5 ) 
From formalas (2.7.2)—(2.7.5) it is easy to obtain an integral equation for 


| _the complex spectrum of the random process on the output of the receiving mechanian 


with AGC 


V(o)= TF bbe Go} F Gay (2248 (0) +-U (a)] — 


Oe f Via) i Lx) U (@ ~ ade 


oe ; eta ar Ar ea 


7 i > Abh ft (ie) : 
oe 
(2.7.6) 
where i(0} is the delta-function, | 


The obtained equat< on completely describes the processes in the AGC ares 


. of any order in the steady-*tate operating mode of operation, 


_ AN aceurate resoluiion of this. integral equation for an arbitrary form of 


.. the nucleus 4s wnlaiown; ; therefore, wo. 260k the resolution in the form of ‘successive 


ee ae approxinations 
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- 2d an asotsption of ihe anallness of ‘the dispersion of Tiuctuations as compared fon 
“with the square of the moan value of the signal « on: the Apt t(e< i). tn te . 
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Sab sting into this formia thie expression , for vate), , after simple 


v7 


conversions we obtain 


V, (©) =U (u) Hy (ia), (2.7.9) 


where 


2 aoe Re . . 
Hig (ie) = TF ah Ga ya , (2.7.10) 


Kyat | (2.7.11) 


- is the mean value of the amplification factor of the variable amplifier. 





F ge Analogously, we will fing the sl for the second and third correction: 
ao : Wlel=— sas =a YiNue—s Hy(is)H,(iv)ds, (2.7.12) 


CY M=(ska) ff J Ule—sueyuls—s) Hy isiX 
; “xnon ee “Ss : pe ies | 


“Hylsh BH Gotti 2° = “(ana . 
| “the obtained solution gives the Desebelny to determine the statistical - ee ae 
_ charactantstion of the random process in the output, of a receiver with Acc. : 
Tad, thet tathenatical ‘expectation of. the signal oi. 1 the Zones ean be found 
“from the relationship 3S 
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ats _ Substituting the solution tor vie), we obtain, the mathematical expectation Ai 
we a aes .- ie the: rendon process on. the output ot a receiver: with N accuracy - to the @ second 
appre ton dn the fora : ah a5 
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where S,(o) is the spectral density of the fluctuations on the input of a receiver 
In the conclusion of this formula the known relationship was used for the 
stationary rendom process 
U (x)U (@ — x) = 2S, (x) 5(a)- 
Since the magnitude of the product Abk, is usually much higher than one, 
then with a sufficient degree of accuracy for pratice it is possible to consider 
that the mathematical expectation of the fluctuating signal on the output of the 


receiving mechanism will be equal to 


0 () = KepA. (2.7.17) 
Thus, if the obtained idealizations are fulfilled then the mean value of 
the fluctuating signal on the output of a receiving mechanism with AGC will be 
approximately equal to the mathematical expectation of the signal on the input 
multipiied by the average amplification factor of the receiving mechanism. 
Using the expression for K,p, the formula (2.7.17) can be approximately 


recorded in the form 
o(t)= KyypA= Es + tie = const, 


Since the magnitude a representing the static error of AGC is usually 
4 


much less than Eqs then the mean value of the random process on the output can 


be considered approximately constant and equal to the product of the amplification 
factor of the receiver by the mathematical expectation of the random process on 
the input in that range of power of the input signal or interferences in which 

the AGC system normally operates. If the random process on the input represents 

a mixture of the useful signal and the interference, then from that presented it 
ensues that with an increase in the power of the interference the part of the 
useful signal on the output will decrease. As will be clear from the following 

in the treatment of the radar tracking meters (see Ch. 7) this leads to the fact 
that with an increase of the power of interserence owing to the standardizing 


79 





action of the AGC system the slope of the discriminational characteristic of the 
equivalent follow-up system falls. 

From the solution of the equation for the complex spectrum of V(w) one can 
determine the spectral density of fluctuations on the output of the receiving 
mechanism with AGC. It is possible to show that for the stationary random process 


there takes place the relationship 


V (a) V° (w') —V(@) Vw!) = 25, (0) 5(@—w), (2.7.18) 
where Y*(w) is the magnitude adjoint with V (w); 
S,(#) is the spectral density of fluctuations on the output of the receiver. 
Substituting the expressions for Vo(m) and Vi(w) into (2.7.18), in the first 
approximation we obtain the following expression for the spectral density of the 


process on the output of the receiver: 


S,(0) = Su (0)| Ha iv)/t (2.7419) 

Consequently, in the first approximation the ACC system is equivalent to 
a linear system with a frequency response determined tythe formula (2.7.10). Let 
us note that the solution for the spectral density of fluctuations on the output 
of the receiver in the first approximation does not require knowledge of the 
distributive laws of probabilities of the input perturbation of the ACC system. 
This solution can be obtained within the framework of the correlation theory, 

Let us consider in somewhat more detail what represents the frequency response 
of a linear system which is equivalent to the AGC system in the first appreximation. 
This is convenient to do by an example of the wide-spread AGC system of the firat 
order the transmission factor of the feedback circuit of which 13 determined by 
the formula 


a 
AH (i0)= iF (2.7.20) 
From formulas (2.7.20) and (2.7.10) we will obtain the following expression 
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for the square of the equivalent frequency response: 


Ke, (1 +e*T) 





2. ———S 
|e (é@) | ~~ + Abk,)* (1 + @'T?) (2.7 021) 
Here 
T= 
TT aR, (2.7.22) 


is the equivalent time constant of the AGC systen. 
An exemplary form of the equivalent frequency responses of the receiver with 
AGC is shown in Fig. 2.10, From these characteristics it is clear that the slower 
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Fig. 2.10, Equivalent frequency responses 

of a receiver with AGC. 
the fluctuations, the better they are processed by the AGC system. It is important 
to note that the equivalent frequency response of a system, to a strong degree, 
depends on the mean value of the signal A on the input. The higher the mean value 
of the ii,"+ signal the wider the frequency band of fluctuations, which are processed 
by the AGC system. This is a result of the nonlinearity of the syste. 

For practical applications it ie frequently necessary to know the value of 

the spectral density of fluctuations on the output with w=0. Using the above 


' weitten relationship for the spectral density and the equivalent frequency 


response of the system we obtain 


$.()K? 
S,(0) =e (2.7.23) 
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The correction of 8,() to the first approximation for the spectral density 
of the fluctuations on the output can be obtained if one were to use formula 
(2.7.18) and the solution for V(w), 


V, (0) V5 (#) + V, (@) V5 (0') + V, (w) V; (w’) — 


— Vz (@)V* (w= 225, (w) 8 (0 — a’), (2.7.2) 


Here it is taken into consideration that V7,(w)-=V,(o)=0, since U(w)=0 . 
Substituting the expressions for V,(#), V,(~) and V,(0) into (2.7.24), we will 
have in the subintegral. expression the mathematical expectations of the form 
CIEATUCALTEA TCA 
For the normal distributive law the mathematical expectation of such a form 
is easy to calculate using the relationship (2.4.23) {33}. Finally, for the 
correction to the first approximation of the spectral density of fluctuations 


on the output of the receiver we will receive 


(0) aa { | Su(2)Su (oa) My ia) t+ 
mKey oe 
+ Hy (ix) H, (i — ix)| dx +25, (0) H, (0) X 
x {Su (x) Re [Hy (ix)| dx 4- 2S, (#)X 
Xf SalapRe Hg (ha ix) Hy (ia)] dx 4-254 (0) X 
—o 
X (Su(o— x) Rely (io) M, (0) ds! 
~ (2.7.25) 
With the help of forni'as (2.7.19) and (2.7.25) it is possible to calculate 


the spectral density on the output of a receiving mechanism with an AGC system 
of any order with acouracy up to the second approximation inclusively 


Sy (w) > S, (a) +S, («). (267226) 
The analysis shows that the successive approximations rapidly converage if 
the inequality S< 1, is fulfilled; therefore, for the majority of cases the 
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accuracy with which is determined the magnitude of the spectral density in the 
second approximation, appears to be fully sufficient and it is frequently possible 
to limit ourselves to the first order of approximation. 
Dispersion of fluctuations on the output can be found by the integration of 
the expression for spectral density 
2 oie 
of f S, (0) do. 
aS (2.7.27) 
Thus, if the function of correlation of fluctuations on the input has form 
of Ry (s) == ate, where —-=T, is the time of correlation, then its corresponding 
spectral density has the form 


2a3* 
at+ a?” (2.7.28) 


Sy (o) = 
Using the above obtained relationship, after integration and necessary con- 
versions we find the first approximation for the dispersion of fluctuations on 


the output of the receiver with an AGC system of the first order 


j= Ke | parr +ogamnpueary: (2.7.29) 

From (2.7.29) it is clear that the dispersion of fluctuations on the output 
depends on the mathematical expectation of the signal on the input. This is 
a result of the fact that the AGC possesses a variable parameter (amplification 
factor) controlled by input influance. 

If the equivalent time constant ef the AGC system is much longer than the 
time of correlation of the random process on the input, which corresponds to the 
case of wide-band fluctuations on the input as compared with the frequency band 
constituents effectively processed by AGC, then the AGC system does not practically 
process the fluctuations. In this case o}=Ai,2" and the relation of dis~ 
persion to the Square of the mathemutical expectation of the process on the output 
is approximately equal to their relation on the input, i.e., the receiving 


mechanism atrengthens the random process on the input by Acp times without 
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changes. Physically this happens owing to the fact that at large relations of 
T./Tx the dispersion of adjustment voltage is near to zero and the amplification 
factor of the variable amplifier depends only on the mathematical expectation of 
this voltage. It is clear that the same position will take place in the case 
where the AGC system works on wide-band noise interference or on set noises of 
the receiving mechanism. 
2.722. Influence of a Signal Fluctuating in Amplitude and Modulated 
by Sinusoidal Law on a Receiving Mechanism 
From AGC , 

In radar stations which use the method of conical scanning the signal reflected 
from the target fluctuates in amplitude and, owing to the scanning of the receiver 
antenna, is additionally modulated by sinusoidal law. Since in the input signal 
envelope information is contained about the angular position of the target, 
great practical interest is represented by the finding of the characteristics of 
the signal envelope on the output of the receiving mechanism with AGC. Theoreti-~ 
cally this problem is rather complicated since we are dealing with the influence 
of a non-stationary random process on a nonlinear system. 

In connection with the periodicity of the law of modulation the mathematical 
expectation and dispersion of the random process on the input will be the periodic 
functions of time. es 

Using the already introduced idealizations with respect to the characteristics 
of AGC this problem can be completely solved the same way as this was done during 
a stationary random process on the input. 

In the considered case the perturbation on the input can be written in the 
form 

w(t) == ACL 48 (t)) (1 + at. cos Deal) == A 4- Amt cos Deut 4+ 
+ Ai () + Amt(t) 008 Dead, (2.7.30) 
where Ai(!) is the stationary random process with zero mathematical expectation 
and dispersion of ;* ; 
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A and m is the mean value and modulation percentage of the normal signal; 
Q.x is the scanning frequency. 
It is not difficult to show that the spectrum of the variable constituents 


of the signal on the input will be equal to 


U (a) ==U, () -}+- Amr [8 (w +- Oey) +3 (@ ~ Ocx)] -+ 


+-F WU, (© + Deu) +0, (0 —Dudh 
(2.7.31) 


where U,(#) is the spectrum of the process Aé(?). 

Then the AGC system will be described as before by the integral equation 
(2.7.6), where U(w) is expressed by formala (2.7.3). Let us find the solution 
of this equation by the method of successive approximations considering the depth 
of modulation (m<1) small and the relation of dispersion to the square of the 
mean value of the input signal we 1) - For that it is sufficient to place U/(w) 
into the expressions for V,(w), V,(), V,(m), V,(),... obtained in par. 2.7.1 in the 
form of (2.7.31). Found in this way, the solution gives the possibility to deter- 
mine the statistical characteristics of the signal on the output. 

The mathematical expectation will occur if in formula (2.7.15) the resolution 
for Vim) is substituted, Then after the necessary conversions with accuracy up 
to the second approximation, the mathematical expectation of the signal on the 


output of the receiver will have the form 


/ ~ 
v(t) = {Kew Bie aay AR) Sy (w) Hf, (i) da — 
“oo 
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where Sg(w) is the spectral density of the fluctuations of Ai(f). 
Thus, with accuracy, up to the second approximation the mathematical expecta~ 


tion of the signal on the output contains a constant constituent, the first and 


second harmonic of the normal signal envelope on the input. 








Considering that the circuits located in the channel for separating the 
angular error signal the second harmonic of the normal signal envelope not gated, 
henceforth, it will not interest us. Since usually Abk; > 1, then, with a 
degree of accuracy sufficient for practice, the mathematical expectation of the 


signal on the output can be recorded in the form 


O(t) = KepA-+ AmRe [H, (icy) e "J. (2.7.33) 

This formula describes the signal on the output when a nonfluctuating signal 
with a sinusoidal envelope acts on the input of the receiving mechanism from AGC 
(see for example, (31]). 

Consequently, it can be said that with the assumptions made, the fluctuations 
do not change the mathematical expectation of the signal on the output of the 
receiving mechanism with AGC. 

In view of the nonstationary character of the random process on the input 
which is introduced owing to the mdulation of the fluctuating signal. by sinusoidal 
law, the functions of correlation of the random process on input as well as on 
the output will depend on the current time. However, on the output of the receiving | 
mechanism in the channel for separating the signal of angular error there are 
usually put narrew-band mechanisms neutralizing the random process in time. 
Therefore, a sufficient characteristic of the random process on the output of the 
receiving mechanism will be the function of the correlation neutralised in time 
or its corresponding spectral density. 

It is not difficult to find that the spectral density of the random process 
on the input will be expressed by the formula 


Su'(e) = So (0) +55 [So (@ — Mun) +o (0+ Dead). (2.7.34) 
The forn of the spectral density for a narrow-band spectrum of fluctuations 


on the input is shown in Mig. 2.11. 
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Fig. 2.11. Spectral density of the random 

process on the input of a receiver. 
As can be seen from the figure, in the signal on the input, owing to the modulation 
of it by sinusoidal law, there already appear constituents of the fluctuations 
near the scanning frequency Qex . 

The spectral density corresponding to the mean function in time of the cor- 

relation of the process on the output can be determined analogous to the preceding 


one frem the relationship 


oR ANA 


[V (e) — Vif [V" (w) — V"(w')| = 285, (0) 3 (oe) G9.36) 

Here the wavy line means that in the mathematical expectation are selected 
only those members which correspond to the mean function in time of the correlation 
Substituting into (2.7.35) the solution for V(w), we obtain the first approximation 


for S$,(w) in the form 


S, (0) = Sq (w)| Mein) |". (2.7.36) 

Thus, in the first approximation the AGC system influences the fluctuation 
of signal as a Mnear system with frequency response determined by forma (2.7.10). 
Analogous to the preceding, it is possible to obtain a correction to the first 
approximation. A full expression for the magnitude of thie correction will not 
be cited in viow of ite awkwardnese, and there will be used the circumstance that 
for the channel for separating the angular error signal, only the constituents of 
fluctuations on the output, which are near the scanning frequency 9%), , are 
important. Usually in selecting the parawetera of an AGC system, the requirement 
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of minimum distortions of regular input signal envelope must be considered first. 
From the formula for the mathematical expectation of the random process on the 
output of the receiver it is not hard to find that for the satisfaction of this 


requirement there must be fulfilled the conditions 
[Ho (itmcn)|* = Ki» | Hp (iMex)| = 0. (2.7.37) 
In fulfillment of these conditions the constituents of fluctuations on 
the output near the scanning frequency with a narrow-band spectrum of fluctuations 
on the output will have the form [34] 
AS, (m9) = % Sy (@ —Qoy) | Ho (?:0 — iMgx)|*. (2.7.38) 


The form of the spectral density of fluctuations on the output of a 
receiver is shown in Fig. 2.12. From the obtained relationships it follows that 





Fig. 2.12. Spectral density of the random 
process on the output of 4 receiver with AGC. 
the better the AGC system processea the constituents of fluctuations near »=0, 
the better processed are the constituents near the scanning frequency which are 
in the spectrum of the signal on the input owing to the modulation of the fluctuating 
signal by sinusoidal law, From this point of view it is profitable to decrease the 
inertness of the AGC system to the limit determined by the permisaible distortions 
of a sinusoidal signal envelope. 
In practical calculations of the noise proof feature of the measurement 
systens of angular coordinates one should consider that formula (2.7.38) is 
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obtained on the assumption that the fluctuations on the input near w=0 are so 
narrow-band that the constituents of these fluctuations near the scanning frequency 
are practically equal to zero, i.e., Sp(Sci) “0. However, this assumption cannot 
be fulfilled since with a small m the constituents calculated by us AS.() can be 
comparaole or even smaller than the constituents of the fluctuations A;(‘), near 
the frequency of Qs. 

However, these constituents can be calculated using the formula for the first 
approximation (2.7.36). If the conditions are fulfilled (2.7.37), then part of 
the spectral density caused by the presence of the considered constituents near 


the frequency Q,,, can be considered approximately constant and equal 


AS (u) =s 2K? Sy (Qo): (2.7.39) 

This means that the AGC system, if the conditions are fulfilled (2.7.37), 
does not completely process the constituents of the spectrum of fluctuations of 
the signal on the input of A&(/), which are near the scanning frequency cu 
It is possible to show that such appraisals of these constituents of the fluctua~ 
tions are sufficient. 

The obtained characteristics will be limited since they are sufficient for 
an analysis of the influence of the fluctuations of signal on the radio channel 
which will be presented in subsequent chapters. More detailed information about 
the characteristics of the random process on the output of a receiving mechanism 
with AGC for the considered case and the method with which they are received are 
contained in [34]. 

2.7.3. Characteristics of the Fluctuations of a Signal on 
the Output of a Receiving Mechanism with 
a Square-Law Detector and an 
AGC System. 
The whole preceding analysis was conducted with the assumption of linearity 


of the regulated amplifier. With this, the amplifier can include such elements of 


&@ real receiver as an IFA, a detector, and a video amplifier. It is clear that 
the amplifier can be considered linear only in the case where the detector linsarly 


transmits an input signal envelope, i.e., in the case of a linear detector. 





Fig. 2.13. Equivalent diagram of a receiver 
with a square-law detector and an IFA: 

1) intermediate “ssquency amplifier; 2) 
Square~law detector; 3) feedback circuit. 


Since in certain receivers the detector operates on the quadratic portion of its 
oe characteristic (with low voltage on the input of the detector), we have a practical 
: interest in the analysis: of the infludnce of the fluctuating gignal on such a 

ae receiving mechanism with AGC. ~ An equivalent diagran of a receiver with AGC is 

' shown in Fig. 2.13. At first, it.ip convenient to. obtain the solution for voltage 

: on the input of the detector u(t), ad then to find the: characterdetics of the 

randoa process on the output. ee | oa 
Analogous to the preceding (2.7.2) it is possible to write 

. w(t) =m (t)(K, — be) (a7) 
pe Considering that the ieitabe on the output of the detector is equal to | 

PS | 0 (t)== kul (0), (2.7.41) 
* for the voltage of adjustment we obtain | 
i 
= E, (= gas SJ Uy (s)U, (uw —~ 5) H (le) dads — bE, ee 
/* where U,(w) io the spectrum of y(t); 


Ly is the delay voltage converted to the output of the detactor. 
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Substituting (2.7.3) and (2.7.42) into (2.7.40), it is simple to obtain the 
following integral equation, describing the AGC system in the considered case: 


U, (0) me A(Ky-p by) 208 (0) f-(Ky-f O4,EW)U (0) — 
Ht (0,010, (0— 9 H Yale 
: os 
“BE (8,)U, (6 8,) A (is) U (0 —s)dsds,, 
a. (2.7443) 
We will resolve this nonlinear integral equation by the method of successive 
approximations with the assumption of the amallnesa of the relation of dispersion 
to the square of the mathematical expectation of the signal on the input S<l. 
Then for a sero approximation we will obtain the following equation: 


Uss(0) =A (Ky +h Es) 208 (0) — 


288 Fu (ntislo mH Geddy fois 


From the physical considerations it is clear that in the sero approximation | 
the signal on the output will be constant. ‘herefore, it is natural to seek 
the solution of this equation in the form | | 


Ogle) ma Nb (4) 20, (207685). 
Substituting (2.7.45) into (2.7.4h), we will obtain » sero approxixation . 
for U;(«) | | | y 


Uy, (w) a Ky A2a8 (us), . (2.7 wb) 





| 5 (2.7.67) 

ds the average amplification factor of the amplifier. . 
Substituting the solution for U,o(@) into the initial integral equation, for 

the first correction we obtain the following expression: | 
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£8 SAS ey 
oat aN ® 
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U Xe bk E, 
U,, (0) == (@)(X, + 64,1) 


O1 = TE TRAbk Ke gt (ita) (2.7.48) 





In the same manner approximations of higher orders can be obtained; however, 
for practical purposes in most cases it is possible to limit ourselves to the 
first approximation. Thus, we obtained the solution for the spectrum of a signal 


envelope on the input on the detector in the forn 


U~; (w) = U,, () Se U,, (a). 


From formula (2.7.41) it follows that for finding the spectrum of the random 
process on the output of a detector V(w) it is sufficient to take the contraction 
of the spectra 


V (w) == te j U,(s)U, (o— 9) ds = V,() -+- V, (#). 


Substituting the resolution for Uy (*) we obtain 


V, (a)== Ki bANand (w) 


wa Ren tt (a Key ha 
Vi (9) Koy pape maton, Ula) * 


Then the mathematical expectation of the signal on the output will lave the 


form i | 
| ie) os a> (ta) ete AK? An. 
eae . or ‘ 
ae io 
baa | Sale), (Gas) |* hw, 2 4 

where 
ee Keg ie ae 
Helis) rea Reali ay (2.7.50) 


“e{#) is the spectral density of the fluctuations on the diyput of the receiver, 
For an AGC gyotan with very great inertness it is posaible to appreximately 
consider that :f/.,(:0))" = AY 


Then 


DU) = AN? wal. | 2.7652) 


The mean value of the random process on the output remains approximately 
constant near the magnitude E, of delay voltage. Thus, in the case of a square~ 
law detector and the AGC system, with great inertness, the product of the mean 
amplification factor on the mean square of the input signal envelope is kept 
constant 

Using the solution for V{w), analogous to the preceding for the spectral 
dengity of the fluctuations on the output we obtain in the first approximation 


the following expression: 


5, (oe) = S,'(e} | H, (ia) ', : (2.7.52) 
where 
. 2K eykA 
Hell) = Ken 73K. ATE Ue) (2.7.53) 


is the frequency response of the linear syatem which is equivalent to the AGC 
system in the first approximation 

Comparing formulas (2.7.10) and (2.7.53), we see that the equivalent fre- 
quency responses of AGC with a linear and square~law detector have the same char- 

acter, differing only quantitatively. 

Yn conclusion we will present the magnitude of the spectral density of 
fluctuations on the output at zero frequency, which will be required in subsequent 
chapters, Substituting in formula (2.7.52) w=0 and considering that usually 
magnitude Abk, > 1, we will receive 


$,(0)}=S,(0) A (267.54) 


2.7.4. Influence of a Fluctuatiag Signal on a 
Double-Loop AGC Systen 


To fulfill all the increasing requirements of receiving mechaniens, in many 
oasee there appears the necassity of application of double-loop AGC eystens which 
can be series (Pg. 2.14, a) and parallel (Mg. 2.14, b). 

Wo will pursue the analysis of the operation of the receiving mechaniom with 
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a double-loop AGC system with an influence on its input of a fluctuating signal, 
From Fig. 2.14, a it is clear that a receiver with a series double~loop AGC system 
consists of two series comected amplifiers, each of which is regulated by its 


own AGC system. An analysis of the random processes in ore amplifier with AGC 





Fig. 2.14. Equivalent diagram of a receiver 

with a doupnle-loop ACC system: 

a) series; b) parallel. 

1, 2) variable amplifiers; 3,4) feedback 

circuit, 
has already been conducted. There remains only @ signal with the found charaster~ 
istics .o gate ance more one regulated awplifier. With accuracy up to the first 
approximation this problem is solved elementarily. It appears that a reseiver 


with such a double-loop AGC system acts on the input signal envelope rounding as 


a linear system with aquivalent frequency response determined by the formula 


tty (de) -. ff, (ia) £3 ,, (dm), (2.7.55) 


where f/,,(i#) and Hy, (ie; are the equivalent frequency responses of the first 


and second amplifier; #/,, is determiued by the 


formila G.7.i0). 








In finding H,,(io) in formula (2.7.10) one should replace A by K.,,A, 


where Kops is the average amplification factor of the first amplifier and 


ail remaining parameters, antering into the formula, relate to the second amplifier. 

The analysis of a parallel double~loop AGC system is more complicated. Being 
interested in the steady-state operation,we approximate the regulating character- 
istics of amplifiers by straight lines. Then the signal on the output v(t) (by 
vit) and a{t) are understood real signal envelopes) will be connected with the 


impnt signal and the adjustment voltages in the following manner: 


o(f)== u(t) [K, ~ 5,25, (OKs — 9,£p. (2.7.56) 
wnere K) and bys Ky and dy are the parameters of the controlling characteristics 
of first and second amplifiers. 
Representing the signals on the input, and output in the form of (2.7.3) and 
(t./.4), and the adjustment voltage in the form of (2.7.5), it is not hard te 
ovain an integral equation for the complex spectrum V(w) of the signal on the 


oub put 


V (a) = F (ew) {{2eA4 (0) +-U (0) (Ky + Oka) X 
KAKA aR arse) — (KO, 4 5,0, Ry Eas) X 
XH | V0) AUS) U (@— s)ds — (Kuby + bybokwl ad) X 


xe j V (s) A, (és) U (a —s)ds + 
$M CV (3) V (w@ — 9) Hy (i) H iw is) ds + 


(en}' 


fab ayterey iJ V (a) ¥ (sy =a) A, (ix) Hf, (ls — day 
00 . 
XU (a— s)dvas} ’ 
(2.7057) 


, seme eee ca 1 ERIS ee ttn oy ee ns ee 
Fm) ar Ria Eo ork badd Mirtle 


F (Ab K ches + Ab Ske kos) His * 


A) y7 
hae! 


htt, (io) and 2,47, (4) are the frequency responses of the AGC feedback 
circuit. 
The solution of this nonlinear integral equation is expediently sought as 


before in the form of consecutive approximations 


V(~)=V, (8) +V, (0) +... (2.7.58) 
Not remaining in detail on finding this solution we will present the final 


results [35] 


V, (m) == 24K, Ad {w), (2.7.59) 


where Kep==-- is the mean amplification factor of the receiving mechanism, 


and D is determined from the solution of the equation 





5,b,k, Rox AD? ee (1 ++ Ab, Kiko, ADK, Ros + Ab,O,E yRoRort 
+ Ab,6,E 38.802) D + A (A,K, +b, K ko Ey -+- 
+. 6,K,E, 20: + 5.6, Ro iRo2) == 0), 


The magnitude K,, coincides with the amplification factor of the receiving 
mechanism when on its input there acts a signal of constant amplitude equal to A. 


The first correction to the zero approximation haa the form 


é | V, (a) =- U (0) Ha (i), (2.7.60) 
E o Ha (ias): ©, iad Naa 

2... N= Abita [Ky Byes (Ke, VE Mh, 

= : N, we Abshys {X, = bby (Repl - Ey): (2.7.61) 
Bis From these formulas it follows that from the viewpoint of transmission of 
, @ the signal envelope the receiving mechanism with a double~loop AGC system is 


equivalent in the first approximation to a linear system with frequeticy response 


H(i) . Using the obtained solution one can determines the spectrum of the 
9 gignal envelope on the output in any formu of an envelope on the input. 
ce With a random influence on the input the obtained solution permiiu finding 
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the characteristic of the random process on the output. The mathematical expecta- 


tion of the random process on the output in the first approximation will equal to 





eer 1 = V Yay ioe io : 
ViO® gs fm )+V, (oJ eh" do = Key A. (2.7.62) 


The spectral density of the fluctuations on the output is simple to determine by 
using the relationship (2.7.18). The first approximation for the unknown spectral 


density will have the form 


S, (@) == Sy (w) | Hy (i) |?. (2.7.63) 


Analogous to the preceding, these fcrmulas for the mathematical expectation 
and spectral density of the Pacinos on the output are correct with any form 
of the distributive law of probabilities of the input random process envelope. 

The obtained relationships permit finding the characteristic of the signal 
envelope on the output of the receiver and to estimate the advantage of application 
of the double-loop AGC system. For example, in radar sets with conical scanning 
the goniometric channel of the receiving mechanism should have an AGC system with 
great inertness. In the range channel, on the other heand, it is more desirable 
to demodulate the signal,i.e., to have a low-inertial AGC. These requirements can 
be fulfilled with success by employing the double-loop AGC system with any of 
the above described forms if the first loop is made inert, and the second—low- 
inertial. It ia interesting to note an additional advantage which is obtained 
owing to the application of the double-loop AGC system. The demodulating proper- 
ties of AGC in the range channel will depend weakly on the level of the signal on 
the input. Actually, from the formulas (2.7.55) and (2.7.61) it follows that 
within the limit, if the first loop of the AGC possesses an infinitely large 
inertness the equivalent frequency response of the receiver in both cases has 


the form 


fas ca La NR aie 2 
H, (ie) = + Key pAbgltgg lle (tea) * 


fl? 





Magnitude K,,,A  remeing approximately constant with a change of the mean 
level of the input signal A in a large range, and signifies the frequency response 
on which the demodulating properties of the AGC depend. 

Let us remember that in the case of a simple single~loop AGC system the 


frequency band of the signal envelope processed by the AGC was increased with the 





growth of the mean leve’. of input signal. 
In conclusion let us note that a similar method in [35] analyzes the action 


on a double-loop AGC system at a signal with a normal sinusoidal envelope. 


2745-6 Influence of Random Pulse Interference 

Let us consider the influence on a receiver mechanism with AGC of random 
pulse interference (see Ch. 1). One should always expect the power of interference 
a to be significantly larger than the power of a useful signal. Depending upon 
= the magnitude of the mean frequency of the appearance of interference pulses the 
following operating modes of a receiver mechanism with AGC are possible. 

1. The mean frequency of the pulse interference is small. On the output of 
the receiver widely spaced pulses of interference will take place with an amplitude 
et equal to the level of the limitation of the receiver mechanism and the pulses of 
a useful signal (Fig. 2.15,a). Owing to the influence of interference on the 
output of the AGC feedback circuit there appears a random constituent of adjustment 
voltage which, acting on the amplification factor of the receiver, modulates the 
pulses of the useful signal in a random manner. Since in this mode the useful 
Sipnal is higher than the delay level, the AGC system will partially process the 
. random constituents ;° the signal envelope. The quantitative characteristics 
oo intereating us of the random precesg on the output for that case will be found 
si elow. 
re 2. The mean frequency of the appearance of interference pulses is increased. 
| The wean value of the AGC adjustment voltage increases at a certain critical 


frequency Yi and the useful signal will drop below the delay level (Fig. 2.15,b). 


eo JIS 





b At this moment the AGC system ceases being closed to the useful signal and this 
means it does not process the random constituent of the signal envelope appearing 


yo .. 
< due to the interference. 





4 

c Fig. 2.15. The influence of random pulse 

r interference on a receiver with AGC. 

= 

z 3. The mean frequency of the interference pulses is increased, still more then 
Me the amplification factor of the receiving mechaniem decreases so much that the 

i useful signal appears completely suppressed, and at a certain frequency of Vup2 

% the interference emerges from under the limitation (Fig. 2.15,¢). 

i Such is the physics of the influence of the random pulse interference on a 

Z receiver mechanism with AGC. Let us consider the quantitative characteristics of 


the operation of a receiver mechanism in the presence of such an interference. 
With a sufficiently widely spaced interference, where the useful signal is 


eo W/o 


ata Sie ae 





higher than the delay level, for an analysis of radar meters it is necessary to 
know the characteristic of the signal envelope on the output having, as was 
indicated above, a random character. We will define these characteristics. The 


adjustment voltage in the considered case can be recorded in the form 


E,()=E, (+E (+ en), (2.7.64) 
where €£,,(f) is the adjustment voltage appearing due to the useful signal and 
determined by formula (2.7.5); 
E(t} is the mean value of fe consticuae of adjustment voltage appearing 
due to interference; 
€ya(f) is the random constituent of the adjustment voltage appearing due 
to interference (€pn (t) =0) ° 
Representing the adjustment voltage in the form of a Fourier integral we 


obtain 


Ey (N= [ V (0) H (io)e! de — hE, + 
~o 


+FO+5- { Eva (0) eda, 
~ (2.7.65) 
where £,,,(«) is the spectrum of é@pn(t) . 
Putting (2.7.65) into (2.7.2) and taking into account (2.7.3) and (2.7.4), 


we obtain an integral equation describing the AGC system: 


+ U(w) (Ky -f- bA Es -- OED) — ADE a (0) 


ra i V (s)U (@ ~~ 8) H (is)ds -- 
=<) 


a 
6 
—;/- § U(o ~ 5) Eyy(s)ds}. 
00 


We will solve this equation by the method of successive approximations with 


is the dispersion 


2 
the assumption of the smallness of asl and ae 1, where 3, 


of the constituent of the adjustment voltage appearing due to interference. 


LAC 


Then the successive approximations will be written in the form 
V, (@) = 2K,, 42 (w), 
where 


_ KetbhEs—sE®) , 
Kop= T+ ABR, : 





Vs (0) = Hs (ia) {U (2) — g> Epa (a)} 


Ke 
H(i) = aera (2.7.66) 


Approximations of higher orders exist in a similar manner, We will not cite 
them in view of the cumbersomeness of the expressions. 

As an example let us consider the receiver of a radar set with conical 
scanning. The useful signal in it will be modulated by sinusoidal law with a 
scanning frequency of Q.,, and in the obtained formulas, instead of U(w), one 


should place the expression 


U («) = mAz [8 (@-+ ey) +8 (@— Ogy)). (2.7.67) 
Then, analogous to the preceding, one can determine the first approximation 
for the spectral density of the signal envelope on the output 
S,(0)=Sya(o) SF | He(ie)!, 
: Ke (2.7.68) 
whero S,,(e) is the spectral density of the constituent of the adjustment voltage 
. appearing due to the interference. 
The first correction to thia approximation can be found from the relationship 
(2.7.2h). 
1 ® For goniometric channels only the constituents near the scanning frequency will 


interest us. Substituting the solution for Vo(w) and V,(w) into (2.7.24), we 
obtain that the correction to the first approximation contains the following 
~ ; interference constituents near the frequency of scanning: 





Ab \? 
AS (oj -} Spot ~ Mex) (ZB) 1 Ha lio) {(xer)' X 


€ 


"Ab 
X | Hy (@ — eq) te Re [Hy (ox) 1h basi 
Let us turn to a determination of the spectral densitySpe(w). Since the receiver 


mechanism is gated, the pulses of the signal or interference will appear on the 





output only at the moments of the gating. If the interference conforms to the 


Poisson distribution then the probability of the appearance of an interference 


oe pulse in the strobe will be equal to 
a P==V%o, 
: where v is the mean interference frequency; 
a i %> is the duration of the strobe; p<l. 
Bs Then the disperion of amplitude of the interference impulse on the input of 
the feedback circuit can be written in the form 
a 6  (Ulory — Ea)! Vt (1 — Vee), (2.7.70) 
pe where Uorp is the limitation voltage of the receiver. 
Pe The interference can be represented in the form of pulses following with 
a) the frequency of gating repetition where the dispersion of the amplitude of 
. e every pulse is determined by the formula (2.7.70), and the adjacent pulses, naturally, 
: can be considered independent. Since in feedback circuits there is a filter with 
i a time constant many times larger than the period of gating repetition, the filter 
e will react to such an interference as to white noise with a spectral density 
cs determined from the relationship 
a Ng=oT,, 
® 
& where 7, ig the period of gating repetition, 
r Then on the output of the AGC feedback circuit the spectral density of the 
- constituent of the interference will have the form 
2 Syu (a) => 02 Tyke |H (ie) |* 


(2.7.71) 





or, considering (2.7.70), we find 


Spx (0) = (ory — Ea)" ¥tq (1 — vee) Te, |H (ia)}* (2.7.72) 


The obtained formlas permit calculation of the spectral density of the 
constituents of the interference near the scanning frequency. In the analysis 
of the goniometrical channels it is frequently sufficient to know only the value 
of this spectral density on the scanning frequency. Let us consider that usually 
the parameters of the AGC are selected in this way so that distortions of the 
sinusoidal signal envelope are minimum. — 

ue | Ho (iQex) [P= K2, . 


Then from formas (2.7.68), (2.7.69) and (2.7.72), considering that magnitude 
Abk, > 1, for the spectral density of the constituents of the interference of 
the signal envelope on the scanning frequency we obtain the following simple 


expression: 


Se (Qcx) = (orp — Es)" Vt (1 -— vq) Ts X 


+ [4-2 ( Abe) A (ion) - 
[" Qu] (2.7.73) 


In the considered mode, the receiver mechanism will operate as long as the 
mean frequency does not exceed a certain value of Yui. with which the useful 
Signal will drop lower than the delay level. We will define this interference 
frequency. 

It 1s possible to approximately obtain that the transition to a new operating 
mode will be carried out while the mean value of the useful signal on the output 
is equal to the delay voltage, 1.e., at the fulfillment of the equality 


games 


v (i) == A (Ky —~ bE, (0) = Es. (2.7.74) 
In this mode the adjustment voltage will be determined only by the interference 
since the useful signal is lower than the delay level. The mean value of the 


J3 





adjustment voltage is simple to find by the formula 


Ey (8) == (dorp — Es) Ve. (2.7.75) 
Substituting (2.7.75) into (2.7.74) and solving relative to v, we obtain the 
following expression: 


K,A—E; 


Map ee ADk, (ory — Es) (2.7.76) 
With this, the parameters of the regulating characteristic of K, and b should 
be selected on the section corresponding to the normal operation with a signal 
on the input with amplitude A, equal to the amplitude of the useful signal. 
Thus, if the mean interference frequency is higher than Yip. the signal will 


drop below the delay level, and its mean value will be determined by the formula 


TU = ALK, — bb,¥t6 (dorp ~ Es) == Kop A | tad 


The adjustment voltage can be written in the form 


(2.7.78) 
Substituting (2.7.78) into (2.742) and considering (2.763) and (2.7.8), for 


Eph=EO+ ie | Eya(u)e™de, 


the spectrum of the signal envelope on the output we obtain the following 
expression: 
V (i) == Koy [2m AS (10) }- L/ ()] — ADE yg (w) 
— fy (8) yy (ws) ds, 
~% 

Using this expression it is easy to find the spectral deusity of the signal 
envelope on the output for the above considered case of a radar set with conical 
scanning. Then the constituents of interference near the frequency of scanning: 


will be deternined from the formula 
’ . 
AS (w) za O48)" Syu tr) »} en s, no Gad 


The value of the spectral density of the signal envelepe on the scanning 


fio 








frequency, taking into account (2.7.78), will be equal to 


Se (Qeu) = Uory — Es)? Vc (1 -- V80) Ts (Abk,)* X 
X21 idait-+ FH. (2.7.79) 

It is not difficult to see that in the analyzed mode the value of the spectral 
density on the scanning frequency is larger than its value in the case where the 
AGC system is closed to the useful signal. This should be expected, since in 
the considered mode the AGC system does not process random constituents of the 
signal envelope. ; 

in conclusion, let us find the value of the mean frequency of interference 

Yup, With which the interference emerges from under the limitation. The 
transition to such an operating mode will take place at fulfilinent of the equality 


us (K,— bE, () == Horys (2.7 80) 


where 4, is the amplitude of interference on the input of the receiver. 

Substituting the mean value of the adjustment voltage determined by formula | 
(2.7.75), and solving the equation relative to v, we obtain 

Mere Stas SET * (e768) 

Let us note that the parameters of the approximated regulating characteristic | 
of the receiver in the given case should be selected at the operating point where. 
the amplification factor is equal to | 

: Kea", 

The found charavteriatics of the random process on the output and the values — 

of the critical frequencies of interference, with which the transition from one 


operating mode to encther occurs, is sufficient for an analysis of the influence | | 
of such intexference an the radio channel on the whole. 





2.7.6. influence of Intermittent Interference 
In Chapter 1 it was noted that interference can have an intermittent chérac' or 
Let us congider the processes which occur in the receiving mechanism with AGC with 


the influence of interference of such a form. Interference will be considered 


if 


Ins . Ties 
Fig. 2.16. Intermittent interference, 


active re the time interval Tyu, and cutoff for the time Tewwa (Fig. 2.16). 
The power of che interference is naturally expected much higher than the power of 
the useful signzl as a consequence of which at the first moments of time the 
interference occurs under the limitation in the receiver. Then on the input of 
the anc feedback circuit there will act a voltage equal to Wop Ea, Owing to 
this there will be produced an adjustment voltage decreasing the amplification 
faster of the receiver, in view of great: inertness of the AGC feedback circuit: 
the adJustaont voltage will increase slowly. Therefore, for the duration of a 
certain time, which will be designated fara. the atplification factor of the re- 
ceiver will be such that interference renaina Limited vy the amplitude (Pig, — 
2.0). For the duration of this time the AGC system appears te be opandd since, 
in spite of the fact that the adjustment voltage increases, the. interference 
amplitude on the output retaing constant, equal to uorp | | 
Lastly, tne moment approaches when ghelacranetay ad ustinont voltage wihd 
ehange the amplification factor se much that the interference wili energe Tron 
under the linitation, From this soment the AGC cuts of f aid starts a fast | 


transiunt process at the end of which the amplitude of the interference en the 


sutput attains a stead? vaiue, 








Fig. 217. Tatexndttent interference and 
~ a useful signal onthe output of a receiver. 
KEY: (a) septs; ib) T cubmoff. 
Reeee ene start oo Che beadie of interference cathe oatpatter the Abd 


filter the ‘voltage -renat ns" egies S bo the ‘gteady: value ‘of: the adjustment voltage | 


- during ppereAoH: on 1 the interference. Since the amplitude of the interference 


is -much larger ani ie aapitbude ofthe Geeta ‘gignal then jin the first moments 
“of time after “cut-off of” the interference the useful signal appears to be completely 
suppressed, then:the eens of the AGC filter start to discharge, the adjuste 
ment voltage decreases, owing to which the amplification factor of the receiver 


increases, After a certain time - fauna the useful signal increases to the 


s delay level and the AGC aysten shares to operate on the useful signal, With the 





oo recyption of. the followlng bunaie of: interference the described cycle of operation 
_ ds repeated. ? | 
a The dedceived form of interference leads to the fact that during the time 

dus. while the interfarence is under the limitation, and fuusa, while the 
useful signal is absent or is very small, on the output of the receiver there is 
no information about the target nouition data. lurthermore, in radar sets with 
conical scaniing beats appear between the harmonics of the breaking frequency 
and the reference voltage in the goniometris channels, 68 a result of which © 
tracking by angles can be completely affsucted, 

The important quantitative characteristics of the operation of 4 receiving — - 

mechanism in the presence of such an interference are introduced above the 
magnitude of fay, und Jonas. Their determination will be lintted during 
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the analysis. 
If the filter in feedback circuits is a simple RC-circuit with a time constant 


To, then the magnitude ‘ex: can be determined by the forms 


k, (dorp — &:) 


boxn = Tein 
ky (orp — Es) — Reto — ore 





(2.7.82) 
where K, and b are the parameters of the approximated controlling characteristics 


which are selected in the operating point where the amplification 


Borp , 
a, ' 


factor of the receiver is equal to K= 
4s is the amplitude of the interference on the input, 
If the magnitude of the adjustment voltage, necessary for the removal of 
interference from under the limitation is much less than &i(Uormp—~£s) , then the 
formula (2.7.62) takes a simpler form 


(Kila — Born) 
16 “Gabky (iors = EY * (2.7.83) 


taxa = 
Magnitude yuan is determined by the expression 


(K, ta _—. cz) ud, k ® 
teuwa Ts ind asen! a E,) (i WHEasbRy ’ (2.7684) 


where Ko; and by are determined at the operating point of the controlling character~ 
istde in. which the amplification factor ie equal to K=B., 


; 2.8. Conclusion 
In the present chapter there ‘cas considered the passage of a Signal and 
interferences through the elements of a veaio receiver wechanism. It is very 
important to further note the idenisexttons of the elements of the receiver which 
_ Will be used during the analysis and synthesis of radar meters and systeus of 
: detection, - | 
An internediate. frequency amplifier can be considered equivalent to a 


linear band filter tuned to an intermediate frequency. During a pulse signal, 
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owing to the application of gating in the IFA time selection is possible. As 
one will see subsequently, the time selection and filtration before ddtestion are 
an essential part of the optimum processing of a signal. | 

The second detector can be considered as a mechanism separating the input 
envelope of the random process (in the case of a linear detector) or the square 
of the envelope (in the case of square-law detectors). 

The phase detector with quadratic characteristics of diodes is equivalent to 
a simple mechanism cross-miltiplying the input random processes with the subsequent 
separation of low-frequency constituents, Therefore, henceforth the operation 
of multiplication of the signals will signify the necessity of the transmission 
of signals through a phase detector of such a form. | 

Video amplifiers and audio amplifiers will be considered as linear inertialess 
quadripoles. | 

In the present chapter is given a detailed analysis of the influence of a 
fluctuating signal on an AGC system, This information can be necessary in the 
analysis of the radio channels of specific radar sets. 

Henceforth relative to the AGC system the following idealizations will be 
used: 

«ww With a linear detector in avarlable amplifier the AGC syoten changes the 
méan value of ths amplification factor of the receiver reciprocal to the magnitude 
of the mathematical expectation of the random process anvelope on the input so 
that the mean value of the amplitude of the voltage on the output reuains approxi-~ 
sately constant the (etandardising property of the ACC). In a square-law detector 
and an ACC system with a high inertness a constant voltage is supported on the 
output equal to the product of the mean amplification factor of the receiver on 
the mean square cf the random process envelope on the input; 

— the fluctuations are processed by the AGC system in the first approx- 
nation ag an equivalent linear system with frequency responses deternined by the 
formas (2.7.10) or (2.7.53). 
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CHAPTER 3 


GENERAL QUESTIONS OF THE THEORY OF DETECTION 


3.1. Introductory Remarks 


Detection of targets is one of the most important problems of radar. In 
radar sets of remote detection, this problem is sometimes unique. In an impre-~ 
ssive majority of radar systems, detection precedes the fulfillment of other 
problems-eidentification of targets, accurate determination of their coordinates, 
explanation of the character of trajectories of detected targets, etc. 

In some radar stations, the problem of detection in pure form, as a pro= 
blem of establishment of the presence of a target, does not appear, since these 
radar sets receive an indication on the presence of a target in a certain region 
of space from special radar sets of detection. However, the accuracy, with 
which the position of the target relative to the considered radar set is deter- 
mined with the help of a station of detection (accuracy of target designation), 
practically always is insufficient for transition to accurate determination of 
current coordinates and identification of targets with the help of specially 
intended tracking systems. Therefore, the fulfillment, by such radar, of its 
main functions, should precede the capture by the tracking system, which is a 
more precise definition of the target position data. This more precise defini-+ 
tion is produced technically by the same means as detection of the target, and 


appearing with this, the theoretical problems of its formulation and methods of 





solution in most cases are fully analogous to the problems of detection. 

It is necessary to note that the problem of determination of coordinates 
or the detected target always arises and is solved simultaneously with the 
problem of detection and is naturally connected with it. Separation of these 
problems can be produced only very conditicnally and is connected mainly with the 
essential distinction of technical methods of determination of coordinates in 
conditions of detection and measurement, where the methods, utilized in conditions 
of detection, are closely connected with the procedure of acceptance of the solu- 
tion on the presence of the target. 

For a comparison of various systems of detection, it is necessary to intro~ 
duce definite quantitative characteristics of the qility of these systems. The 
characteristics of authenticity of the accepted solution on the presence or 
absence of the target can be, for example, the probability of pass of the target 
(acceptar.ce of solution on the absence of the target, when there is a target) 
and faise alarm (acceptance of solution on the presence of target, when there is 
no target.) or any function of these probabilities. The characteristics of accurac} 
of determination of coordinates, producible in conditions of detection, can be 
statistical characteristics of errors of measurement; for example, dispersion 
or probability of exceeding by error in modulus of the half-width of the diseri- 
minational characteristic corresponding to the tracking system. The character 
of requirements, pregented to systems of detection, and selection of quantitative 
characteristics of the quality of thelr work is determined by the specific con= 
ditions cf application of these systems and the assence of the considered tactical 
problem. 

Tf one were limited to the consideration of existing systems of detection, 
then in this region, the problems of the theory reduce to the calculation and 


a 
comparison of quantitative characteriatics of various systems and rational selec= 


tion of their parameters. Such a problem may be transferred to problems of 


































analysis of systems of detection. 

The contemporary state of the theory does not limit us to the analysis and 
comparison of systems of detection, designed, proceeding from those or other 
qualitative considerations, Application to problems of detection, quite in detail 
developed in mathematics of the theory of statistical solutions (the elements 
of this theory are expounded in Section 3.2) allows to synthesize forms of treat- 
ments of the received signal, ensuring the best possible given conditions of 
the value of the selected characteristics of quality. 

In the theory of statistical solutions are considered problems about optimum 
(from the viewpoint of selected criteria of quality) determination of probability 
properties of random processes or totalities of random variables by the results 
of observation of realizations of these processes or magnitudes. A problem of 
such type is also a problem of detection: on the basis of observation of reali- 
gation of the received signal, which is random due to the interferences and fluctu-~ 
ations of the reflected signal, it is required to accept the solution on the 
presence of the target, i.e., to accept the solution on, which of the two possible 
distributive laws (for a signal with interference or for one interference) is 
subordinated to a random process, the realization of which is observed, 

Although the identity of problems of detection and some problems, considered 
in the theory of statistical solutions, is quite evident, wide application of 
aes the results of the theory to problems of detection in radar began comparatively 
recently after the appearance of the already existing classical works of V. 


Peterson, T. Berdsall and V. Foks (2], D. VaneMiter and D, Middlton [3-6]. 


Significantly earlier (in 1946), results, analogous to those from the theory 
of statistical solutions, were received independently of those known at that time 
co on the theory of V. A. Kotel'nikov [36], 
Here we presented only the first of the basic works in this field, deter- 


mining the trend of the development of the theory. In the future, there appeared 
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many works, devoted to varicus particular aspects of the theory of radar detection, 
gome of which we shall mention in the coursa of this account. 


3.2. Wain Positions of the Theory of Statistical Sclutions 





Towards the end of the 1930's and beginning of the 1940's, in mathematical 
statistics there existed two independent trends, connected with optinum methods 
of acceptance of solutions on ths basis of random experiment: the theory of 
estimation and theory of check of statistical hypotheses. These trends were 
united in the 1940's by A, Wald [37, 38] into the generalthsory statistical 
solutions. In frames of this general theory were int~oduced some new conceptions, 
the use of which turned out to ba very fruitfur, and a number of new general 
results was received. 

By the term "satstistical solutions" we usually mean solutions, accepted on 
the basis of observation of some totality oi ecandom variables or the realization 
of a random process. Statistical solutions include, for example, the solution 
on the presence of a target or on the values of its coordinates, taken in radar 
on the basis of observed realization of a received signal. The theory of statise 
tical solutions igs occupied with the investigation, comparison and detecting 
of the best methods of acceptance of such “olutions,. 

In this paragraph we will present the definitions of the main conceptions 
and will briefly enumerate the general results of the theory of statistical 
solutions. The axpounded material refers, in an equal degree, to problems of 
radar detection and measurement of coordinates and will be used also in the 
chapters, devoted to measurement. 

The totality y of observed meanings of random variables in mathematical 
statistics usually is called selection. This totality ie described as a multi-~ 
dimensional (by the nwnbor of magnitudes, entered in y) distribution of probability. 


For simplicity, we shall consider that thorea axiats a multi~dimensaional probability 


density p(y) {y may be considered as a multidimensional vector). In the 

future, we, basically, must deal with solutions, accepted on the basis of obser- 
vation of realizations of random processes. These realizations, which are 
infinite-dimensional selections, can be described with the help of functionals 

of probability density (see Section 2.4). So that the obtained results are 
correct both for discrete selections and for realizations, we shall designate 
the multi-dimensional probability density and functional of density by one sym- 
bol p(y). Inasmuch as consideration of discrete and continuous cases is con- 
ducted completely analogously, such generalization will not lead to any incorrect 
conclusions, 

In problems of statistical solution, the distributive law of p{y) is 
usually partially or completely unknown. Therefore, it is natural to consider 
p(y) as a conditional distribution, depending on a certain totality of unlmown 
parameters s and to designate it by p(y/s). Parameter s may also be considered 
as a vector in a multi-dimensional space, which in the future we shall designate 
by S. | 

The accepted solution is determined by observed realization and the rule, 
in accordance with which it is taken. If the given solution is considered as 
element d of a certain great number Dp of possible solutions, then this rule 
may be considered as function d(y), depicting a great number of realizations Y 
on a great number of solutions D,. Function d(y) is called a decisive function. 

Lat us consider the two simplest radar examples, 

Example 1. Let, in nagnitude of noise distorted received signs y(t), it 
be required to determine the magnitude of the reflecting surface of the observed 
target. In this case the space of the parameter of distribution rapresette the 
number-scale axis, on which are found the values of the reflecting surface. The 


great number of solutions also represents the number=scale axis. The reflecting 


surface of the target can be determined by the formula 





og= C7 i y* (dt, 555 
where T is the time of observation; 

y(t) --the received signal; 

C += the proportionality factor, depending on distance to the target and 
parameters of radar. 

Expression (3.2.1) also determines the decisive function. 

Example 2. Let, on the basis of observations ofa signal received during 
time T, it be required to accept the solution on the presence of the target, 
the parameters of which beforehand are given. In this case it is essential for 
the acceptance of the solution with an unknown parameter of distribution of 





probabilities of the received signal also to know the reflecting surface of tar- 
get. If s=o,=0, then the solution on the absence of the target will be 
correct. If s=oy, then the solution on the presence of the target will be 
correct. Thus, a great number of solutions of $ consists of two points. A 
great number of solutions of Do in this case also consists of two elements: 
"target" (d)), and "no target! do. The solution can be taken on the basis of 
comparison of signal power 

E= j y*(tde 


with certain threshold E,. If y is such that E>£,, then d(y) = dy; if y such 
that E<£, then d(y) = d. 

In most cases, the observed realisation does not determine simply one of 
the possible situations s. ‘There are possible errors in acceptance of solutions, 
leading to negative consequences, which are desirable to minimize by corresponding 
selection of a decisive function, If these consequences can be represented in 
quantitative form (in rubles, for example), then it is possible to introduce 
in consideration the function I(d, 8), called the function of losses or risk. 
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At fixed 5 and d, the fucsticn I{d, 8) is equal to the maynitude of losses, 
connected with the acceptances of solution d, when situation s takes place. In- 
asmuch as d is the function of observed realization y, the magnitude of I(d, 3) 
at given s is random. A decisive rule can be characterized with the help of 
statistical characteristics of random variable I. Usually as such a character- 


istic is used the mathematical expectation 
R(dJs = \Idu, s] p(y/s)dy (3.2.2) 


at given s, called conditional risk. 

In applying the conception of conditional risk, it is possible to carry 
out a comparison, and sometimes a simple selection of one of the possible decisive 
rules. If for one of the rules, the conditional risk at all s is less than for 
the other (or others), then it is natural to give preference to this rule. 

In most cases, the rule, minimizing conditional risk, is obtained at vari- 
“ous s. In theories of statistical solutions are developed two methods of 
selection of the best decisive rule in such cases. 

The first. method assumes to be known an a priori distribution of possible 
situations s. For simplicity we shall consider that for that distribution 
there exists the probability density po(s). Using the a priori distribution, we 
can compute the mean risk. The mean risk depends only on the accepted decisive 


rule and can be used for comparison of these rules. 


R(d) = { R(dls) p(s)ds =f) pe (8) duds] plus) ds. (505) 


The decisive rule, for which the mean risk turns out to be the least, is 
called the Bayes solution relative to the considered a priori distribution p,(s), 
and corresponding mean risk—the Bayes risk. In the theories is proved the exist- 
ence of the Bayes solution for arbitrary a priori distribution and limited non- 


negative function of losses. 


In many practical problems, a priori distribution is unknowm. Therefore, 
it is desirable to find methods of determining the optimum decisive functions, 
not depending on p,(s). Here, it is natural to demand that these methods ensure 
the best results in the worst situation. 

The first of such methods is closely connected with the Bayes solutions. 
We shall introduce the least preferable a priori distribution, for which the 
Bayes risk is maximm. Application of the Bayes solution, corresponding to the 
teast preferable distribution, is, to a certain degree, satisfactory, since it 
ensures minimum risk at the least favorable a priori distribution. 

The other method consists of the use of the so-called minimax solutions. 
The minimax decisive rule is determined from the condition of the minimm of the 


highest value of conditional risk: 


oe : (3.2.4) 

One of the fundamental results of the theory of solutions consists in the 
fact that under very general conditions, the minimax solution coincides with the 
Bayes! relative to the least preferable a priori distribution Go (8), where the 
conditional risk corresponding to this solution is constant for all s, with 
which do (8) #0. This result considerably facilitates finding of the minimax 
solutions. 

Until now we spoke of determined (non-random) decisive functions. It is 
possible to imagine such cases, when the accepted solution d is determined by 
the result of random experiment, selected in accordance with the observed reali- 
zation of y. Here, the realization determines the distributive law of probabili~ 
ties p(d/y), describing the utilised random experiment. Frequently the encounterec 
form of such experiment de casting the die. In distinction from the determined 
decisive rules, the rules, using the random experiment, are called randemized. 


It is proven that at a finite number of possible situations 6 for any randomized 
decisive rule, there existe an equivalent deteruined rule. Equivalence in the 








given case signifies the equality of conditional risks. For arbitrary sets of 
situations s under very general conditions is proven the existence of the deter~ 
mined rule, for which the conditional risk hardly exceeds the conditional risk 
for the given randomized rule ( ¢« - equivalence). Thus, if the effectiveness 

of the decisive rule is characterized by magnitudes of conditional risks R(d/s), 
then from this point of view, the use randomized rules does not give practically 
any gain. 

In practice, we frequently encounter cases, when the dimensions of the obser- 
ved realization beforehand are not fixed and are determined, proceeding from the 
required authenticity of the accepted solutions. A. Val'd [39] proposed to 
conduct, in such cases, an experiment in stages, and at every stage to take 
either one of the possible final solutions dé Dy, or, if not one of these resolu~ 
tions can be received with sufficient authenticity, take the solution on the cont- 
inuation of the experiment. With such an approach, it is natural in the calcu- 
lation of losses to consider the value of the experiment and to use, as a function 
of losses, the sum of the value of the experiment and losses, connected with 
erroneous solutions, For this case, all the above mentioned results of the theory 
of solutions, are distributed, 

The methods of the theory of statistical solutions can be used in divers 
areas of human endeavor, connected with the statistical treatment of results of 
observations, and including radar, where obtained as a resultaf minimization of 
losses, the decisive rule can be interpreted as the optimum operations on the 
received signal and represented by corresponding optimum ciroults of the receiving 
mechanisms. 

Below will be presented more specific results of the theory of solutions, 
finding application in problems of detection of radar signals. 

Before we cross to the account of these questions, it is useful to turn 


our attention to one aspect of the theory of solutions, connected with its 
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practical application and utility, If the funstion of lesses is given, then the 
theory of solutions, in principle, allows us to find the decisive rule, ensuring 
the minimum of mear risk or minimax cf conditional risk. In radar of such appro- 
ach, we can remove the arbitrariness in questions of selection of methods of 
treatment of the received signal and produce a standard for estimating the uuality 
of the technically realized methods of treatment. However, these decisive rules 
(methods of treatment) are optimum only with a fully determined function of 
losses, the conformity of which to the conditions of ths considered problem is 

in an overwhelming majority cases very conditional. 

For example, let us vonsider the problem of detection of a target, approach- 
ing the defense sector. How can we determine, in this case, the losses, connec- 
ted with ‘alse alarm and orission of tne target? How can we estimate quantita- 
tive y Una consequence of panic among the population, caused by the false alarn, 


. 


and duiling of virilance of the maintenance personnel of the system of defense, 
cecurins after the repuision? Finally, how can we measure, in suitable units 

of value, the cansequen.a of nuwan sacrifice and destruction, caused by passage 
of the targel lo an cidaet? Which approach-—-fayes or minimixe-shoudd be aged in 
‘he given problean? Tn what measure & we have the right to be oriented to mini~ 
mization of averace losses, allowing ta receive an obvious watn dn ‘the multiple 
use of a decisive rule, when ‘he qsstion concerns the defense of a fully deter- 
mined ohfect cagbe the oniy ane ou? its kindy Ta any real problem thore appeare: 
ao yeegt numer of such queasy ions; therefore, the unetdon of Josasa is agsilened 
UsUaRLLY Very atutirociiy. 
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chanves oven with an inalgnificant change of the function of losses, and the 
magnitude of Rayea or atinueax risk ~ with an insignificant change of the decisive 


rule, thes epiim’ atlan wuld completely lcae ite value. However, the rrpnerous 


results of appdication of the theory of solutions, relating to wartous practical 


RR 





problems, convince us more quickly of the existence of a reverse regularity. 
And namely, it turns out that with "reasonable" functions of losses, satisfying 
quite general conditions, obtained as a result of optimization of decisive 
functions are very close, just as the magnitude of the risk, corresponding to 
extremely various decisive rules. Sufficiently general resulta of such kind in 
the theory of solutions, unfortunately, are lacking. 

In the theory of estimation and the theory of filtration, which are large 
branches of the general theory of statistical solutions, under certain limita- 
tions is proven the independence of the method of estimation from the form of 


function of losses, if the latter satisfies certain conditions of symmetry (see 
Chapter 6). 





3.3 Double-Alternative Solutions 


Let us consider the simplest problem of the theory of solutions, when on the 
basis of observation of realisation y we should receive one of two alterna- 


tives, exclusive of one another, for example "target" and “no target". In this 


ee ease any determined decisive rule represents a method of subdivision of a set of - es 
s) possible realisations y into two parts Yo and ft)» If the observed realization y 
oy ee belongs to subset Yo (y € Yo), the solution d, de taken. If yé Navn¥e solution 
A dy de taken, The expreseion for average risk is recordéd in this case in the form 
ae a : . a 3 Redyef [feats nota} + | 3 (09.1) » 
Le : The ows of integrals in (3.3.1) will be least in the vace when every realization ; 
e y refers to that region of ¥,, ¥), for which the integrand, in (3.5.1) upon ~~ 
. integration by this region, is less, The following decisive rule follows frou | 
aa thie: solution d) ie taken, if for the observed realization. y 
Cn kd 
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J pals) (dy. 8) p (yls)ds 
oe 
5 pals) Udy. 5) p(yls)ds (3.3.2) 








. solution dy is taken, if an inverse inequality is carried out. The magnitudes 
dn the nuaerator and denominator in the left part (3.3.2), may be considered 
as characteristic of a posteriori risk, connected with the accey tance of solution 
d, or d, curing observation y. Actually, these magnitudes, with an accuracy 
up to the factor, not depending on s, coincide with the result of averaging 
I{d, 8) by a posteriori distribution p(s/y). Thus, the received decisive rule 
has an evident value: tiat solution is taken, for which the a vosteriori risk, 
corresvonding ta the realization y, is minimum. 

Almost in all practical problems it is possible to indicate such subdivi- 
sion of a set S of possible situations into subsets Sg and 5), which at s< s,, 
the solution do is correct and there is no loss (1(d), 8) = 0), and at 3 € Sy, 
the solution d, is correct and 1(d), 8) = 0; whereupon U(dj, 8) = 1, df ee yy, 
and I(d,, s)= I, , if s€ Si: . Thus, it can be done, for example, in the 
problem of detection, if by 5 we mean the reflecting surtiace of the target su. 
If ‘Su = 0 (no target), then the solution on the fact that there is none (do) 
is correct, and acceptance of the solution that there ia a target (d,), entalis 
definite losses. If a = Sx , then Sceupkanse of the solution dy does not lead 
to losses, and losses I(d,, su ) (losses, connected with passage of target) may be 
considered not depending on sy . 

With the shown limitations from (3.3.2) we obtain 


A (y) = ES) MPs ace, 


PIS) 1 P, (3.3.3) 


where 


Pols) plyis)ds 
P (y/Sj)=5 nae 


Pals)ds (3.34) 
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represents the conditionai probability of obtaining the realization y under the 


condition that s€S; (i==0; 1, , and 
Pi=f Pa (s) ds. (3.3.5) 


Thus, in the considered case, the solution is taken on the basis of compar- 
ison with the threshold of the relation of conditional probabilities A(y), 
called the relation of verisimilitude. The magnitude of threshold depends on 
the magnitudes of risks Ij and I, and a priori probabilities P,, Pp; it is possi-~ 
ble to consider it as the relation of expected magnitudes of risk for cases s€ Sy 
and s@ S, upon acceptance of knowingly incorrect solutions. 

Inequality (3.3.3) can be treated as a comparison with the threshold of 


the relation of a posteriori probabilities 


’ Pay? !Sy.6) 
P(S, f= yruie : (3.3.6) 


The solution dy is taken in the case when the a posteriori probability of 
which is correct, is 1,/I, times more than probability of which is incorrect. 

The operation, determined by inequality (3.3.3), can obviously, be replaced 
by tre comparison with the corresponding threshold of any monotonic function of 
the relation of verisimilitude. Usually as such a function is used a logarithm. 

in problems of detection, a set 5), for which the sulution is correct that. 
there ig no target, usually consists of one element (parameters of noise or 
interferences are g'.en), and set 5} can contain a large number of elements 


(parameters of detected target can be varioug). Here, 
Aiy)e: (A. 8) pals)ds, (3.3.7 
3s 


where Aig, sho Bae”) ds the relation of verisimillitude for the case of a 
* th 


‘Singular possible totality 3 of parameters of the target, 


Pa (3) = py (s)/I--p, is the a priori distribution of paranetere. 








Thus, ths relation of verisimilitude for cetection of the target, the 
parameters of which are included in a certain region S), is obtained by avaraging 
the relations of verisimilitude for various specific values of g of parameters 
by all possible values of sé S. 

With these assumptions on the function of losves, the mean risk is deter- 


mined by the formla 


R(d) = 16S pels) ptuls)dyds + C5 
“EL, ST po(s) p (ys) dyds == Plot PoFliy . 
YS 


where 3 and F are probabilities of errors at s¢S, and sG€S, accordingly. 
In the theory of detection these probabilities are usually called probabilities 
of passage of the target (3) and false alarm (F). 

For determination of the magnitude of risk it oO necessary to calculate the 
probabilities 3 and F, corresponding to the considered decisive rule, and to 
substitute them in (3.3.8). Instead of the probability of passage, we frequently 
consider the probability of eorrect detection D = 1 — p. 

a4 problems, for which tha magnitudes of lesses can be given only very condi~ 
tionaliy, and a priori probabilities accurataly are not known, it igs justified 
Lo use, as characteristics cf the decisive rule, not the magnitude of average 
risk, but the direst prohaoility ef arrors of ff and F and to find an optimum 
decisive rule, procseding from the renulrements, prasented from any cons iisra~ 
fiona to these probabilitias. it tg peasible, in particular, to require minimum 
Hot piven F. Such a criterion of eptimumness of the decisive rule is known 
under nave cf the criterion of Neumann and Pearson and is widely used in problems 
of doutle-~alternative solutions. It is possible to show that Sie Sptian | 
decinive rule, corresponding to this criterion, alue reduces to the comparison 
with the Uhreshoidof the relation of verisimilitude, whereby the magnitude of the 


threshold is determiced by the given probability F. 








In order to be convinced of this, it is sufficient to prove that any other 
rule gives a large probability of B besides F. Let there be sets of reali- 
zations Y, and Y', , such that at yCY, in accordance with the optimum rule is 
taken the solution dy, and at yEY’ , the same solution d, is taken in accord- 
ance with the considered nonoptimal rule. We shall designate by Yo¥'y the 
coinciding part of these sets, and by Yg - Yo Yt, and Y¥', ~ Yo Y', + their non- 
oihicident purts. Then, considering that to set Yo belong all y, for wnich 
P(y/S,) 2 ¢P (y/S,), we obtain 


‘ 


f=] PU/Spdy= § Piyis)dy4 {  PW/S)dy+ 


Y, Y%e Yel, 
a se f P(y/S,)dy — P(y/S,) dy >}, 4- 
Yor, Ye¥a, (3 2 3 ‘ 9) 
+e f P(y/S,) dy —~ } P(y/Sdy] . 
nM, Vente, 


By adding and subtracting in the right part of inequality ¢ J Piy/S.)dy, it 
is easy to check that the factor at ¢ in the right part is sous to zero and, 
consequently, the probability 3 for the nonoptimal decisive ruled is greater, 
than for optimum, 

In order to compare various decisive rules, not resorting to average risk, 
dt is convenient to use the dependence B(/) or D(F) = 1 H(F). Of the two 
decisive rules, the best, obviously, should be considered that, for which at the 
‘game F, the probability of D is greater, 

Tn problems of detection, the dependence of probability ef correct detection 
on the probability of faloe alarm D{F) ds usually called the characteristic of 
detection, Por the characteristic of detection, ccrresponding to the comparison 
of the relation of verisimilitude with the threshold, we establish a number of 
very interesting properties, not specifying the statistical properties of the 


observed signal, 
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If pem(.A) and  pw{.A) are distributive laws for the relation of verisimil-~ 
itude \ in the presence and absence of a signal from the target (in the generai 
casa, of double-alternative sol: tion at's S, and s€ Sy} accordingly, then for 


D and F we have 
oe ao 
D=={ Pew (A) dA, Fe=( py (Ad. (3.3.10) 
¢ € 


For explanation of the properties of the dependence D(F), let us consider 
the connection between Pem(A) and py (A) . The characteristic function, 


corresponding to uli), is determined by the expression 


~ 
=: 5 ely (AVA. 
0 


By differentiating u(y) by 9 and changing integration by y and differen- 


tiation by places, it is easy to check that 


a y 


oo 
= { Pom (4) oC A ae Yous (y), 
Q 


. whence 


(373514) 
Pow (A) = Apu (A). 


The received relationship has a deep meaning and can be basad purely on 
qiialitative reasonings, Above it was proven that the optimum method of avccapt- 
ance of the solution dn the case of two alternatives is the comparison with the 
threshold of the relation of verisimilitude. Let us assuma that we constructed 
an ingtrumeant, forming the relation of verisimilitude for observed realization 
¥, and now want te select a method of acceptance of the solution. Here, in our 


reasonings, a8 the observed raalization there uhould appear the relation cf 





oe verisimilitude and, in order to decrease the probability of errors, we should 
take the solution, by comparing with the threshold the relation of verisimi- 


litude for this realization, i.e., 


ae Pom (A) 
Ay== Pu(\) ~ 


Such a procedure may be repeated arbitrarily as much as desired, and consider- 
ed consecutively Ax... An..-- where by the magnitude of the threshold, with 
which are compared the relations of verisimilitude of various orders, remains 
constant, since it depends only either on the values of the errors and a priori 
probabilities of the considered alternatives (in the case of minimization of 
average risk), or on the permissable probability F (for the criterion of Neumann 


and Pearson). All these decisive rules are optimum and should be equivalent. 


“y It follows from this thatAs=.\j= ... =A,i.e., (3.3.11) 
By using (3.3.11), it is possible to establish a number of interesting 
properties of the characteristics of D(F), corresponding to the optimum decisive 
es rule. For the derivative of from (3.3.10), (3.3.11) we receive 
aD 
2 10a gm Het = oF. (3.3.12) 
A de 
= The magnitude of threshold, obviously, monotonically diminishes with the 
x increase of F. Thus, the derivative of 7 monotonically diminishes with 
Pe the increase of PF. By integrating (3.3.12), we obtain 
cos r 
Bo D(F) =: peu (3.3.13) 
fe 
es In a whole number of casey, the use of these general relationsiips consi- 
a derably simplifies the calculation of characteristics of detection. In the 
nS following paragraph we shall apply the recoivud results for the solution of one 


practically important problan, 





3.4. Comparison of "Detection in Interval" with "Detection by Points"! 


As was shown in Section 3.3 [sae expression (3.3.7)], if the parameters of 
the targets are unknown and can take any values in a certain region 5), then the 
relation of verisimilitude is obtained by averaging the relations of verisimi- 
litude, calculated fos various points of region Sia by the whole region, taking 
into account the a priori distribution p, (s). Usually, it is comparatively 
easily to construct a multichannel circuit, in each channel of which will be 
formed a voltage, preportional to the logarithm of the relation of verisimilitude 
\ (y, sz), where 8, is the tuiality of parameters of the target (distance, 
speed, angle), to which the given channel is tuned. 

In order to receive an averaged relation of verisimilitude, it is necessary 
te pass the output voltage of each channel through a mechanism with an exponent 
jal characteris'ic and to sum in weight p, (8). The realization of these opera- 
tions is connected with known technical difficulties and in practice they usuilly 
prefer to compare with threshold log \(y, 94) in each channel, which is equiva- 
lent. to the comparison with threshold A (y, $3). Such a method of acceplance 
of the goiution is significantly simpler, than that connected with the averag ity 
of A{v/s3) hy os, and al the same Lime allows simultaneously with devection te 
estimate approxmaitely the parameters of the detected target. 

Tn connection with this, it is interesting to know about the compar isen 
oY optiman proceduse of "detect fon ie dhvenval with the method of "detection ly 
potnts", This gueation already was considered Cor a particular case of exponen 
Liak distribution of the logarithm ef the relation of verigimilitude in pact, where 
the equivalence of these methods ia proven at gmali Fe. BKelow is given a very 
lax basia of this result for the wore general cage, 


We shall use the following idealizations, We shell consider that a priori 


are possltvle only of n values of parameters (Syyeeny “nd, whereupon all these 








values are equiprobable. We shall assume also that these values are distributed 
from each other sufficiently far, so that the corresponding relations of verisi- 
militude may be considered statistically independent, and that for all A(y, 84) 
the distributive law is identical. 

With these conditions, the problem is formulated in the following manner: 
there is a sum of independent random variables Z =19, » whereby either 
all A are described by the distributive law (A) , Sin - 1 of: them is sub- 
ordinated to the law (A) , and one, to the law Peu(A). Distributive laws 
Pus (A) and Pouw(A) are connected by the relationship (3.3.11): Pom(A)==Apu(A) , 
It is required to establish a connection between probabilities of exceeding the 
threshold of sum Z and exceeding the corresponding threshold by at least one 
of the components in the first and in the second the above-indicated cases. 

Let us consider at first the dependence of D(F) for the case, when with 
the threshold is compared the sum Z. Inasmuch as Z represents the averaged 
relation of verisimilitude, for distributive laws of this magnitude in the pre- 
sence and absence of a target, the relationship (3.3.11) is correct, and depend- 
ence D (F) can be calculated by the formula (3.3.13). The corresponding magni- 
tude of threshold we shall designate by C,, (F). 

We shall now express C, (F) by c, (f), considering c)(F) % 1, which corres- 
ponds to sufficiently small F. The probability of F,(C) is such, that nZ>0, 


in the absence of a target it is possible to write in the form 
oo a 
fae \ds Pug (2) Pam, (4 — 2) dz, 


where P,_)(x) is the convolution of n = 1 distributions pul2), By changing 
the order of integration and considering that 


i (2)d2 == F,..,(c), 
we obtain e 


Pa (e) = F,(e) + } Pus (2) Fa, (e — 2) dz. (3.402) 


ld" 





Converting both parts of this equation by Fourier series, an equation 


can be found for 


foie FPrleye tee is 


from which it is simple to see that 


fa (2) =f, (4) =! (3.4.3) 


The probability of F, (C) is determined from (3.4.3) by inverse Yourier conver- 
sion. It is known that with large arguments, corresponding to small Pa the 
behavior of the function is determined by the behavior of its spectrum at 
small A. 

Here, by distributing into a series the factor at f,(2) in (3.4.3) by 
powers of A and considering that 4, (0)--1 and $  (0)=-i},.,(0)=</, after inverse 


conversion, we obtain 


Py (c) = nF, (c) +E pu (0) qo... 

(c) nt af )+- 2 Pu (¢) | Ciba) 
Decomposition (3.4.4) should be considered as an asymptotic estimate of 

Fn (c), correct under certain conditions for sufficiently large s. The necess- 


ary condition of application of this estimate is the equality 


im 2m {) 
8 Fie) a0 
At. 
a4 Pin (e) « F, (c) tales) 


4t 4a possible to be Limited in (3.4.4) to the first member and to determine 


the magnitude of threshold c, corresponding to the given probability Ff. Con- 


sidering the presence of factor s before the sum in the expreseion for 2 and 


and substituting 





in (3.3.13), we obtain 


n 


Da (F=f (F) dF = D, a) : (3.426) 


In the case of detection by points, by considering the independence of 


values of A(y, 8;) in separate points, at nF; < 1, we have 


Fa=1—(1—F)" =a, Ga) 


D=1—(1—D,)(1~F,)"—"' = D, (F)-+- BF, eal) (3.48) 


Taking into account (3.4.7), the expression (3.4.8) may be written in the 
form 
F, 


Du (Fa) = D, (=) (3.4.9) 


coinciding with (3.4.6). Thus, under imposed limitations, the considered methods 
of detection of the target are approximately equivalent. This result justifies 
the utilized methods of construction of systems of detection in the form of a 
totality of separate channels, tuned to various values of parameters of the 
target and filling with sufficient density the a priori interval of change of 
these parameters. The approximate equivalence of "detection in interval" and 
"detection by points" allows at theoretical consideration of a number of problems 
of detection to limited to the synthesis of optimum systems of detection at a 
point, using for the calculation of characteristics of "detection in interval 
the formula (3.4.6). Hera, it is necessary to consider condition (3.4.5), under 
which the shown equivalence takes place. 

In the future we frequently will come in contact with the case, when the 
magnitude, connected with the logarithm of the relation of verisimilitude A by 
linear relationship, is distributed according to the law of chi-square with 21 
degrees of freedom. Here, the dependence FP, (c) can be written in the form 


F,(c) == jez ix * etx yen preity 
wri) 


ala be 


(304010) 








where a and b are proportionality factors, depending on the signal-to-noise 
or signal-to~interference ratio. The distribution density p,(c) is obtained 


from (3.4.10) by differentiation by c. For relation A we have 
Pall 


Fic) e © Dy t 


mc) @ Jy{i—k—I)! bcs * 
Pult) 2 a! )!(a In bc)* (3.4.11) 





from which it is clear that the considered relation tends to infinity upon 
tending c to infinity and at any n it is possible to take F so small, that 
condition (3.4.5) is fulfilled. Consideration of specific problems shows that 
to fulfill (3.4.5), it is sufficient that the general probability of false 
alarm for n channels is 5~10 times less than the probability of passage of the 
target. Thus, in the case of 1 = 1, the corresponding detection of a slowly 
fluctuating signal (see Chapter 4) in noises at signal-to noise ratio qo, we 
have 

Fite) 2 _._ te 2 BE cage 


Pale) @— 1 tq AI ODE A 
Given as the permissible, the probabilities of passage usually not less 


than 1073, when the probability of false alarm are usually several orders less, 


so that in real problems of detection, condition (3.4.5) is fulfilled. 


3-5. Double-Alternative Solutions with Use of 
Sequentiad Analysis 

In accordance with the general principle of continuation of the experi ment. 
when not one of the final solutions can be received with sufficient authenticity, 
A. Wald proposed the following procedure of double-~alternative solutions. At i 
gach moment of time t (at each stage of the experiment during discrete observa- 
tions) the relation of verisimilitude, composed for the all observed realization 
y(vy(0<r<i)  , Le compared with two thresholds A and B, If Ay) A, then 
solution d, 16 taken; if Ady) , d, te taken; 1? BCAs(y) cA, the teste are 


continued. A. Wald davsloped in detail the procedure of acceptance of 4a soluttean 








and calculated the corresponding characteristics for discrete independent 
‘observations [39]. Under certain conditions, these results can be wide-spread 
in the case of continuous time. Below we shall expound the results of sequential 
analysis in reference to this case. 

We shall find, first of all, the connection between probabilities of errors 
of solution F (take d, instead of da) and § (take d, instead of d)) and thresholds 
A and B. Region Y; of realizations y, the observation of which terminates in 


the acceptance of dj, is determined by the equality 

Py (y/s)= AP; (y/ss)s ‘ 
where t' is the moment of first output of A;(y) beyond the limits of interval 
(B, A). 


By integrating both parts of this equality by all y, for which it is fulfilled, 


we have 
1—3= AF, 


whence 


t— 


Amp. (3.5.2) 


“Analogously, region Y, of acceptance of d, is determined by the equality 


P (v/s,) == BP,, (y /S4). 
Integrating both parts of the equality by all yEy, , we obtain 
. ex BU ~ F) 
and Rane 


tt ig interesting to. note that in the case of uve of sequential analysis, 
F and {} are not connected together and can be given independently. Besides 
thease ohapnetentatiea, in the use of sequential analysis an important rele is 
played tythe duration of the teat. The most accessible for the determination of 


the statistical characteristics of duration t' which ia random, is the muthematical 


Rope ryt ge 






















expectation t', For calculation of t', we introduce L(t)=logA;(y) and 
shall assume that 


t 
Li [ dt 


Lj=1, (34563) 


where 1, does not depend on?. We shall now take the interval of time T so great, 
that is is possible to affirm quite reliably that t'<T. Then on the strength 
of 3.5.3) 


. 





Ce tk _ 
L(y tP == [tu (wdt-+ |b pat = E+, [wba 
(3.5.4) 
Function L (t'), on the atrength of determination of {! takes one of two 
values, a = log A and b = log B. The second component in (3.5.4) is the mean 
value cf the integral from the random function, one of the limits of which 
t' is random, where t' and Ay) ('<t<T) » in general, are not independent. 
However, if T= t!' 48 great as compared to the time of correlation of the procesa 
ly (y), it is possible to consider 


NR TED 


=~ : — fy, | ‘ : 
Substitution of (3.5.5) into (3.5.4) gives 
7 tO, a in, (3.5.6) 7 
At s€S, | | 
wheve 1', @ Jy at x65, . . 
Analogously, at s€S, 
Pow (Lom P bog A ding A 1, pte. da 
Pao DEAL He R10, 2 (3/5.8) 
In these formas 
ary tp = FY sls : 
AP. Bye Plog Ap ob log 5.9) 
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If the losses, connected with the continuation of the experiment, are direc- 
tly proportional to its duration, then, by using (3.5.7) and (3.5.8), there can 
be obtained an expression of average risk, depending on F and 6, and the risk - 
can be wninimized to the corresponding selection of these probabilities. 

A. Wald and J. Wolfowicz [41] showed that the considered decisive rule 
ensures a minimum of average duration of the experiment at given F and 6, and 
thereby proved the optimumess of this rule, 

Questions of application of sequential analysis to problems of detection of © 
signals are contained in a number of works in the USSR and abroad [42-~47]; 
however, on the ways of its practical use there still are principal difficulties, 
Some of them we shall consider here. 

As already was noted, the duration t' of observation with the use of sequen- 
tiul analysis is random. The losses, connected with the continuation of the 
experiment, usually can be considered proportional to t' only on a certain finite 


section. Therefore, for a detailed explanation of the advantages of sequential 


-analysis it is necessary to know the distributive law p(t'), the calculation of 


which fer the majority ef practical eases ig an inuuperable peoblem in the 


given stage of develomuont of the theory. Even the culculation of mean value 


e 


ef &' is dene only under very particular conditions (4.5.5), not éarried out Por: 


a whole number of practically important cases (detection in interval, slewly 


fivgtuating stmal, ete.). 

ota. the divtributive law ean be determined oxperinentally; bowaver, 
in some provlems, such a determination is ae* satisfactory. tne of the sost 
inportan: of these protleas is ‘he preblen of multichannel detection, when, 


before turning the antemia to another direction, it ja necessary to take a 


—adlutian on the presence of a target in one ef the channels, untuned, for exuwaple, 


hy distance, or of the absence of a target. in all channels. The use of the class~ 


uaa praceliare ©? sequential analysia with two constant thresholds in each channel 

























leads, in this case, to essential losses in time, since the transition to a 
new angular direction is possible only after in each channel there occurs a 
transition to one of the thresholds. 

Thus, the full time of observation is determined in the case by the magni- 
tude max t'y, where t',(i = 1, 2,..., m) are the times of the observations, 
corresponding to the various channels. Obviously, max t'; can many times exceed 
tt. In connection with this, in [47] was proposed the use of variable thresholds 
A and B; however, the calculation of optimum functions A(t) and B(t) is hampered 
by the absence of a common method of calculation of probability p(t'), which in. 
this case should be known for arbitrarily variable thresholds. 


The calculation of the optimum law of change of A(t) and B(t) is conducted 


in [47] by direct method (in steps) for the case of double storage of statisti- 


cally independent pulse signals in the receiving mechanism. The gain in the 


threshold signal in the use of such a procedure of detection, instead of compari- 
son with the threshold of the relation of verisimilitude, calculated in fixed 
time, constitutes 3--4 db at n= 100, F~ lol, B= 0.1. these results may be 
considered only as especially preliminary, since the conditions of their obtain- 
ment greatly differ from actual conditions. On the whole, this problem, which 


is of great theoretical and practical interest, still awaits its solution, 


3.6. Multi-Alternative Solution. Detection of Target 
with Sinultaneous Estimate of Its Parameters 
We shall now complicate the problem, considered in Section 3.3, consider- 
ing a number of mutually exclusive alternatives to be arbitrary (dos dyseesy dd 
Any determined decisive rule, leading, at any y, to the acceptance of one of the 
solutions do,.+0, dy, reduces in this case to subdivision of a set of possible 
realisations Y into such subsets Yoiaces tw that at y€ Yi dy (PSO Aljsie, A) 


ds taken. The expression for average risk, corresponding to such a rule, has 


hey Fa 


ao : ORE Sin ante Pan eaten ene 
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the form 


R(d)== 8 {dy J pals) da, 8) plyts) ds. 3630) 


So that the magnitude of risk R(d) is minimum, it is necessary for every reali- 


zation y to have such set Yi, for which the integrand 
R(daly) == | pels) 1 (dys s) plus) ds 
(d,/y) 4 Pols) (d,, S) p (u/s) (3.6.2) 


is minimum. It follows from this that the region Y; is determined by the follow~ 
ing inequalities: 


f(a, s)p(ylsids< 
Ss 


cf pil ldn sipluishds Uf 0). | 
5 i S)P(y,s)ds j 4:1) (3.6.3) 


The meaning of the received decisive rule is obvious: the solution is always 
taken, which is connected, at given y with the least risk. If at any y, dy, 4, dn 
(3.6.3) is attained an equality, then such y can be arbitrarily referred to one 

of sets Yj, Y~ without a chanve of the magnitude average risk. 

The necessity of selection of one of the many alternatives in problema af 
detection appears in those cases, when, . (ultaneously with the acceptance of 
the solution on the presence of a target, it ie necessary to accept definite 
solutions relative to the properties of the detected target (for example, to 
determine the aistance to the target or number of targets ina egreup). 

imt us consider one of the most frequently encountered problems of such kind, 
Let 4 tarret. appear in one ef the pointy of the intarval of change of distance 


(or speed) At. Tt ds required to detect the target and indicate the value 





A of 4 with an accuracy, sufficient for aecuring the target by the aystem of auto~ 
bye tracking. 

co We shall consider that for this at d¢ required to determina, to which n 

ee 

ba of nenoveriappine intervals 2. (their width 82 a ig equal te the width of 
oe 

Bt Lie discrimination response of the system of tracking) belonza the true value of 
6 








parameter 2. There are ntl possible solutions: there is no target (d,), there 
isa target and 4C°4,(4.),.--, , there ia a target and 263%, (dn). 
We shall introduce three possible values of the function of losses: 


Idi, s)=/- (1 =1,.00, n) (losses, connected with false alarm), /(do, Sy) = 


=/, (i =1,..., n) (losses, connected with passage of target), /(dj, 5.) = 
=/, (i, k = 1,..., n) (losses, connected with incorrect indication of interval 


4, , in which the target is located). Inequalities (3.6.3) thereby take the 


following form: 
at i, j0 
§ aapulna< J papiy/ryas, 
aD, ad 


th (3.6.4) 
At j=-0 


fa § pd) ply/apda+- 
b1—&j 


+ 1p Psd Puls t, | Pu(d) piy/dyaa, (3.645) 


where P(a,) is the a priori probability of absence of target. 

At i = 0, we obtain an inequality, the reverse of (3.6.5).. 

From (3.6.4), (3.6.5) 4t follows that the solution on ths presence of a_ 
POEESY in the interval a should be taken upon fulfillment of seeniess tae 


Tie P(A) plyld) dd >, psy) plyfs,) —~ 


=~ taf warp be) 


Practically, for a number of probless, the detection ofa tanget not: in 
that interval 4a, , im which tt ie in reality, 40 equivalent in its consequences 


_to nassage of the target. Therefore, it ie possible to place /,=:/, . In 


4ST 








this case, the decisive rule, determined by inequalities (3.6.6), (3.6.7), 


reduces to the comparison of the averaged relation of verisimilitude 


Ai (y) = Ay, Add G=Hls Be..p ny 
=f m@ay, yar ( n) (3.6.8) 
with the threshold 
ass P(S) lp ‘ 
C= —T peli (3.5.9) 
where Pa (A) = py (A)/|t — p(s.) is the a priori distribution 24 under the 


condition that there is a target. 

ne relations of verisimilitude, exceeding the threshold, are selected 
and are compared to seach other. It, is considered that the target in this case 
is in the interval 62, , for whicn A,(y) has the highest value. If p, (4) 
on interval 32 is approximately constant, which usually takes place, and 
Delt (PB » then, as it was shown in Section 3.4, detection in interval 42 
is approximately equivalent to the comparison with the threshold of tiie relation 
of verisimilitude in each point. The magnitude of this threshold should be selec- 
ted in such a manner that the general probability of false alarm remains constant. 
In a large numver of cases, the interval & 1 is small or approximately coin+ 
cides with the width of the interval of solution by parameter 2. 


- ‘The average risk for the considered problem is entered in the form 


R(dyexl Vi PLO itl, Pls) f (3.6.10) 
dk 


whero P,(84,) is the a priori probability of the presence of a target in inter- 
val “84, 3 . 
a is the probaubllity of not detecting this target in the given interval, 
when it is there. | 
Analogously, it is posaible to introduce the probability of false alarm fF, 


in the ith interval. For the calculation of & (d), one can use the properties 


of the dependences 1, (¥,), considered in Sections 3.3 and 3.4. 


ayes 
LEY 











Used in the consideration, the subdivision of a priori interval A into 
intervals of finite duration 6a is, for a large number of practical problems, 
not wholly a justified idealization. We, as if, consider that the tracking 
system, intended for automatic tracking of the detected target, can be tuned 
only to determined discrete values of parameter 4 and the problem of the system 
of detection is the indication of those of the values, which are closest to 
being true. Such situations, undoubtedly, can take place; however, more freq- 
uently it is required to directly indicate the position of the detected target 
with accuracy, sufficient for lock-cn by the tracking system or for the comple- 
tion of any other problems. Here, on the basis of observed realization y is taken 
either the solution on the absence of a target, or the solution on the presence 
of a target with a determined value of parameter 24 (or several parameters). 

The problems of determination of unknown parameters of the distributive law, 
on the basis of observation of some realization, described by this law, in 
statistics are called problems of estimation. The theory of estimation, with nec-~ 
essary detail, will be presented in chapter 6, volume II. Here we will touch 
only certain questions of theories, having direct relation to problems of detection 
with simultaneous estimation of parameters of a target. Here, we shall conaider 
the parameters to be unvariable during the time of detection (i.e., consider 
their change to be small ag compared with the corresponding intervals of the 
solution). 

Lat ua consider for simplicity, the case of one parameter. (AdL rea ings, 
conducted for that case, are directly generalized in the case of several par.- 
metery). We shall introduce the function of losses wii. a) , connected with 
the error of measurement, depending an true {4) and eatinated (2) values of 
the parameter, The problem of eotimation coincides, obviously, with the problem 
of a multi~alternative solution with an infinite number of alternatives. In 


accordance with (3.6.3), the solution on the presence of a target with parameter | 
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, should be taken, if the following conditions are carried out: 


fwd —wld,, hp, piso at ii, (3.6.12) 


ah 


fu- © GF, A} py (2) ply/2)dd > 1, p(s,) py/s,)- (3.6.12) 


The procedure of acceptance of a solution, corresponding to these inequali- 
ties, consists in the following. For all i, we check che fulfillment of inequa- 
lity (3.6.12). If this inequality is carried out at least with one value of 
4, then the target is considered to be detected. As the estimated value of 


the parameter of the detected target, we select that value i=:d, , with which 


is attained 
min| w (A, A) py (4) p(y/ay dd. 


\ 4. 
(3.6.13) 
We shali introduce the function of losses of the form 
‘ ae 
wa, a) tft ~wai( at | ’ (3.6.14) 
where &@, is the permissible error, and 
| [ays oy: 
reebya) -- 
| 0 jw] ne (3.6.15) 


We consider, thereby, that there are no losses, if the error (2--2! does 
not exceel the determined magnitude 32 (for example, the half-width of the 


discrimination curve of the tracking system), and is equal to the losses upon 


ji- a>" « With the introduced function of losses, the solution 


passage, if 


on the presence of a target ia taken on the basis of comparison of the verisun- 


litude relation 
{ye 


vt, 


At dy 5 baldbdin, Add 
ee (3.6.16) 


with the threshold (3.6.9) at all i. If at least in one point  Aytw. djoe ;: 


then the solution is taken that there is a target, and ay the ostimated value 


of parameter 2 is selected that value of i , at which Ag(ys 2) is maximum, 
In accordance with the results of section 3.4 under certain conditions, the com- 
parison with the threshold 4, (y,4) can, without losses be replaced by compari- 
son with the threshold ¢,(4) of the relation of verisimilitude A(y,2) in each point 
of 2. Selection of the maximum value of A,(y, 4) at sufficiently small 71 also 
can be replaced by selection of the maximum of a,(4)\(y,4) . Inasmuch as in an 
overwhelming majority of problems, the a priori distribution is unknown, it is 
expedient to make /,(4) equal to the least preferable distribution, which usually 
turns out to be uniform. Here, the dependence of threshold ¢,(4) on 4 disappears, 
Obtained as a result of these gimplifications, the procedure of acceptance 
of a solution is close to that practically utilized. Usually, the a priori 
interval of change of parameter \) is filled with sufficient density by 
channels, timed to the fixed valuea of 2),... An = The output of every channel 
js compared with the threshold, and to the target is added the value of para- 
meter >}. corresponding to the channel, in wich exceeding of the threshold 
oceured, It the width of interval «¢, is greater than the resolving power in 
parameter >, then such a method of determination of 3 is practically equiva~ 
lent to the above considered, since operation in channels, detuned relative to 
the target sienal by more than the magnitude of the interval of solution, occurs 
only due to noises and, consequently, with very low probability. The advantage 
of bite method, basides its relative simplicity, is the fact that it-can be, with 
sucesg, used for siutultansous detection of several tarvets, occcurring in a priori 
. dnterval |) 


Tf the radar set, in the composition of which dg the considered system 





a of lock«on, operates on the target desimation data, then the presence of a 
aS target. ina priori interval A, is considered to be an established fact and it 
‘oe - pamaina to estimate the magnitude of ite parameter, The decisive rule in this 


Vegi case in deterinined by eqtation (3.6.13). For the function of losses (3.0.14) 





ae at quite low &), the estimate of j, determined from (3.6.13), practically 


coincides with the estimate according to the maximum of a posteriori probability 


| . max Pah) Ply! ONY a. tay Pa (4) oly/a). (3.6.17) 
nt { poreu . - 

et : 

= If distribution p,(.) is considered uniform, then } is determined by the 
‘2 

ey maximum of any monotonically increasing function of the relation of verisimili- 
oN tude. In practice, usually in this case, the selection of }j, is made on the 


basis of comparison.A(y, ?.)with the threshold, the exceeding of which in the presence 
of some noises is probably low. Such a method can be used upon falling of several 
targets in the interval of target designation. Comparison of these methods, 


presenting significant interest, can be made only for certain particular cases 


funstions of losses ti 4) , approximately coincide with the estimate of the 


oe (see Chapter 4). 

" Instead of the function of losses (3.6.14), others can ve used, for example, 
: quadratic (etd ay (-- a] 5 Lf the a priori distribution P, (i) changes 

- slowly a9 compared to function /tv’4)  (funetion of verisimilitude), and the 
bo function of verisimilitude ia syumetric relative to some 2 within the limits 
be of its main maximum, then the optimun estimates, corresponding e symmetric 

6) 


imaximum of a posteriori probability (see Chapter 6 Table IT), 





3.7. Sufficiont Statistics,  Pringiple of 
Inverse Probability 


re In any problem of statistical solution, the form of the optimus decisive rule 
re _ ds determined by such factors as the character of the taken selutiong, the atili-~ 


‘ged ariterion of optimumness, the presence and authenticity of a priori informe 
tion, ete. It would have been possible to expect that the change of any of these 


factors leads to an essential chunge of the decisive rule, to the shange of 
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M eonversions, which is subjected to the observed realization in the process of 
an anlution, However, the results of the preceding paragraphs vhow that this, at 
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least, is nut always so. In all considered preblems, the soluticn was taken on 
the basis of comparison of certain integrals from the function of verisimilitude 
p(v/s) or the relation of verisimilitude A(vjs). Thus, the formation of a functi 
or relation of verisimilitude for the observed realization y enters all the 
decisive rules considered optimum from any point of view. This is the result of 
a more common regularity, discussed below. 

The observed selection or realization, on the basis of which the solution 
is ‘taken, alone with the useful information, concerning the tuken solution, con- 
Lains unnecessury infowination. For example, the taken signal contains infor- 
vation on the level of noises of the receiving mechanism. In the process of 
treatment of a signal, precescne the acceptance of the solution (for example, 
in the format:an of the relation of verisimilitude, the preceding comparison of 
this rejation with thetareshe! (), the unnecessary information is partially 
eliminsted. flere, if treatment of the signal is optimum, during all conversions 
of the siemal, the usefal information should be completely kept, so that the 
resul’ of eyeh conversion ean be used instead of the initial realisation upon 
acceptanea ef a saiation withas! deeraane of authenticity of thin solution, The 
resulta of conversions ef such ind da called sufficient statistica 14e¢ i, thay 
fay that the conversion yi. yy preserved sli useful infermition on se S) gone 
tained in x, if for any methet of acceptance of solution on a on tha basis of 
y there exists « method of Aecoplince af AOL -or on goon the bisas af eae, 
teafifie te ibe caame cbisterdiutive ftaw for the tukert solutions atoauny os, Here, 
any vlan, accwgsible with the bie of # (at any cunetion of donsesd, La alse 
acepsniblie with the use of yt Ay 

From the deterainat ton it ds obvious that aurficient Statiulies are, in 
particular, the very realiqution of y and the results of any oniestonorie conver+ 
sions of this realigation (for example, ampJification), However, these suffinient 


statiotica sentaia, slong with uageful unfermatton aloo ali afinecensary infornat tor 





contained in y. The unnecessary information is eliminated only with nonrever- 
sible conversions, with which the same result is obtained for a certain totality 
of initial realizations. Among the nonreversible conversions there exists [48] 
such, with which the unecessary information is eliminated in a maximum degree, 
possible under the condition of preservation of useful information. The result 
of such conversion is called the minimum sufficient statistics. In the theory 
it is proven [48], that under quite general conditions of minimum sufficient 
statistics, is the totality of values of the relation of verisimilitude A(y, s) 
at all 3, and also, obviously, any one-to-one functions of this relation. 


It follows from this that the receiving mechanism, on the output of which 





Le will be formed one of the minimum sufficient statistics (for example, log \(y, 9) 
for all a priori of possible 3), ig sufficient in the sense that the output data 
of such a receiver can be used instead of y upnn acceptance of any solutions, 
concerning s, without a decrease of authenticity of these solutions, Any subs- 
equent nonreversible conversions of these output data should be directly connected 
with the form of a priori distribution and the character of the taken solutions, 
The resulta of these conversions already will be sufficient stutistics not for 

any solutions relative to 9, but only for fully determines ones. Sich a suffie 
alent receiver should be considered optimum in thoue cases, when the character 

of the taken solutions oan change in the process of operation of the radar set 


and the requirements fur decisive rules cannot be formulated clearly enough. 





who i gtiided by vague, in weneral, considerations, not always adding to the 
quantitative galculation,. 
A vufficdent receiver tay be imagined in the Ports ofa totality of channels, 


in eath of which will be formed, for example, log ay, 3} for one definite value: 





of 4. Tit certain problema, not all channels can be used, but onty a determined 


. part. Thos, in the construction of an optimum digeriminatar of « tracking system, _ 
ae St.du suffictont te use two channele, detuned on the correspending pasameters 
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This, in particular, refers te that cese, when solutions are tuken by an operater, - 








Optimum systems of detection usually switch all channels in the a priori interval 
of parameters of the target. The continuum of channels for all s, as already 
was noted earilier, usually is replaced by a finite number of channels, detuned 
on the corresponding parameters so little, that A(y, 8) from channel to channel 
changes unessentially. 

The described approach to optimization of radar receivers, with which the 
receiver is considered to be optimum, if on its output will be formed minimum 
sufficient statistics, was formulated in [49]. Significantly earlier in the 
works of F, Woodward and I. Davis (50, 8] was formulated the so-called principle 
of inverse probability, according to which, the output of the optimum receiver 
should be any monotonic function of a posteriori probability distribution for 


possible situations 


a Pe(s) p(y.) 
pisiy) abe e es), 
ee (3.7.2) 
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Here, the authors originated from the fact that a posteriori distribution 
completely characterizes the uncertainty with respect to the real situation 3, 


kept. after reception of signal y, and, consequently, contains all information on 


.8 contained in y. Formally, the principle of inverse probability is a parti~ 


cular case of 4 more common approach, connected with the conception of auffici-~ 
ent statioties (p (3/y) —» sufficient statistios); practically, however, the 


resulta, obtained with the help of both approaches, coincide. 





3.8. Optimization of Space 


&. munher of very important and complicated problems appeara in connection. 


with rational selection of a method of scanning space by radar. 


Scanning can be curried out in distance and in speed in those cages, when 
the system of detection cannot be made multichannel by these paramcters (us 


this ie required, proceeding from the above well-developed theory) due to 
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technical causes. In distinction from distance and speed scanning, scanning 

at angles is, in most cases, necessary in principle, since the sector, in which 
the target is detected, usually considerably exceeds the width of the beam 

of the antenna. 

A significant part of the problems, connecting with scanning cannot be 
solved in accurate formulation due to the absence of sufficiently effective 
mathematical methods. We shall be limited here the solution of some simpler 
problems under rather strong idealizing assumptions, The received general results 
will be partially specified in suodsequent chapters. 

During the analysis, we shall distinguish conditions of scanning space and 
searching. By scanning, we mean the conditions, characteristic for radar sets 
of remote detection, when the a priori information about number and position 
of targets is completely lacking. The problem of such radar igs the golution of 
the question of th3 presence of a target in each element of resolving power, — 
into which it is possible to conditionally divide all the inspected space. The 


conditions of searching we ahall call the conditions, characteriatic for radar 


sets, working on the target deyignation data. During searching it is possible to. 


consider known the a priori probabilities for nuwnber and positian of targets. — 


' The form of corresponding distributions is determined by the distribution of 





conditional and connected exclusively with considerations of convenience ot 
Solxtion of the problem and the exposition. Aa the result of further deveop~ 
went of the theory, the problems, related to thease vonditions, poauidly, ean be 
united, | | | 

Ys seanning conditions, a problem of the radar vet is Larget detection with 
a high probabd lity for a rather ashort time st a quite low Crequency of faise 


alarma, The probabd ty of correct detection D ia a function of the time of 


detection T,, frequency of fuloe alarma f{ and signal-to-noise ratic (ur signal 


possitle errors of target designation. Such separation is, certainly, very 0 S00 
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to-interference) q 


D=D(T,, f. 4). f Ges ot eB.) 

The form of the function depends on the method of scanning. Usually, 
scanning is produced with constant speed, the selection of which can be the 
first step on the way to optimization. Selection of speed of scanning deter- 
mines the number of cycles a, , into which the detection time is divided. Joint 
processing of signals, taken in various cycles, requires usually 4 very large 
quantity of memory cells in the system of processing, since at contemporary 
speeds, the detected target, in time T, can be transferred to a very large 
number of intervals cf solution in distance and speed, In order to be éonvinced 
of this, let us consider the simplest numerical example. . | 


Let us consider only solution in distance; the interval. of solution consti~ 


tutes 50.m, radial speed of the target ¢. = 100 ~~ 1,000 m/sec, detectian time 


Ty = 5 sec. During the time Ty, the distance to the target can change by Su -—- , 
5,000 m, i.e., by 10 ~- 100 intervals of solution. Inasmuch as the speed of | 
the target baforahand is unknown, we are forced to anticipate processing of the. 


signal, taken in each element of solution, in distance in the first cycle, jointly 


: with the 90 elements of solution in the lust cycle and, consequently, have in 
the receiver 90 chantels of such joint processing on each element of solution in — 


Vier distance, 


In eennection with the noted circumstance, - it Sa expedient to make 4 cum-, 


“parison: with the threshoid of the result of procesuing of the signal in each 


cyele separately. Hera, inasmuch as auch a method differs from the optimum, 


Gt is reasonable to decrease the number of cycled, in order to lower the influ- 


ence Of nonoptinainess of processing. 


Huwever, here io another factor, acting in the opposite direction, Such . 
factors are f}uatuntions of a signal reflected frow the target. If signale 


from the target in various cycles are statintically independent, then the 
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probability of 9maji values of reflecting surface in all cycles decreases with 
the increase of their nwnber. Thereby, the influence of fluctuations on the 
faerie of probability D decreases. The influence of these two factors 
stipulates the existence of optimum number of statistically independent cycles. 
More specifically, these questions will be considered in the next two chapters. 
Here we will need only the conclusion that the detection time should be suv- 
divided only into statistically independent cycles (bear in mind the fluctua- 
tions of a a eh neighboring cycles), if, certainly, subdivision is not 
connected with any other considerations, | 

| If, in subdivision into cycles, the solution on the presence of a target 
is taken with at least one exceeding of the threshold during time 7,, then the 
memory in the system of detection from cycle to cycle can be completely absent. 
In principle, memorization of the fact of exceeding of the threshold in the com~ 


puter of the radar set does not amount to much, Therefore, ja consideration, 


ee CES is expedient also to include such decisive rules, with which the solution on 


the presence ef a target is taken with the appearance of 3 weries of exceedings 
of the threshold (at leust k from tu ), cecurring in various elem@nte of solu. . 
tion, if the trajectory, passing through theae elements, is not linprovable for 
the considered class of targets. Here, there arloes She question about selec 
tion of number je at given tu | | 

if tiuetuations ef a signal in neighboring cycles are independent, ahd the 
signaleta~ interferenca ratio doeine time T, changes little, ther che number of 


axcmmedings of sbreshold in a cycles joa subordinated to binomial distributive L.w 


‘Here; for probabilities of false alarm and correct detection the following expres- 


-Sions take place: 
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where oO, am y.., are probabilities of exceeding of “presnoid in the absence - 











and in the presence of a signal from the target accordingly. 
If Spu<tand 4(t—pou) <1 5 which frequently takes place, then (3.8.2) 


May be replaced by approximate relationships 
wee a ak wy 7 R me nok + / 
F= (te pwt—(,",\t Pew)"~**". (3.8.21) 


Considering the dependence 3,(fu)=!-— Peu (Pu) to be known, from (3.8.2') 


eae) M)] 
(i) (3.8.3) 


where T is the part of total time T,, occurring on one element of solution. 


we obtain 


By minimizing this expression by k, we can find the optimum number of 
exceedings of threshold (see Chapter 4). | 

‘In principle, it is possible es abandon the uniform scanning and change the 
see of scanning in accordance with the results of observations, quickly exam- 
ining the direction, where the a posteriori probability of the presence of a 
target is low, and delaying in the directions, suspicious in the sense of pres- 
ence of targets. We arrive, thereby, at dynamic programming of scanning [11]. 
Upon detecting the optimum program of scanning various criteria of optimumness 
can be used: minimum average time of scanning, maximum probability of detection 
of each appearing target in a given time after its appearance, etc. In the 
solution of these p.oblems, one should, in general, consider the change of the 
Signal-to-noise ratio in the approach (or departure) of the target. 

Tf the criterion is used of minimum average time of scanning with given pro- 
babllities of correct detection and false alarm, then for the class of problems, 
seein conditions (3.5.3), the optimum method includes, obviously, the use 
of sequential analysis, If the system of detection is multichannel, then, as 
was notsd in Section 3.5, the procedure of sequential analysis should be 


modified. Effective methods of detecting of optimum means of scanning for 
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that case, as for ovher sriteria of optimumness, at present not are developed, 
This problem can be simplified cy limiting the considered methods of scanning. 

In particular, it is possible to assume that seanning is produced in 
several stages, whereby in every stage are examined only those directions, in 
which there occured excaeding of t' reshold on the preceding stage [11], and the 
time of observation at each stage is constant. If the signals, taken from the 
target in various stages of scanning, are considered to be statistically independ- 
ent, then for the probability of passage of the target at m-stage scanning, 


Bu (Ff, T), we have 


Bu (F, T) = AlFu TYE BaF Tbe HU BD 
ooo (L = Bra) Bae (Fans Tan)s (3.8.4) 
where e(Fs> T;) is the probability of passage of the target on the ith stage; 
F; is the probability of false alarm; 
T; is the time of observation on the ith stage. 


The general probability of false alarm and average duration of scanning 


without targets are determined by relationships 


eo 
Fou F,..F yo -," = : i 
Peleg SE (3.8.5) 


Tye (Pe t(T PR Tye oe BB ye FinsT ds (3.8.6) 
where ]. is the number of elements of resolving power in angles in the sector of 
scanning. With k targets in the sector of scanning, the time of scanning is 
increased by k (Ty 1 Ty teeet Toads Inasmuch ag * is usually very low, the 
relative increase of 7 is insignificant and it is possible not to consider it. 
Here, the formulation of the problem is obtained more clearly and the solution 
is not connected with the a priori information on ihe presence and on the quantity 
of targets. 

For an m-staga scanning, it is possible to formulate a number of very 


interesting problems on the minimum, It is possible, for example, to find 
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Py Foseeey Fry and T), Ty,.0+, Ty, ensuring the minimum By (F, ¥), or to find 
minimun T at given F and Ba The solution of these problems can be reduced to 
the solution of functional equations, the form of which is characteristic for 
problems of dynamic programming [51]. For example, the first of the formated 


problems reduces to the equation 
Bm (FT) = minis, (F,, 7.) 


Ta, 
FU AE TBaalEe See), (3.8.7) 
ensuing directly from (3.8.4) -- (3.8.6), The meaning of this equation is clear 
from the following reasonings. 

Let F) and t be selected from any considerations. At given ? and F, the 
average time of scanning and probability of false alarm fur subsequent stages 
are determined by relationships [see (3.8.5), (3.8.6) ] 

Ppatoh f 

TS fi? Paz fi F,° 
So that the general probability of passage Bt (F, T) is minimum at given T) 
and Fy), it is necessary to select Tay,e.0., Tn Foseees Fy from the conditions 


of minimum 


; ee 
Brom (F T!) om bo Ce F, ) . 


After this is done for any T, and Fy, for final minimization of B, (F, 7) 
it remains to select T, and F,; in such a manner that the expression in brackets 
in (3.8.7) is minimum. 

In {51] under very generil conditions is proven the existence and singularity 
of the solution of equations of the form (3.8.7), and also convergence of the 
method of successive approximations for these equations. This method is, 
probably, only, a rather general method of solution of equations of the consid- 


ered form. 
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By assigning o snecific form of dependence Bi (Py, T)) and using equation 
(3.6.7), it is possible, in principle, to find an optimwn method and Lo estimate 
Lhe effectiveness of multistage acanning. For certain particular cases, these 


questions will be considered in subsequent chapters. 


309. Optimization of Target Search 


Let us now turn to the consideration of questions of target search by radar, 
operating on target designation data. An account of these questions will be 
made, partially being based on results, received by I. N. Kuznetsov. 

Let, in moment t = 0, be issued a target designation on the presence and the 
position of a target. Inasmuch as the target designation on the postition of the 
target is given with an error, for lock-on by angle, distarice or speed, in most 
cases if is necessary to search in the interval of target designation, the 
magnitude which is determined by the distributive law of errors, This distri- 
butive law represents a priori distribution of positions of a target for the 
problem of searching. 

We shall introduce function g(t), characterising the losses, connected with 
the delay of lock-on in t sec. Delay t is, in general, a random variable and 
is described by a certain distributive law p(t/s), depending on target coordin- 
ates s and the method of searching. Every method of searching can be character~ 
ized by the magnitude of conditional risk at various values of target. position 


data or by the mnmagnitude of average risk, determined by the expressjon 
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Ry minimizing average risk R in all possible methods of searching, satis- 
fying certain conditions, it is possible, in principle, to find the optimum 
mebhod of searching, corresponding to the considered function of losses and 


given conditions. The necessity of assignment of additional conditions is 
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is completely evident, since equality (3.9.1) does not consider in itself the 
possibilities of false lock~on. The form of these conditions can be very diff-~ 
erent. As in the case of scanning, it is possible to assign a permissible 
average frequency of false alarm or probability of at least one false alarm from 
the moment of the beginning of searching, to lock-on. In those cases, when false 
lock-on leads only to losses in time (for the duration of a certain time, until 
a breakdown occurs, a false target is accompanied), additional conditions can 
be formulated in the form of requirements in duration of reliable work (without 
breakdowns) after target lock-on, We can assign, for example, an average time 
of work by signal or the probability of work by signal for the duration of a 
given time, Let us divide the inspected sector into unit cells, the size of 
which is determined by the resolving power of the radar by the corresponding 
coordinates, and number the cells in order of examination. Let us consider 
that the search is made in jumps from cell to cell, and the duration of a jump 
will be disregarded. Let us assume, furthermore, that the signal from the 
target is taken only when the system of searching is in the same cell as the 
target. A model of seanehine, obtained as a result of these simplifications, 
accurately reflects the main lines of the considered problem and at the same 
time allows to avoid excessive complications, connected with the form of direct- 
jonal diagram of the antenna, form of the strobe and so forth. For this model, 
“formula (3.9.1) can be copied in the form 
Re Vo, Je auhnde (3.9.2) 
» 
where p, is the a priori probability of the presence of a target in pth cell; 

P(tip) di ig the probability of detection of a target in pth cell, in interval 
of time (t, t+dt). 

Delay t represents the sum of delay times 1, in cells, the examination of 


which preceded detection, If magnitudes t; (being, in general, random, for 
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example, in the use of sequential analysis) may be considered statistically 
independent, then the characteristic function is obtained by multiplication of 
characteristic functions r, and averaging of the product by the number of cells, which 
due to the possible passages of the target, is also random. 

For the considered model of searching, optimization can consist in the 
selection of the order of examination of cells and characteristics of decisive 
rules (tame of delay, magnitude of thresholds, etc.), utilized in the acceptance 
of solutions on the presence of a target in each cell. In order to simplify 
the sol: +ion, we shall assume these decisive rules to be identical. Analysis of 
.. more general case requires very laborious calculations. As showed the con- 
sideration of certain particular problems, the gain in the threshold signal, as 
conrured with the case of equally justified cells, constitutes 15 — 20%. 

Selection of parameters of the system of lock-on (time of delay in cell, 
probability of passage at given frequency of false alarm), of minimizing average 
risk, requires assignment of a specific form of characteristic of detection in -- 
. cell. Therefore, we shall postpone consideration of this problem to subs- 
»vient chapters and be limited here to the selection of order and examination 
'f cells. The function of losses will be considered as a linear function of 
‘{me, Here, average risk is proportional to average time of searching f, to 
the minimization of which we will tend. 

We shall start from the simplest case of cyclical searching, with which 
a whole a priori interval of target position data is examined in a pre-determined 
selected sequence, Such a method of searching is also used in an overwhelming 
majority cases in practice. Under the condition that the target, in pth cell, 
was missed in 1 cycles and detected in (1 + 1) th cycle, the average time of 
searching ¢: is determined by the formula 

fila) =, ee 1) Fe EL (N — Is, (3.9.3) 


where ¢% 


~~ average delay time in cell with target (with signal), when target 
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is detected; 
t, ~~ the same average time, when the target is missed; 
t — average delay time in cell, in which target is absent; 
No -- number of cells in a cycle. 
The probability of detecting a target in the (1 + 1) th cycle is equal to 
(l-— #13! 3s is the probability of passage); therefore, as a result of averaging 


(3.9.3) by 1, we obtain 


fiw (ea -pee+ Qe eV D8, (3.9.4) 





whence 


ee Sa tee) on tel Dea ty te — Ue. (3.9.5) 
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Tt, is necessary to emphasize that ; is calculated under the condition that 
the turget. is in one of N examined cells and that there are no false lock-ons 
durine the time of searching. If the a priori distribution has a finite width, 
then fulfillment of the first condition is ensured by examination of all cells, 
for which p, #0 , Ohterwise € is a conditional mathematical expectation, and 
Py should be considered as conditional distribution, Selection of the number 
of examined cells in this case is carried out, proceeding from the permissible 
probability of target miss not in one of the inspected cells. This probability 
can be selected a “ew times less than the permissible probability of nonfulfill- 
ment. of the tactical problem (for example, not striking the target). 

The fulfillment of the second condition is ensured by assignment of a rather 
low probability of at least one false operation during the time of the search, 
In systems with automatic tracking, in which false lock-on leads only to losses 
in time, this condition is replaced by the requirement of a quite prolonged 
accompaniment of the locked-on target. 

On the order of examination of cells in formula (3.9.5), depends only one 


component 
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+2, 2 
2 oe (3.9.6) 
It is not difficult to be convinced that this sum has a minimum magnitude, 
if examination of cells is produced in the order of decrease of a priori probabi- 


lity. For that, it is sufficient to transpose two cells and to consider the 


change of t caused by this transposition 


t= 5 (py — p,) (12). (3.947) 

From (3.9.7) it is obvious that if the cells are arranged in order of 
decrease P,iPx>yr at (okt, then any transposition leads to an increase of 
average time of searching. 

In practice, the optimum order of examination in most causes 1s not used. 
The exception is, probably, only the case of spiral searching on angles. Usually, 
the search is made by starting from the edge of the a priori interval, at the 
time, when with the greatest probability, the target is in the center of the 
interval, For an estimate of the increase of time of search connected with 
this, let us consider the particular case of normai a pricri distribution, Thig 
case is encountered very frequently, since the errors of target designation 
usually are determined by a whole series of statistically independent factors 
and the distributive law describing them is near to normal. In considering the 
variance of error to be great a3 compared with the size of a unit cell and re- 
placing, in connection with vhis, the sum oy integrals, for a relative increase 


of average time of search as compared with the optimun case, we obtain at «1 


VE cool) 


where ‘b-"(x) ig the function, inverse to the integral of probability, and 


’s is the probability of miss of target in the interval of search, 
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The character of the dependence y(pfs) is clear from Table 3.1. As can 
be seen from the table, abaridoning the optimum order of examination, can, at 


small p, lead to multiple losses in time wore, the less Po 


Table 3.1. 
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Gyclical search with constant number of elements in a cycle is, obviously, 
not always the best. Actually, in nonuniform a priori distribution and prvvabi- 
lity of passage different than zero, ~1ses can be shown, when after examining 
4 certuin number of cells, the presence of a target in which is very probable, 
it is better to repeat this examination, than to cross to examination of calis, 
in which a target with great probability is absent. Thus, we arrive at eyelical 
Searching with a variable number of cells in a cycle. We find the average time 
of investigation ror that case, assuming that every subsequent cycle contains 
ali cells of the preceding cycle. 

Let. the target be in the uth cell, which ig examined, starting from the 


kth cycle. Then, anaiogously (3.9.3), we obtain 


t 
Wow) (8) batts Bae pe Vue vee 
ee i cee (3.4.8) 


where na igs the number of cello, examined for the first time in the vth cycie, 
In the future by 1|, will be desiynated not only the number, but also the 

entire totality of celle, for the first time examined in the yth cycle. The 

ruie, in accordance with which every cell refers to any totality ni, we shall 


call the distribution of cells between cycles. By averaging (3.9.8) by 1, we 
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In (3.9.9) k depends on p. If the uth cell for the first time is exam- 
ined in the vth cycle (phEn) , thenk =v-1. Asa result of averaging by 


» , after some conversions, we obtain 
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rfl 
where p(n.) is the probability that pé im, 

By minimizing t, it is possible (in principle, at least) to find the 
optimum distribution of cells by cycles and optimum order of examination of cells, 
By comparing (3.95) and (3.9.10), it ia not difficult to see that the optimum 
order of examination is identical for these two cases: the celig should be 
examined in order of decrease of a priori probability. 

Selection of distribution of cells by cycles ig significantly mors complin 
cated problem, for the solution of which it is useful to intreduce inte consider- 
ation an increase of average time of searching, occurring upon tranofer of the 


th cell from the vth cycle to the (v + 1) th: 


aay Wt Yan “i Yau! hay ce (3.9.11) 
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where N, ia the number of cella, examined in the vth cycle (N,: _ nj). 

If afd at given Pp, ,» then the transfer of the pth cel} t6 the (vi th 
cycle leads to a decrease of average time. Proceeding from any ‘Gleteibation of 
calls by cycles and producing all possible transfers, not eneteawiny the average. 
time of searohing, it 4s possible to arrive at an optimum distribution. The : 
practical realization of thia procedure is connected with large calculating 
diffieulties. Therefore, we shall be limited only to the consideration of Save 


eral very particular cases. 
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We shall start from the case of finite width of a priori distribution, when 
yp,  atpor, “Let all N cells be distributed between two cycles. Then 


equality (3.9.11) has the form 
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from which it follows that to the second cycle it is expedient to refer ail those 


cells, for which 


tb playa Bh 
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Fron. (3.9.12) it follows that if at all p 


~ § B 


Bye Mita ay ges 
then it is better to include all cells already in the first cycle. If the inverse 
inequality is carried out, then (3.9.1/) determines the boundary of the first 
evele, | 
Analorously, if the Humbe of eycles is given and i8 equal te yal, then 
the boundary of the vth mete is determined by the relationship 
1 - Nabisa oak t 
i v fag 47 
Bela eae | (3-69.43) 
If f ie seail, then, being Limited to members of the first order by @oaned 
convidering He eed we can rewrite (3.9.13) in the forts 
PANO EU): 6tY, WE C9) 
Po NSN 
Relutienships (3.4.13), C¥9.ER) at v- Ly 2,0. determine some aubdivision 
of the sonaideves N cells into cvcias, This dintrdvution, which is not fully 
optimum, allows, nevertheless, to receive a very significant Bain us compared 
with the case, when all cells are examined in the Hirst cycle. 
Ay an example, let us consider the case of an exponential a priori distri~ 


bution, considering for almplicity this distribution to be continuous. Here, 


ashe 
rile 





—_—e ~ * ee en ee ye ee 


5 ae uae ai 2 — Sa Natta lia” sal eo 
Saat aah a aaa Cte Te Oe s Soot ga Bee ley eee 22:3 ge eae 
“ee en ny ea s = bile tee ey oF oe ia = a af 
“y te Se fe OX Seg ew ee ee a ee LP gt te Rec ei ag a 
te ae eo é os : Lees, ‘ tet So ete 

Ca +e eS - 


B 
ae 


» 
4 
. 
v 


from (3.9.14), we obtain 


\ 
pin ~~ 


ct ty ln, (3.9415) 


where p, is the provability of miss of the target in the examined interval; 


pis the width of distribution, 

Let us assume pyr -N~‘ ji I0-" . Here, the boundaries of cycles are determined 
by the following values of x: x; = 3.45, X2 = 7.65, x; > 9.2, Tha third and 
subsequent. cycles include all examined cells. Corresponding to this case, the 
averare time of searching, calculated by the formula (349.10) at Me w7-% 6s 
approximately 30% less than in constant cycles. This gain in time is increased 
with the increase of probability of pass of the target. Thus, at § = 0.4 for 
the considered example, (x, * Bebb, Xy = dole, x = 7.96, x, * 9.2). the gain 


constitutes 80%, . ; 
‘tn the considered example attention is turned to the fact that expansion 

of cycles occurs evenly (x; . dx)e If ona wore to aggune such uniformity from 

the very beginning, then tor exponential a priors distribution it is possible | 

to calculate average tine of investigation at arbitrary X not Limiting the total, | 

number of exunined gallo. By making the necessary calculations, from (3.9.40), | wet 
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In “ie. 9.1 do conatructed the dasbidenue of € on x for various 4 and at 
‘ tyros « Curves t (x) have a odnimum, shifting in the direction of 
large x with the decrease. of He At fe<l , the position and magnitude of the: | 
minimum are determined by approximate relationships | | | e 
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: e The following step on the way of optimization of searching should consist 


ss in the rejection of cyclic recurrence. The best crder examination will be, 
. obviously, that, with which the solution on which of the cells to inspect is 


. taken after examination of each celi on the basis of information, known a briocri 


and received in preceding inspections, Ali this information is contained in an 


& 





‘e a posteriori probability distribution of the presence of a target by the cells. 


ae This distribution should be used with the acceptance of the solution as a priori. 
a 

ie in one of cells there occured axceeding of the threshold, then the soiution 
at 

: is taken on the presence of 4. turget in this cell and the remaininy ceiis ars 


not examined, Here, che a postericr? prosability is equal to a unit in tne osis, 
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!, is the :umbe: :: prereaing examinations of the pth cell. 


The muaberatcr (3.9.17) 13 an unconditional probability that there is a 
target in the pth cel] and it was missed in all preceding examinations, and the 
enominator - the probability of the condition under which pi(p/i.... hk... .), is 
calculated, i.e., the probability of the absence of exceedings of threshold in 
all precedine examinations. 
Tt is alaost evident that at identical (on the average) delay times in cells, 


.it ds best of all to examine them in the order of decrease of a posteriori pro-. 





ie _ bability (3.9.17). It is not difficult to show that at any undlninishing func- 

Eo “tion of Losses’ e() of such order of examination ensures a minimum of average 

if risk. In. order to be convinced of thig,.we shall caiculate the averas 7@ risk under 
fe the condition that.-the preceding examination conducted for the duration oe 

pa bof, certuln time did nee Rive reaulta, ane subsequent, exudation 4 aturts with a certain 
; a” a os : pte cell. | 
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ete fy is the Ln, expended ‘in whe preceding examination; 

“Es the inorrare of Sime of nearching, obtained with undetection of the, 
acre —* baraot in the f fio’ af, he ‘axaieinad naila {i.a., in the sath call): 
a ta. Lhe dolar Line at ah eell, where the turge. is setected. 
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GP g(t) ds an uidiminishing function, and coasequently, the riok {9 minimus, 
whoo pia t,o? has tne higheat of the sossible vglues. . 


nl accordance with the raceived results, optinwi searching should be done 
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in the following manner. We shall arrange the cells in order of decrease of a 
priori probability /, . Examination should start from the first cell and be 


conducted in order of growth of numbers as long as the inequality is executed 


a. pee 


PUvflely ny 10, ..)>p(I/1 A, by O,..-), 
i.e., as one may see from (3.9.17), while 


> pb. 
Pa? Pe (3.9219) 


After in (3,.9.19)the inverse inequality starts to be executed (starting 
from p= ), the cells with numbers p = 4, are examined alternately with those 
already inspected, while 

Pi pp, 
after which, the first cells should be examined for the third time alternutely 
with the cells, inspected in the first and second time, etc. 

“In order to have the possibility to compare such an order of examination. 
with those considered earlier, we shall calculate the average time of search. 
For that, we shall divide axia i into intervals » determined by inequalities o2 


Ml 2 4 ‘e me aie oS “ss 0; 1; seals 
fs 


The number of sells 3 each intervs Ad will he designated by Noe Ti jaae: Fach 


cell fe, Will be placed un sonformty with the italsty of ‘gable in other 


| intervals, f fer whieh:a priors probabilities least ot all axoged 7 “s ea La . 

The nunbers of these colis, gounted oft frown the: beginning of the. cures ponding 
intervals, will be devigated by My yen Before we examine for the tial. 

oF hae the wth cell, referring to the kth interval, interval tiy, will he a kK = 


thes, Row ad times interval ny, ete. Furthermore, we shall examine for Lhe 


(k + 2) th time», celle of sero interval, for the kth time », seils of the 


. first interval and so forth to ‘the kth interval.» Tf the target ds wisaed v | 


“tdas, then the number of examinations of all imtervala to the kth Le inereased 
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by v and, furthermore, cells ave added, which refer to 9 Mavi Murs Mee. In 
accordance with what has been said, f(s) maybe written in the form 
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The two first and the last components of the received expression coincide 


with the corresponding components in formula (3.9.9) for average time of search 





pee with expanded cycles. Such a coincidence could have been expected, since the 
Gn difference between these two methods of searching consists only in the fact that 


“in the case of expanded cycles in the next examination, during which the target 





is detected, ))~ 1 cells are examined, and in the optimum order of examination 


BS : | i, cells are inspected of each interval from those already examined by then, 
ae tees, from the first to the (1 + v)th, 
nee By averaging (3.9.16) by sand converting the last component, just as in 
ae 
per the derivation (3.8.17), we obtain 
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and t is very close to the average time of search in the case of expanded cycles 
at optimum selection of increasa of x= e, 

The noted proximity of average times of search in expanded cycles of optimum 
duration and with optimum order of examination shows that the method of expanded 
cycles can, without significant losses in time, be used instead of the optimum 
method, the realization of which is connected with large technical difficulties. 

This result can be used also in the selection of duration of expanded 
cycles. Considering the smallness of the difference of average times for the 
two shown methods, it is possible to expect that subdivision into cycles in 
accordance with (3.9.20) is close to optimum, 

Above were considered various cases of selection of order of examination 
of cells, ensuring minimum of average time of search. In some practical problems, 
it is more justified to fina ai optimum method of target search, proceeding from 
the requirement of maximum probability of detection (minimum probability of 
miss) of target in a certain fixed time. To solve this problem ie possibile only 
for the case of fixed time of delay in a cell, The received results can be, 


with some effort, used in random delay, if the total time, axpended foy detection, 


ds great as compared with the average delay time in the: cell. 


Let T be the tine expended in the search, and t be the delay time An the rok 


_oell. If, during time T, a certain ath cell is exanined | I, times and ie: | 
es signals from the target in various exiinations are sodusataienth ocean ton 


. probability of detection of target it is possible to write 
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optimum, is characterized by the numbers 1), loye0e, satisfying condition (3.9.25). 
We shall replace in (3.944) 4:0 by f=i,+1, and /;>! by f=4-—1  , preser- 
ving the remaining !; constant. With such replacement, condition (3.9.25) 


remains, obviously, in force, and probability D changes ** the magnitude 


&D= (1 — B) (paBe— pi"). (3.9.26) 
Inasmuch as numbers lj, lores » correspond to optimum search, AD should 
be negative at any i and k, only if (,=21 . It follows from this that for all 


i, for which /;>0, the product of 2:34 should be approximately constant, i.e., 


iain x | Ind. (369427) 


The magnitude of constant C is determined by condition (3.9.25). An approxi- 
mate forms (3.9.27) is carried out more accurately, the larger the r » At 
z yl, it ia posaible to consider approximately /,=-0at pi<C. With these 
assumptions, the calculation of optimum distribution of time T between cells doss 
not present much effort. With small q » the calculation is brought to an end 
"by only numerical methods. . 

As example, let us consider normal a priori distribution p, with ae 
oy equal to the variance of error of saree designation, divided ty the width - 
_ of. the unit cell, : ee 

Considering +>! and ¥. yt, we shall replace ali: ‘sums by integrals, 

‘and 1, , starting from which ! — we shall determine = the condition 
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Substituting this expression in (3.9.25), we obtain 


ond ‘p, =O Fea IM 


(3.9.28) 


Using formula (3.9.28), it is simple for specific p, T, t and 9 to find 
the optimum distribution of time T petarren celles ensuring maximum probability 
of detection of target during that time, \/In distinction from the case of minimi- 
zation of average time of search, this ot Gats distribution does not determine 
the order of examination of cells. It can be realized, for example, with the 
help of cyclical search with expanded cycles. Here, the limits of search and the 
distributive law of cells by cycles should be determined by formula (3.9.28). 

‘he considered problems, undoubtedly, do not by far exhaust all problems, 
connected with optimization of search and scanning. In particular, the problems 
of search were hardly considered in a number of targets more than one. The very 


' . Anteresting problem optimisation of scanning, based on the requirement of most - 


rapid detection of randonly appearing targets was not touched upon. | . 
"In connection with the developrent of methods of processing radar information, . 


7 Fa, obtained during scanning, with the help of electronic computers. there appeared 
_ one more very important and interesting problen, formlated in sufficiently 
os : , “general form in (52]. This problem reduces to optimisation of. the method of 
; “fhlling a finite number of machine memory tracks with date on the trajectory of 
~ > the assuved targets. An optimm method should ensure the fastest detection of 
¢ true target after its appearance. Unfortunately, any results in this area, 
. as far os it te knows by the authors, are presently lacking. ae | | 
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“The conducted consideration of methods of acceptance of solutions on the 


187 














presence and position of a target, optimum from various points of views during 
datection showed that under very general conditions these methods reduce to 

the comparison, with the threshold and among themselves, of the values of the 
relation of verisimilitude for all possible a priori values of parameters of the 
detected target. Here, the system of detection consists of a certain number of 
channels, each of which is intended for processing a signal from the target with 
the fully determined values of parameters. This circumstance considerably 
facilitates analysis and synthesis of systems of detection and will allow us, 

in Chapters 4 and 5, to consider, mainly, the case of detection of a target with 
known parameters, applying the received results to multichannel systems. An 
estimate of parameters of the detected target, as showed the consideration, should 
be made on the basis of comparison of the values of a posteriori probability of 
the presence of a target in various points of the a priori interval or regions — 
There is a basis to consider that when the permissible error of measurement of . 


pa.ameter coincides with or exceeds the interval of solution twthis parameter, 


“then such an operation is equivalent to the selection an estimate of that value . 
of) with which = p.().\My.2) exceeds the threshold. A comparison of these. i 
two methods for particular cases will be conducted in subsequent chapters. 


an ‘the future we ‘shall be limited to the case of fixed time of obaervatio 


at each stage of detection, not concerning systems, using the procedure of m3 


sequential analysis, As already was noted in Section 3.5, a buffica ty ° Colin 


plete investigation of these systems, which would consider. the actual pi oper~ ood 


ties of fluctuations of a reflected signal anid would: include the case of detection 


of a target. with unknown coordinates, cannot be ‘made with the exiuting methods, ~ 
In sections 3.8 and 3.9 were formulated cortain problem, ‘concerning : 

optimization of space spanning and target search. ‘The solution, of ‘these Bros 

blems was found only at that stage, at which it turns out to be necevaary ‘to 


>. Ute the + spaci fie dependence of probability of mies fron time of observats on and 









probability of false alarm. After these dependence are found in subsequent 
chapters, we will continue the solution of the indicated problems for those 
particular cases, for which this can be done without the use of laborious numer- 
ical methods. Some results of Sections 3.8 and 3.9 present independent interest. 
Here, are included, basically, the results on optimization of the order of 
examination of cells during search. 

It turned out that in the absence of any limiting assumptions, the examina- 
tion of cells in the order of decrease of a posteriori probability of the pre~ 
sence of a target is optimum. If the cells are located in order of decrease of 
a priori probability of the presence of a target, then the optimum order of 
examination is close in character and in effectiveness to cyclical examination 
with optimum distribution of cells between cycles. This method of examination, 
apparently, in the majority of systems is easier to carry out technically. 











CHAPTER 4& 


DETECTION OF A COHERENT SIGNAL 


Lol. Introductory Remarks 


In this and subsequent chapters, the general results of chapter 3 will 
be used for the synthesis of optimum systems of detection ef coherent and in- 


coherent signals on the background of noises and certain forms of interferences. 


Along with synthesis, we will conduct analysis of existing systems of detection, 


and also quasioptimum systems, obtained from optimum ones by means of their 


Simplification. The utilized division into coherent and incoherent signals, 

a8 already was noted in Chapter 1, is connected exclusively with considerations | 
of convenience of solution of problems of analysis and synthesis, In accordance 
7 with this division, the incoherent signals, considered in the. following chapter, 


refer to signals with periodic modulation, for which the initial phases of highe 


- frequency oscillations in various periods change independently and randomly, 


being subordinated to the uniform distributive law of probability in interval 


(0.2 2). Signals, for which such. uncontrollable jumps of phase are absent, we. 


shall call coherent. — | 
_ In accordance with the results of Chapter 1, a signal, reflected from a 


hea will be, in an overwhelming sa ig O38es, poriesdered as a normal 


zens process. 
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Synthesis of optimum, and also analysis of a broad class of nonoptimum 
systems of detection with a normal received signal y(t), i.e., with normal 
distribution for the signal from the target and for interference, can be con- 
ducted on the basis of some general relationships, determining the character 
of optimum operations and the form of the characteristics of detection. These 
relationships were, for the first time, received in [53]. In Section 4.2, their 
derivation will be conduuted by a somewhat simpler method (in the part, concerning 
the obtainment of characteristics of detection). In subsequent paragraphs, the 
general relationships will be used for investigation of questions of detection of 
a radar signal on the background of noises and interferences, subordinated by 
normal distributive law (passive and wide-band noise interferences, which is 
normalized upon passage through input filters of the receiver). 

Examination of these questions is expedient to start from the most fre- 
quently encountered case of detection on the background of noises. Investiga- 
tion of methods of maximum increase of reliability of detection of weak signals 
on the background of internal noises of the receiver and external thermal noises 
has a direct relation to the problem of increase of range of radar. stations 
and presents great practical interest, This problem is devoted to a large — - 
number of published works, from which, however, only a comparatively. smali part 3 2 
is carried out with respect to fluctuations of the reflected signal (7, 9, 19, 40). 


Calculation of fluctuations in these works was reduced to consideration of extreme ©. 


cases: very slow (a pack of harmoniously fluctuating signals) and very fast (a 
pack independently fluctuating signals) fluctuations. In this work, the question a 


(of. the influence of fluctuations. on reliability of detection is considered 


more specifically, if es 
Wide-band noise interference, by the character of its interfering influ- iS = 
ence, in u significant degree io equivalent to internal noise. The peculiarities | 


of the influence of interferences are connected basically with the fact that 


LW 

















its spectral density is unknown and that the interferénce is modulated by intensity 
during scanning. The influence of these peculiarities, and also the possibilities 
of protection from interferences, will be considered in Section 4.12. In the 
3ame place will be considered the question of the influence on systems of detec~ 
tion of a coherent signal of pulse chaotic interference. 

Considerable attention in this chapter is given to the important problem 
of noise-resistance of systems of detection in reference to passive interferences. 
Synthesis is conducted for optimum systems of detection of a signal on the back- 
ground of noises and passive interferences for an arbitrary law of modulation, 
and also synthesis of optimum intra~ and interperiod processing. for the case 


of separate processing of periods of the signal. On the basis of results of | 


synthesis, is conducted a comparison of various laws of modulation from the 
‘point of view. of ensured noise-resiatance and the criteria are worked out for. 


the selection of the law of modulation. Optinum methods of signal processing 


are compared with the method of period-by-period compensation, applied for suppres= 


sion of interfering reflections from motionless objects in pulse. radar stations 


et fy 59 65, 66). 


questions: of synthesis of optimum sveleas of. detection in the presence of” 


“passive interferences were considered soe): in (9, Shenby = the results 
oe es which are partially vised here. 





AS already vas noted “in Chapter 1; the received signal, witich is the sum 


~of the coherent signal, reflected from the target, and interferences, for a. ' 
| very, broad class of. cases ean ‘be considered ass normal random. ae and. 
be characterized by the functional of probability density . 


t t \ ; | 
rut ~ ffir whee di o . (W221) 
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Te where K, is a coefficient net depending on realization of the received signal 
oe y(t); 

o W (t; t is the function which is a continuous matrix analog, inverse 
Ce to the correlation matrix, 

BSS Function W (t,, t,) is connected with the correlation function by equation 
v) (ise): 
en The relation of verisimilitude is expressed by the formula 

sea rT 

ok = Ay) ex $e esp [flat A)—-Wea ll AIX 

ae , a : 

Re XHedytddded, aay 
= where W lta t.) ds the solution of equation (1.4.2) ae R (ty, tals equal to 
e the function of correlation of ‘interference Ru (ty, t 3)3 
oh _ co (by, ta) is the solution of the same equation at R (ty » toads. — to | 
» the: function of correlation of adxturs: of oignal and interference 

. Really ue at oe Rata ty). 


| * Gonbining the equations for Wy. tae 2). @ aia Wes yy ta at is easy. te: 
z | show that function. ; ee . i os : 
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Inasmuch. as the coefficient in front of the. sane ent in (us2.2) does hot we 


_ depend on the: accepted realization, one vail, obviously, tak e ‘the solution on 





ne ss the presence of the target on i the basis of vemparieon wath. the correnpanting _ 
me threshold of the: functscnal : . 
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In order to explain the character of operations on the received signal, 
leading to the formation of L{y], it is neceseary to find, in evident view, 
function V (ty, tg) from equations (1.4.2) and (4.2.4). The solution of these 
equations reduces, thus, to the problem of synthesis of an optimum system cf” | 
detection. . - 

Some conclusions relative to the possitle methods of realization of Seka! ; 
operations can be made without solving the indicated equations. From the 
symrctry of the function of. correlation and equations for V (oy ta) it follows 


that this function also is airis; ines, 
Vt We Miet t). 
te the form - . : ie: ele. SS ar ey, MRE ae a 


ob ‘wl we dren Vite Eady ititaty 
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In this formula, the funetion %: Mey te) may be sonsidered: as the parvo es 


. _reaat don ofa Linear thiter, tus, the formation of. Wy? reduces te the tian ee. 
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i) filter with ae Peactien v Ay fay # intexrator ¢ dart ing 
tise Ty.3) eel eta 
" Corvesponding to. these: Sparations, the via ef the: cracalving inatalion : 


“ tion ie shown in nee hele Suioh ane ‘interpretation of: optim operations s was o if a ee . 


Se 4 proposed in (93). 








For obtaining the Hieabteniaties of detection, corresponding to the com- 
“parison of Lly] with the threshold, it is necessary tc know the distributive 
‘law of magnitude L in the presence of and absence in y(t) of a signal, reflected 
from the target. Calculation of this law in clear form requires, undoubtedly, 
assignment of functions of correlation of interference and useful signal. In 

es general form we can obtain only an expression for the characteristic function, 
‘corresponding to this distributive law. In order to do this, we temporary 


replace integrals in (4.2.5) by the sums 


La {y= ay V (iat, RAS) y (iat y (RSE) (0), 


* ed 


_ where n=] 3y |—-is. the integral part of relation 3 


The joint distribution of magnitudes y (Jal) (j-=1,...,2) has the form | 


fek=sl 
X y(idl)y (wat), 
where R(ty sto) is the function of correlation of the received signal; 
Wty sty ) is the corresponding solution of equation (1.4.2). 


For the characteristic function of magnitude Ly [y] we have 
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For calculation of this determinant, it 1s possibly to use the method, 





described in Section 1.4. As & result, we obtain 


r 
¥(q)= lien, (x) == xp |p -fafov f; yada}, (4.226) 


where function G(tj, t,34) is determined from the equation 


Gti) —2 JOE QV (6 B)de=Vi (tbe (4.267) 


and 


: 
Vill = JV. HRA fal, (ea8) 
: Q s eke 


' Qne should note that in the derivation of the formula for the characteristic 
_ function we did not assume that function V(t, to) is determined by equation 


(4.2.4) and corresponds to optimum processing. In connection with this, this 





formula can be also used for calculation of characteristics of detection, corres- 
“ponding to nonoptimum processing, if its result can be represented in the form 


of (42,5), with arbitrary function V(ty, t,). 


ae ea alt 


Frequently, the result. of processing the signal can be presented in quad~ 


oo _ ratie form from complex functions £(t) 


2 tip= | foes mE dtl, (462.5!) 


‘where the oa) and mere part of ae are distributed by normal law with 





zero. mean values, and 





alle hao" ly fae 


Bote : es The derivation of the characteristic function of magnitude L(f) is fully analo~ a 
bes | gous to that just now given. Joint: distribution for real and tnaginary parts 
LS of magnitudes. Husa can be written in the form 
7 : : rie SMTA on? yous Kan iat /* (sah. 
where rit, thse] (fy) fun - and Ee (jal, banp— is the inverse eqiae, RAN} 


of matrix, 
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Replacing, in the expression for L(f), the integrals by sums, calcvlating 
the characteristic function by direct integration and changing to the limit 


at A\f—0, ‘analogous to (4.2.6) we obtain 





Ns roi. ; 

Be W (a) = exp{ fue (G,(065 aan}, (402.6") 
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>) where G,(t,, t_34) is determined from the equation 
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The received relationships can be easily generalized in the case, when the 


solution on the presence of a target is taken on the basis of several signals 





yy(t), y,(t) seoes Ygit), the joint distributive law of which is Gauss, and the. 


F mean value is equal to zero. This case is encountered, for example, in multd- ise 

r frequency operation. Here, | : 
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where function V gk (bys to) is determined by equations . 
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‘The characteristic function in a nulti~dimensional case is deternined by - 


these relationship: ; 
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eS Analogousiy generalized are relationships (4.2.6) and (4.2.8), 

ae Substituting in these formulas the functions of mutual correlation of com~ 

oat ponents of the received signal | 

aan Ria (ts 4) = Filed on lo) 

me in the presence and absence of a target, it is possible, in principle, by the 

re found expressions for characteristic functions, to find the corresponding distri- 

ma = -outive laws of magnitude L, and to obtain an expression for probabilities of 

be: miss and false alarm, | | ‘ 

bree The relationships for the multi-dimensional case are considerably simpli- 

ES ot fied, if the received signals y)(t),..., y,(t) turn out to be statistically ° 
S | _Andependent (for example, due to large detuning of the utilized frequency chan- | 


ala) Here, the joint distritition of probability of signals is equal to the 
- preduct of distributions for: ‘separate: signals. In accordance with this, funetion=_ 
al ly (y) turns out to be- equal to. ‘the 8 sum ot f statiatdcaliy independent 1 Eunetacn®, 
o ole for separate ae 


nome wy). “(ieets) 


and the characteristic function of randon variable lp y) is ome) to the 
product of charastetsatie functions. Yitn)- 
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tion (4.2.4) in the form 





4.3. Optimum Detection of Signal in Noise 


4.3.1. General Relationships, Determining the Form 
of Optimum Processing 


Let us consider the most frequently arising problem of detection of a radar 


signal on the background of noises with uniform spectral density No. The func~ 


tion of the correlation of received signal in this case is determined by equali- 


ties (see Section 1.4) 


Ry (t,. #,) == NA3(f, — 44), (4.3 el) 
Ren (t,, t,)= N,B(E, — t,)+- 


+ Py Reu(t, — dat, — de (tt) en (4.3.2) 


where ©,=-)-+%— is the carrier frequency of the received signal. 

It is not difficult to be convinced that function W, (ty, ta), seneasnonis 
ing to (4.3.1), has the form | : . | 
| Va lly ts) = eae | on 
| | (45.343) 
Usually fluctuation of the signal, the speed of which is characterized ; 


by the apeed of decrease of function (!). are slow as compared with the law 
- of modulation u(t) and do not distort the law of modulation of the received 


- ignal, Fulfillment of this condition is necessary for effective use. of modue 


lation during detection and measurement of parameters of a target. In the 
future, we shall consider fluctuation to be quite slow, asouning, during periodic 
modulation, ?i!) to be slightly changing in the period, and in the case of come: 
plex-modulated single sendings, lightly. changing in the duration of sending. 7 
Here, it is natural to expect that optimum processing of a fluctuating signal | 


- wi11 include multiplication by the expected signal, which is the main elonent of 
optdinun processing without fluctuations (2, 8), and find the solution of equa~ o . 


| Vita} Rev (dy ny ahs) grea (heed) 


fis ve 


= 
oh 
i 4 
‘ae 
ce? = 
Ate 
. 

4 
. 





em, 


conside~ing function ¥(t1, tg) just as slow, as P(t,, t.). A more formal basis 
for finding the solution in such form is the circumstance that at ?{!)= 

= 1 (<7) the equation (4.2.4) has a degenerate nucleus R, (t), t,) and 
the solution of the form (4.3.4) with v (t7, t,) = const. With a slow change 
of p(t), the nucleus of equation (4.2.4) is quasidegenerate and it is natural 
to assume that its solution in its form is also similar _ degenerate. 


Substituting (4.3.2) and (4.3.4) in (e204) we obtain 


r 
v (tes hb Re fiat (t—s)Polt, Oe = yo t,). (isd 5) 


We shall now use the assumption made above on the slowness of fluctuations 


as compared.with the law of modulation of the main eignal. In'the case when 


the signal is a complex-modulated single sending, this assumption leads to replace~ 


ment of @(t] to) in (4.3.5) by one. The solution of equation (4.3.5) in this 
case is constant (see paragraph e303) If the law of modulation is periodic . 
or represents a stationary random process, then, by using the slowness of flucte 
uations, it is possible, under the integral, to average /u(t)/* in time, where- 
by in accordance with the utilized normalization (Section 1, at ~ | 


lim in fn dts 
. Then (ue3 5) obtains the following fora: 


; Pe 7 
(ty, sat Sefton ta rm pt, — ty).  (be505") 


“Not. specifying p(t), the solution of (4,3.5') can be obtained for two 


 extrene cases, when p(t) diminishes during time tye (time of correlation), signi+ — 
/. fhoantly less: than T, and when p(t) practically does not change during tine T. 


 edede Case of Fast Fluctuations 


At tuo OT. by disregarding the extreme effects, it is possible to consider — 


_ “the ‘linits of integration in (4.3-5') to infinite und to solve this equstion. by 


ee 














we have 





Fourier transform. Asa result, we obtain 


PHS, (w) eM) 


v(t, t= ax, | TT AS © 
= (4.3.6) 
where h = BAT. % 
Sf, —is the effective width of the spectrum signal fluctuations; 
S,(*)— is spectral density of fluctuations, standardized so that its maxi- 


mum is equal to one. 


Substituting (4.3.4), (4.3.6) in (4.2.5) and using the Parseval theorem, 


T 
AS, ‘ 
Liy\= sy7 (Sear, (9) §do= 3 (1Q(0 Hat 
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~~ 


(4.3.7) 
where Y;(w) is the spectrum of the product of observed realization y(t) by 
uit — +) ada : 
Q(t) is the result of transmission of this product through a filter, the 
square of the modulus of frequency response of which is equal to 
AS Co) 
[a (io) == hi | hess 
Optimum processing of the received signal, determined by formas (4.3.7), 
(4.3.8), consists in multiplication of the received signal by the expected 


 Sdpmal a(t s)oM transmission through a filter with frequency response 


Hin),  fermation of the square of the modulue of ontput voltage of the filter — 


and integration during time T. 





Fie. 42. Functional. Aiagram of optimun system of detection for the case of fast 


fluctuations with multiplication by the reference signal  *()= s(t 


gop lett eh of and filtration at low frequency: 1) phase inverter at: 90°; 


; narrow-band filter; 3) square-law function generator (u Sa ues wnat) 
.) integrator during time T; 5) relay. output ! 


ef 





The block-diagram, carrying out these operations, is shown in Fi. 4.2). 
Heterodyning and transmission through the filter are carried out in this diagram 
in two quadrature channels. The output voltages of the filters are raised in the 
Square and are added, the received sum is integrated by interval of time T and 
compared then with the’ threshold of relay, selected in accordance with the given 
probability of false alarm. 

In most cases, it is technically more convenient to carry out filtration at 
intermediate frequency and to use, for obtaining the square of the modulus 
of complex oscillation (square of envelope), a squarelaw detector. In connection 
with this, it is desirable to add optimum operations of such form, which would 
allow their realization in a similar diagram. We shall displace reference signal 
uy (tv) cos (wt + ¢ (L—t)] in frequency to a magnitude of some intermediate fre- 
quency Wyp, to which the filter is tuned. 

The pulse reaction of such a filter will be registered in the form 


h (t) cos @ypt, 





where h(t) is the pulse reaction of the filter H/, (is). 


es 


The square of the envelope of voltage on the output of the filter is recorded 
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By replacing the product of cosines and sines by cosines of the sum and 
Br difference, it is simple to be convinced that this expression coincides with 
a Q(t) ‘, if the signal on the input of the mixer y(t). does not contain fre~ 


quencies, close to — o--2wopde@e,y If the input clroults of the receiver ensure 





te te 
oe A 
awe 


sea oe 
; 7 a 


#, 
ae, 


aK 
# 
ww te Se He 


sufficient suppression of image frequency, This condition is usually fulfilled, 
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oS so that both considered versions of the optimum diagram can be considered fully 
peste equivalent. The block-diagram with filtration by intermediate frequency is 


oe shown in Fig. 4.3. 
. We shall pause briefly on the physical meaning of optimum operations. 


Multiplication of the received signal by the expected law of modulation of the 


SS signal from the target ensure~ suppression of noise components, not coinciding 
Ba at 

nee in form with the expected law of modulation (in any degree orthogonal to this 
te 

Re law). Subsequent filtration ensures suppression of noise components, not 

‘ ecinciding with the expected signal in frequency. 

ea 

es 
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Re Fig. 4.3. Functional diagram of optimum system of detection for the case of 
eae. fast fluctuations with filtration on intermediate frequency, © s,(t) = 4,(f—%)cos 
is [oy out yg— or 1) filter; 2) detector; 3) integrator during 
Ee Time T; 4) relay. 


a This filtration gan be treated also as coherent accumulation of the signal 
during time, comparable in order magnitude with time of correlation of fluctue 
ations, i.e., during the time, for the duration of which the coherence is 

roe maintained, Incoherent post-detector accunulation is carried out in a large 


time interval T, in which coherent accwmlation is impossible due to fluctuations, | 





The form of frequency response //,(j) and transmission band of filter de- 





pend on the form of the spectrum fluctuations of the reflected signal and on the. 


oe | relation h of power of the signal to the power of noise in the band Afe. At 
ae erall h the function = [Ma(ie);? ~~ codmeides in form with the spectral density 
ES of fluctuations, and the filter band with the width of the spectrum of fluctu~ 
Be ations. If the spectrum of fluctuations can, with sufficient accuracy, be approxi= 
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mated by a rectangle, then such a coincidence takes place at all h. At other 
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So(m), the filter band is expanded with the increase of h, faster, the slower 


So() drops with the increase of jo]. Thus, at 


1 
S,(®) =—7 Gu 
: 1+ (ar) 
the effective band of transmission of the filter 
fo = V1: hat a 
at , 
S,(e) = w Na )8 
+a) | 


the effective transmission band 


oe A Sar hia. 


For a Gauss spectrum with the same effective band, the bind of transmission 
on the level of half power (effentive band cannot be expressed by h in clear form) 


1s equal to 
Sfos=4foV Zin +A). 


It is necessary to note that expansion of the filter band with the growth 


‘of the signal-toenoise ratio h is justified not only purely by power considera- 


tions, which are reduced to the tendency to miss a whole section of the spectrum, 


“where spectral density signal fluctuations is greater than spectral density of 


noise. In expansion of the filter band along with the increare of transmitted — 


‘power, there occurs an increase of the number of independent values of noise, 


summarized during subsequent incoherent accumulation. This promotes th: Jecrease 
of relative magnitude of fluctuations of output voltage. A decrease of time 
of coherent accumilation of signal and signal-to-noise ratio on the output of 
the filter limit expansion of the band and ensure the existence of an optimum, 

As can be seen from the received eaults, optimum processing during fact 
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fluctuation depends on the signal-to-noise ratio. This creates definite difficul- 
ties, since h usually is unknown. The most expedient for surmounting these 
difficulties is to use the minimax approach, considering h in (4.3.8) to be equal 
to the least value, with which it is still possible to detect the target with 
given probability. 


4.3.3. Case of Slow Fluctuations 


In the case of slow fluctuations of the reflected signal (tx.>T7T or, the 





same, 4f.T <1), the solution of equation (4.3.5) is constant 
Pe | 
No 
o(t,, ¢,) == 0, = - Pet 
ie 


Here, in accordance with (4.2.5) and (4.3.4) 


T 
tot . 

L(y)=04] uct —se'y (dt | ; (4.3.9) 

Optimum processing in this case reduces to multiplication of the received 
signal by the expected (u(!— sje"), integration during the time of 
observation and formation of the square of the modulus of complex oscillation on 
output. The block-diagram, carrying out the enumerated operations, is shown in 
Pig. 404. The diagram consists of two quadrature channels, in each of which the 


Sipnai is mixed with the reference volvage um, (t+) aa {of-+-9(¢—*)] and is integrated 


during the time T. The results of integration are squared, added and are compared 
with the threshold. 


If signal u(t) has a finite duration, then multiplication by the expected 


. Signal and integration can be replaced by filtration, considering the factor 
(tee eee” in (4.3.9) a3 the pulse reaction of the filter 4,(+-- 4). 


sty 


Addition of the factor ¢”" does not change the magnitude L(y), since [¢* j'=1, 


and due to the finite duration of tne vignal, the beginning of reading of time 
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Fig. 4.4. Functional diagram of optimum system of detection for the case of slow 
fluctuations: 1) phase inverter at 90°; 2 integrator during the time 7; 

3) square-law generator; 4) relay. . 

can be selected in such a manner that u(t)==0 at ¢:>0. 

Here, the optimum filter is physically realized. Conducting the same 
reasonings as on the basis of the diagram of Fig. 4.3 for fast fluctuations, we 
can be convinced that filtration in the considered case also can be carried out 
on an intermediate frequency, if this frequency is sufficiently high (fap>Afy, 
where fy —= the width of the spectrum of modulation) and the signal of image 
frequency is suppressed in the input circuits of the receiver. 

‘In those cases, when the distance to the detected target ie know, the 
methods of realization of optimum processing with heterodyning and filtration 
are, in principle, equivalent. However, if, as this usually occurs, the dis- 
tance to the target is uninown, then the version with the filter is more pre 
feruble, since the output of the filter in various moments of time coincides 
with the results of optimum processing of signals, corresponding to various | 
distances to the target. In order to separate and compare with the threshold . 
‘he signal from the target, located at a determined distance do, it 1s necessary. ge 
to gate the output of the optiaus filter in the moment tere =e by a 
sufficiently short pulse, | 


The received signal y(t) represents the oun of the reflected signal and 
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ps where E and @ are coefficients, considering the chance of amplitude and phase 
mg 

A of the signal (£*-= 1); 

aan 

re) n(t) is the noise. 

ee 

be On the output of the optimum filter, we obtain 

oaks t ; 

be ug (t= Seem n (ut, —s)ult,— tat, + 

A a é 4 : 

be ; —o . 7 
_ +f ntjads—pea, (ye) 
oe 2 BA 
aoa As can be seen from this formula, the amplitude of useful signal on the 
hon outpu. of the filter is proportional to the function of autoccrrelation of the: 
eo ; : 


=< main signal C(/—t, 0)=C(t~1) introduced in Chapter 1, The maximum value of useful 


component on the output of the filter is obtained at tt. 


Boe The first component in (4.3.11) may be considered as the reaction of the 
\- optimum system, deaigned for the magnitude of delay of signal th: on the elena: 
mee - with delay t, dees,-on the signal from a target, not coineiding with the detected 


- target, in dlatance, For good selection in distance it ds necesoury that the — 
indicated reaction 18 as smal) ae. possible at tp y 1eGey. that function coy 
decreases quite quickly with the Ancrease of Isl, this Punet ion detaemdnes, 


uhus, the resolving power of the radar in distance. 





For the laws of modulation. usually utilis wed in radar, C(x) represents. a Ke 2 


rather short polae (oe Seatdon 1.4), the duration of which in a nuaber of eased 





(for example, for frequency and’ phase-vode todulation) 16 many tices less than : 


ise oem oe Eager ,o o ” * 


Bs the duration of the agin signal, In connection with this, the filters, carrying 
& out optimum presessing of such signala, frequently are called redttcing filters. 

Ke Even df the frequency of the signal from the target is different than that — 
we . expected (wy +Au instead of uj), then the amplitude of useful signal on the eet 


output of the reducing filter is proportional to {tots Mes). | The faster 








ea 


Sp RE, gy ORT BET 


a 





a 
4 
Ks 
herd 
we 
x 
- 
ie: 
* 
ie 
s 
ot 3 
4 
4, 
. 
a 
* 
ve 
Pi 
oy 
wee 
% 


diminishes C(!—t, dw), with the growth of |A\w], the higher, obviously, 
the resolving power ensured by the given main signal according to speed. 

Let us consider more specifically, very important for practice, the case of 
reception of a group of periods of a signal. 

The form and duration of the group is determined by the form of the diagram 
of direction and speed of scanning. We shall consider that the group envelope 
does not distort modulation of the reflected signal, i.e., or (if the signal is 
continuous) the duration of the group is great in comparison with the period of 
modulation, or (if the signal is pulse) the duration of the group is great as 
compared with the pulse duration, Then (4.3.9) can be rewritten in the form 


iP, elie 


: “ 
Lin~ Aue yidya(i— see ll 
> a | (4.3.12) 


where g(t.) is the group envelope, a 
Optimun processing can be ensured by. accumatien of the results of process 
ing of separate periods. with coefficients Bun. Correlation procesoing of 


7 every ‘period can: be replaced by filtration. Palos reaction of ‘the » conrreaponding By : : : 
sme oe ashen is deterained by the formals : ho oe 


th noe, octer, ne Fa ae 
- vet i : <— alae , ? on cee 


. a he Sy every period of todulation is: filtered as a separate pulse. in duration, 


e %, with intraspulse ‘modulation u(t). the output signal of the filter is. gated a 
: an. moments sof, . and: the ‘separated short pulses are stored with wetght 


RUT en te One were to change the. beginning of reading of time in. such | 
& manner that a(t) #0 at rd, then ecoumulation with weight tay be replaced . 
by trananission through the filter with pulse feaction g(..t)cos «7, Cone 


3 sequently, optisus processing of the signal ean be produ, sd in this case with 
“the help of two sertes filters, carrying out intra~ and inter-period processing, 
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and a square-law detector. 

It is possible to reduce uptimun operations to the same form with a periodic 
main signal in the case of fast fluctuations of a reflected signal. Here, the 
frequency response of the second filter is determined not by the form of the 


group envelope, but by the spectrum of fluctuations and magnitude of the signal- 


to-noise ratio in accordance with formula (4.3.8). 
h.3e4. Optimum Processing with Arbitrary Air? 


Farlier, we analyzed cases of fast and slow fluctuations of a reflected 
signal (large and small values of MeT). By measure of the change or Aj,T, 
the optimum operations should, obviously, change from ons oi the considered 
‘extreme cases to another. In order to trace this change and to definitize the 
saat in of application of the previously used approximations, it is necessary 
“ bo solve equation (4.2.5) with arbitrary A/c7, at least for certain particular 
cases. fe: princl pie: such a solution can be received for an ae tntey fractional- 
~ rational spectral density of fluctuations [60], Here, the solution of the inte- 
gra. equation reduces to finding Green's. function of the linear differential 
“- equation with constant coefficients at determined boundary conditions. No 
principal difficulties are presented by this problem; ince Pop-apestral 
* -densities of high order, it is very awkwarc, Therefore, we, for cimplicity, 
will be Limited to consideration of spectral density of the form 
| Soci get ate a ln ae , 2 

tee + 

+ (ain) I + aire . - "gia uy 


corresponding to the exponential function of the correlation of fluctuations. 
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Substituting in (4.3.5) the expression for pl!) by . S.(s) and applying an 
operator to both parts of the equality | | 
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Considering that 
ao 
- j eM dw = (1), 
9 
from (4.3.15) we find | 
Oty (¢,.¢,) 
at ra + (1 + h)o(t,, =F 8s — hh). (4.3016) 


The solution of differential equation. (4.3.16) depends on two constants, deter~ 
mined by boundary conditions for o(ty, to) at to = 0 and to = T. In order to 
find (ty T), we apply an operator to equation (4.3.5) 


ieee 
| and then let us assume “9 T. - On the strength of the fact that 


{ 2@ 
(1 sare a) — 40 
[Tf sign(t, Aye" a, 


where 
sign! = 
tbat reo, 
we obtain the firet boundary condition 
Ub Tf gy apr Ol tM ay BO (403627) 
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Analogously, at ta = 0, using operator 


! @ 
+ Safe at? 
we find the second boundary condition 


v(t, 0)— Sar: a, v(t, ty)» =. (4.3.18) 


The same conversions are used for obtaining a differential equation and 
boundary conditions in the case of spectral densities of a higher order. Here, 
accordingly, is increased the order of utilized differential operators, 

The solution of equation (4.3.16) with boundary conditions (4.3.17), 


(4.3.18) is recorded in the form 
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(4.3.19) 
where 

we VIR 

a Viehsl 

- In principle, optimum processing of a signal, ‘determined by formulas 

(4.3619) and (4.3.4), can be realized in the diagram, given in Fig. Jel. Filtra- 
| Lien in this case, ag in that earlier considered, can be carried out on an inter~ 
mediate frequency. the demodulated signal of inibemmeatave frequency should be 
passed through a filter with pulse reaction o(ty, t) cos Hp (t) — t) and move 
to the phase detector together with the signal from the input of the filter. 
~. The output voltage of the phase detector should be integrated during the tine 
of obyervation T. Tho filter of the optimum system of signal processing has, 
| 48 can be seen from (4.3.19), parameters variable in time. In connection with 
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this, during its technical solution, there can appear a difficulty, simmifiecantly 
greater, than in the realization of a filter, designed for fast fluctuation, 
Therefore, essential interest is presented by the manifestation of conditions, 
with which optimum processing, determined by formula (4.3.19), is close (in 
form or in effectiveness) to one of the earlier considered extreme cases. Here, 
we are limited to a comparison by form, having left the comparison by effective- 
ness to the following paragraph, devoted to the investigation of the character- 
istics of detection. 

The first component in (4.3.19) coincides with o(tj, t.) during fast 
fluctuation. In order to explain the distinction of optimum processing at 
the considered value of A/.7 and processing during fast fluctuation, it is 
necessary to estimate the order of magnitudes of the remaining components. 

The third component diminishes with the growth of Wel at any 4f-7 not 


aeroulee 
slower, than oo rete! 


This decrease occurs restery vue greater the signal- 
to=noise ratio h, but even at A<! , this ai may be disregarded, start- 
ing from Af,.T=ztto 2 

™.¢ second component in (4.3.19) slightly depends on. 4/.7 at ty, to, near 
to the ends of interval (0, T). However, by measure of removal from the ends, 
this member also diminishes faster, the greater the A/,7W1-j-h.. tg - 
disrerard this component means that we allow nonoptimalness of signal prooesathe 
on some part of the interval of observation. If one were to allow that this 
part constitutes 20% of the interval of observation, then at Aw! it is 
pousible to disregard the considered component in (4.3.19), starting from sj fe 
and an A425, starting from Apel = 5, 


AL small Aff , function v(t), to) hardly changee in the interval of 


“observation and oan be replaced by @ conetant at values of 4/,7', not exceeds > 
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the received above methods of processing fast and slowly fluctuating signals, 
can be significantly weakened, if one were to compare the considered methods 
of processing a signal by effectiveness. Such a comparison will be made in - 


the following paragraph. 


4.4. Characteristics of Detection of 2 Signal on A Noise Background 


he4tsle Case of Fast Fluctuations 


As already was noted, the general relationships in Section 4.2, with the 
help of which is determined the form of the characteristics of detection, can 
be used also when the method of signal processing differs from optimum, In 
coherent processing of a received signal, these differences, basically, reduce to 
the difference of the reference signal and frequency response of the filter 
from She opedinin: considered in the preceding paragraph. Here, let us consider 
the characteristics of detection with arbitrary reference signal and character- 
istics of the filter. The received results low to determine not only the 


effectiveness of the optimum system, but also the degree of lowering of effec- 


. tiveness, due to the withdrawal from the optimum method of processing. 


If processing of signal y(t) is carried out by the system consisting of 


mixer, filter, square-law detector, accumulator, and relay, then’ the signal on . 


| the input of the relay is dotermined by the formula 


1 fate , ei s 
tineay, dt Bald Mie eae dit, 
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: where alt t) ig, the reference e signal, equal, at optimum Geen to ult); ee 


nit) is the pulse reaction of the filter, 


Coefficient <2 
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i is added for similarity o this expeeeeson to ) the 8 Pegult 
of optimum ‘peodbantzig (4.3.7). 


For aimplifieation of notation, we we consider the case, when filtration io 


produced at tow frequency. Nesignating the Low-frequency component of the: cs 
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product. 746 t)y (Hel by f(t), we can rewrite (4.5.1) 4 


7TT 
L(y) = J felt YF (t,) Fla) dt idt, 
0 


(Lele!) 
where 
T an 
Oly &) == {i (ti) At —t,)dt= yo j flint fh da? 
é ste (hebe2) 


Upon transition from (4.4.1) to (4.4.1') we replaced the upper limit in the inner 
integral in (44.1) by T, which is allowed due to the proposed physical realiza- 
‘1 cr ube filter (h(t) =O at t <0). The last approximate equality in (4.4.2) 
j ‘mt under the condition that AfeT >!. where A/,-- is the effective 
with of the transmission band of the filter. 

The received expression for L(y) coincides with (4.2.5'), and for finding 
the chav ,gterintic function of this magnitude it is possible to use rel-'ion- 
abips (4.2.6') —— (4.2.8'). For the function of correlation r(tss ty) an these 


relationships, we have 


rb Oy) = TP) = a Z(t —e,) al, — Zt, - t)X 
Kully—sde (ty — ba) Ny] 2 (la 5) PO Ud, — f,). (balked) 
‘ ‘Usually function o(ty, tg) changes slowly as compared with the laws o1 indie 
jeri Wl euserunde and main signals. Therefore, in (4.4.1'), f(t) may be cep laced 
es oy ov «veraping this finmetion by time in an interval, cur cient for 
baa ac iy the modulation, and at the same time sufficiently omall, vo that 
"res 9 (tay to), und sleo random amplitudes and phase of peflect+.4 eign? 
wowed, Un this interval, be considered constant. Here, the function of correla~ | 
a LJ also {9 averaged in time. Considering Z(t) to be normalized 


~ just as u(t), we have 
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where, in the case of a single sending, 


Cy (e,— 2) = gt f Z(t—+,) u(t — x)dt, 
39 
Pog (4.4.5) 


and in the case of a signal of unlimited duration 


T ‘ 
-_ ft 
C,(s,—t) = lim = |Z (f—+,) 2° (f —*+) dt. 
= ay (beled!) 
Substituting (4.4.4) in 4.2.8') and (4.2.7'), we obtain the following equation 


for function G(ty, to} 2): 


T : 

Gt, ty; —a(Get, fa) [ou 4) + ie [C,(s, — +) |x 
Eee | 
JU e(tt) dt Vdt = oll JAZEIC (4, — 9X 
T 
x| O (ty a(t’, td, 
(40406) 
For the considered case of fast fluctuations of the reflected signal 

(assuming that AfyT > |, and using (4.4.2), we can find the solution of 
equation (4.4.6), converting both its parts by Fourier $1 - to and disregarding 
the fringe effects. As the result of substitution of this solution in (4.2.6') 


we have 
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“The expression of the characteristic function for the case, when the signal - 
from the target is absent, is determined from (4.4.7) at Po=0, This formula 
can be used also for determination of the characteristics of the optimum system, 
Here, H(im) is replaced by the frequency response of the optimum filter (4.3.8). | 

From (ele? ), we aa easily find the semi-invariants of distribution 


1S” 





p(L) 
K=(v—DIt ai | H (io) PUPA IC, (2) PS, (@) "do. 
(4.4.8) 
As it is known [18], ~, coincides with the mean value of random variable, 

%, «~ with dispersion, and relations 1: =a = z are equal to the asymmetry 
coefficients and excess of the considered distributive law. Sy measure of increase 
of T, relations Y, and y,, as it is easy to see, diminish, which confirms the 
approximation of the considered distributive law to normal, for which y,=7,=0. 

In normal distribution, the probability that magnitude L Saaade the level of 


operation of relay ¢ (probability of detection), is determined by the formula 





est pend 
Beers db= 1— of = ). ae 
where by (x) is designated the integral of probability. 
Considering h = O in formulas for %*: and <2 we can obtain an analo-~ 


gous expression for the probability of false alarm, and excluding from these 
expressions the magnitude of threshold, we can find the equation of the charac- 
teristics of detection 

Dent —w[y/ Bent! — A) — AE], (isels00) 
where by x, is designated the semi-ivariant x, in the absence of a signal 
from the target, and by I-'(p)— the function, inverse to — ‘(.). 

For a more precise definition of magnitudes of probabilities D and F, 

corresponding to normal distributive law p(L), it is possible to use the Edge» 
worth series [46] 
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whereby (x) is designated the ith derivative of the integral of probability. 


The considered approximations are correct only at large values of products of 
MoT and Mol, where the less the probability of false alarm and target 


miss, the slower the probabilities converge to the magnitudes, determined by 





Lo normal approximation. To receive an expression for distribution, corresponding 
be to the characteristic function (4.4.7), not using the normal approximation and 
Po not. resorting to specific approximations of frequency response of the filter 
a and spectral density, is impossible. If one were to assume that So(o), it is 
Lo : ‘ 

as . possiole to approximate a P-shaped curve, having width QnAf., and that the 
ag filter is coordinated with the spectrum of fluctuations ('// (im) (+ also will 
PS be approximated by a P-shaped curve, having width QaMc), then (4.4.7) will 
BS be converted to the form 
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(4.4.12) 

With integral Af-T , the distributive law, corresponding to the character- 
he, istic function (4.4.12), coincides with the chi-square by distribution with 
ee 2\iT derrees of freedom, Such coincidence is connected with ‘he fact that 
1 in the considered case, on the strength of the known theorem of V. A. Kotel'nikov 
Bs (36), the process on the output of the filter is determined by its discrete 
BS meanings, distant from each other by ie where at right-angle spectral 
x density these values are statistically independent. Furthermore, the narrow- 
ive band random process has two independent quadrature components [17], 80 that the - 
a signal in interval (0, T) has 24fe/ 


statistically independent coordinates, - 


distributed by normal law. Ag the result of quadratic detection and integration 


~~ 
ae Fs 


~~ *; 


will be formed the sum of squares of the values of all these coordinates, which 
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is subordinated, as ig known [46], to chi-square distribution. For probabili- 
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ties f and F, we obtain the following expressions: 
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where c is the magnitude of threshold, and 
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(4.4514) 
The dependence of K,(c) can be obtained, using the tables of integral law 


of chi-square of distribution or incomplete gamma-function [61], by which is 


ul 


expressed K,,(c): 
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For facilitating the calculations by the formulas (4.4.13) in Fig. 4.5 and 
4.6 are shown graphs of inverse function c = Ko (p) for various m. Here, on 
the axis of ordinates for convenience is the magnitude Tia remaining 
finite at m.+oo. 

In Fig. 4.5, on the axis of abscissas is log p. This graph is convenient 
to use for the determination of threshold, corresponding to some value of pro- 
habllity of false glare. In Fig. 4.6, on the axis of abscissas is log(1 +p), 


due to which a section of the curve will stretch, where p~!. 
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This graph is convenient for the determination of probability of correct detec- 
tion or threshold signal-to-noise ratio*, corresponding to the given probability 
of correct detection. As can be seen from the graphs, at AfcT=33 to 5 » the 
change of Af.T by one leads to a comparatively small change of Kear (P)s 

so that at fractional values of A/,f>3 » this magnitude can, without appreci- 


able errors, be replaced by the nearest integer and chi-square distribution may 





be used. 
999 09999 0.93999 
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ee Fig, 4.6. Dependence of = -.- on pat l-pth 
¥ 2m, 
rs Uxcluding from (4.4.13) the magnitude of threshold c, we obtain the follow~ 
ie ing equation for the characteristics of detection: 
‘a 
aie ie wae 
pir ae | Koa (F) 
-e.. , oat tof ht A (y weap f ‘ (4 +415) 
me é hence, in particular, can be found the magnitude of threshold signal-to-noise 
Be ratio, required for guarantee of definite probabilities of F und te. At Sf.roe | 
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*The threshold signal-to-noise ratio originally was called the magnitude of 
this ratio, with which starta the fast growth of the probability of detection, 
Gradually, by measure of appesrance in theories of detection of strict quantita. 
tive methods, in this conception there ware somewhat different meanings: The 
threshold relation gignal-to~interference ratio was called the value of this 
relation, with which is attained a definite probability of correct detestion at a 


riven probability af falye alarm. In such meaning this term will also be wsed in 
this book, 
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and from (4.4.15) we have 
hw VILA 0-10) 
VafeT—O-"(D) (4.4016) 
The error, allowed in the use of normal approximation, one can determine, by 
comparing the graphs in Fig. 4.5 and 4.6 at the considered value of m and at 
m= 00, The received relationships together with the results of Section 4.42 
will be used later in the analysis of the influence of main factors, deter- 


mining the threshold value of the signal-to-noise ratio. 


404.2. Case of Slow Fluctuations. Dependence of Threshold 
Signal on Width of Spectrum of Fluctuations 


The characteristic function ‘(y) for this case also can be received with 
the help of equation (4.4.6), where at optimum accumulation of signal v(t), to) NT: 


Solution of equation (4.4.6) is constant 
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by substituting in (4.2,.6') and producing all necessary calculations, for pro+ 


babilities of false alarm and correct detection, we have 


Posen, Dae” FREI. pT, (iyehe27) 
where dyes Fess AST the ratio of energy of the signal to the one-way 


spectral density of noise (in the case of single sending T is the effective 
duration of sending, see Section 1.2). 

For a slowly fluctuating signal, the use of optimum processing clashes with 
difficulties, connected with the creation of integrators tuning the time of 
observation or narrow-band filters with a band, approximately equal to 1. In 
practice, the very frequently obtained transmission band of the filter cere 
cantly exceeds the coordinated one, which certainly is indicated by the sharacter~ 
istics of detections, which also can be found, proceeding from equation (4.4.6). 
Without a signal from the target, thie equation, as in the case of fast fluctua- 
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tions, may be solved by a Fourier transform. Obtained as the result of the 





ee solution, the expression for the characteristic function should, obviously, 

"i coincide with (4.4.7), if h in this formula is equal to zero. Solution of 

fee equation (4.4.6) in the presence of a signal from the target can be found in 
a the form of the sum of the solution of the equation without a signal and some 
mas 

ry function of parameter A, not depending on ty> tie The corresponding expression 
me for characteristic function at H(O) = 1 has the form 
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At AfyT = 1 the distribution Cor L without a signal from the target 
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can approximately be replaced by normal distribution. Then, if!-—D :1 and 





ely. then the equation of characteristics of detection has the form 
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a With not very lurge Afy! » & convenient approximation for the characteristics 


of teteetton can be obtained, if one were to consider the amplitude-fraquancy 


rasponse of the filter to be righteanelea., Then 
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Substituting this convolution in the expression for probability of correct 
detection and producing partial integration, we obtain, at F< 1-D, an approxi- 
mate equation of characteristics of detection in the form 


Kis, r(F)— 2 (Al eT — a), 


Dz a “ai FalGe— ah (4.4.21) 


This formula also preserves its meaning at AfyT = 1. i.e., in the case, 
when the filter band is coordinated with the time of observation. In this case 
(4.4.21) changes into (4.4.17). At Afg7 +00, (4.4.21) changes into (4.4.19). 

Obtained in paragraph 4.4.1 and 4.4.2, the formulae allow to investigate the 
dependence of threshold signal-to-noise ratio on the form of reference signal, 
the transmission band of the filter and width of the spectrum of fluctuations 
of the reflected signal. Here we will be limited to the consideration of the 
latter from the shown dependencies, assuming that the signal is subjected in 
the receiver to optimum processing [C\(r—,)[*#!}. and by approximating the 
spectral density of fluctuations of the reflected oneat by a: prea. curves — 

In this case, at Aft <1, from (ods 17) we have 
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The last vality da formula (uebe22) ds correct at he (9) « € and 


¥ « 1 (these conditions with practically interesting value of F and § usually 


are executed). At df S1, the threshold magnitude q, i determined from 


| (404.25) 
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Fig. 4.7. Dependence of threshold signal-to-noise ratio 
on width of spectrum of signal fluctuations. 


Such a dependence is shown in Fig. 4.7 at F = 1074, At D>0.5, the function 
Qo (AfeT) has a minimum at AfeT=4(M-'(D)?+1 which is the result of the influ- 
ence of two factors, each of which separately leads to a decrease of the thres- 
hold signal-to-noise ratio, simultaneously weakening the influence of the other 
factor. These factors are the coherence of the stored signal and decrease of 
relative magnitude of fluctuation of the stored signal with the increase of numie> 
of statistically stored independent values of reflected signal. 

In the construction of graphs in Fig. 4.7, a section of the curves, on 
which the conditions of the derivation of formulas (4.4.22) and (4.4.23) are 
not. executed, is received by interpolation. An accurate calculation of the 
characteristics of detection in this section is connected with essential mathe- 
matical difficulties. At the same time, the width of this section is small: 
starting with Af.7T=3, for the solution of equations, determining the form 
of optimum processing and characteristics of detection, Fourier transform can 
be used (see paragraph 4.3.4). The results, received for right-angle spectral 


density S.(~). can be used as approximate also for other approximations of spectral 

















density. 
4e4e3. Dependence of Threshold Signal-to-Noise Ratio on the 
Law of Modulation of Reference Signal and 
Characteristics of a Reducing Filter 

The magnitude of the threshold signal-to-noise ratio, corresponding to 
given probabilities of miss and false alarm, essentially depends on how much 
the reference signal of the receiver (pulse reaction of reducing filter) differs 
from optimum, From the above-obtained formulae, it is clear that the threshold 
signal-to-noise ratio changes reciprocally to the square of the modulus of the 
funetion of mutual correlation of modulations of the reference and reflected 
signals C;(r—rz,). Thus, from the viewpoint of increase of range of radar 
from the reference signal it is required that for it the function (Ci(r 1)? 
hardly differs from one. Hence, for every given form of modulation one can 
determine the specific Peal nenanes ef accuracy of coincidence of parameters 
of reference and main signals, and with the use of filtration ~- the accuracy 


of coincidence of pulse reaction of the filter with: the time-converted law of 


modulation of the main signals AS examples, tet us | eonsider the usual pulve : 


signal and continuous signal with requency modulation according to the law oo 
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“Thus, in the considered case, the threshold signal-to-noise ratio is increased 








in proportional to the greater of ratios a and ene 
a is 
In the case of frequency modulation, let us assume that the deviation of 
frequency of reference signal 20, differs from the deviation of frequency of 


main signal 2m,,. Here, (see Section 1.2) 
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where df, is the difference of maximum deviations of frequencies of reference 
and main signals. 

The last equality in this formula is correct under the condition that 
ees t If one were to assume that a decrease of 'C,(M? by 30% is 
permissible, then the permissible difference of deviations is determined from 
the condition A/,,7, >. 1. | 

We considered the question of required accuracy of coincidence of the law 
of modulation of reference signal and pulse reaction of reducing filter with the 
law of modulation of the main signal. In the case of a signal of the complex 
modulated single sending type, the received result is exhausting, and all poss!-~ 
ble tool arrors are deseribed by the funetion [Cy (x)|?. However, for cases 
of periodie sienal or aignal with staticnary noise modulation, an essential 
role is played also by the time stabllity of the shown characteristics, An 


accurate caleulation of the characteriatics of detection, taking into account | 


Lhe ingtability of the reference signal is a rather awkward problem, Thordfore, 


we will be Limited here to an approximate estimate of the influence of pene 
instabilities for the mout wide-spread case of periodic signal. 
In the case of periodic modulation, the spectrum of useful signal on the 


| output of the mixer (Fir. 4.3) om reducing filter is linad. The width of each 
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spectral line is determined by the time of observation and the width of the 
spectrum of fluctuations of the reflected signal. In subsequent narrow-band 
filtration the lines of this spectrum will be separated, located near the carrier 
frequency. 

The presence of instabilities of the generator of reference signal or reduc~ 
ing filter, leads to additional expansion of the spectral lines and to a decrease 
of amplitudes of the separated frequency components. The first of these effects 
can lead to the fact that part of the power will not occur in the narrow~band 
filter and, consequently, the signal-to-noise ratio will decrease on the output 
of the filter and the threshold signal-to-noise ratio will be increased. The 
second effect also les4s to impairment of the signal-to-noise ratio on the input 
of the relay. Its influence may be characterized by introducing some equivalent 
average level of function |C\(s—1,)|?. in the formulas of paragraph 4.4.1 and 
behe2. The total increase of the threshold signal-to-noise ratio, due to insta~ 
bility of the reference signal, and noncoincidence of it with the main signal, 
ig determined approximately by the following forma: . 


’ oi Aly + Af Ogee al 
9% 40a TE . (yebe2h) 


where Sf, is expansion of spectral lines due to instability; 
Aly is the bandwidth of the filter; 
G is the threshold signal-to-noise ratio without calculation of 

instability. | 

If Mey ee ag 1, then this ratio dn formula (404.24) is replaced by one. 

In those cases, when processing of the received signal is produced with the 
help of reducing filter, for singling out a signal from a target, at a deter- 
mined distance, it is necessary to separate the instantaneous value of output 
voltage of the filter in the appropriate moment of time. This operation is 


produced with the help of gating of the output of the filter with a narrow gate, 





We shall see how the duration of the gate influences the magnitude of the threshold 
signal, For this purpose, we can use the results of paragraph 4.4.1 and 4.4.2, 


where reference sigi.al Z(t) with a rectangular gate is recorded in the form 
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Substituting Z(t) in expression (4.4.5) for C,(e—+,), we obtain 


Toep 





2 
Cb—g=q [ C(s—,-++ x) dx, (4.4.26) 
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2 
If the duration of the gate significantly exceeds the width dA: of the main 


maximum of function C (s), then 
Oras. (64027) 

The relationship obtained here can be used in the working out of require~ 
ments for developed generators of reference signals, reducing filters and mecha- 
nisms, carrying out gating of output voltage of a filter, and also in the quantita 
tive estimate of the influence of the tool errors inherent to these mechanisms. 
In the future, for simplification of calculation, we shall consider that these 
errory are absent. 

4e4e4. Dependence of Threshold Signal=to-Noise Ratio on the Width of 
the Tranomigsion Band of the Filter 

Aa already was noted, usually the transmission band of the filter, carrying 
out, coherent accumulation of the received signal, cannot be made narrow enough 
for matching with the time observation or (in the case of fast fluctuations of 
: retlected signal) with the width of the spectrum of fluctuations. In connection 


witi this, an essential interest 4s presented by the question of how the 
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magnitude of the threshold signal-to-noise ratio is influenced by expansion of 
the filter band and deviation of form of its frequency response from optimum. 
It is possible to consider this question also with the help of results of 
paragraph 4.4.1 and 4.4.2. 

We shall start from the case of slow fluctuations of reflected signal. With 
a rectangular frequency response of the filter, the threshold signal-to-noise 


ratio is determined from (4.4.21) 


Kiar (P= 2(afe? — 0 


V~ 


2In (heh .28) 


For practically interesting practice values of D and F, the relation qo is 
usually great as compared with one, which, in connection with this, may be 
disregarded. Here, for the relation f of threshold values of Q@ in the case 
of a filter with expanded band and filter with Aj. » we obtain 


Kiigr F)~ 2(afoT 0) 


r ’ 


Zin + (4.4.29) 
The dependence of [ on Af,? at various F is shown in Pig. 4.8. As can be 


aeen from the figure, [ is increased with a growth slower, the smaller F. At 
Afy?» 1, it is possible to use an approximate formula for f 
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whereby this formula can be derived without any assumptions about the frequency 
response form. From the presented relationships, it is clear that the threshold 
value of qo is increased upon expansion of the filter band slowly, so that 
selection of this parameter of the receiving mechanism ia slightly critical. 


To analogous conclusions leads the consideration of the dependence of gy (Afy7) 


during fast fluctuation, when distribution of voltage on the input of the relay 











Fig. 4.8. Dependence of relation © on the width of the 
transmission band of the filter for the case of slow 
fluctuations. 


may be considered normal, Considering Afe< Alg. from (4.4.8) we obtain 
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ae ‘ (4.24.30) 


where @ is the coefficient of proportionality, depending on the form of frequency 
response. For the rectangular characteristic of the filter a <1, for LRC-filter 
a * Q.5, for tne Gaussian characteristic of the filter @= 0.7, 

Substituting (4.4.30) in (4.4.10) and considering %,-% 4,y(A<)), we 
obtain 

we abe (OUP 40-MDI JIE, ca 

‘rom which it ie clear that during fast fluctuation qp) also grows approximately 
in proportion to Wajy. It ig possible to show by means of completely 
analogous calculations that at djydd/, the relation of qo changes as ie. 
With intermediate values of ue » the dependence of Go(AfoT) is obtained 
more complicated. 


As an example, let us consider the case of exponential function of the 
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In Fig. 4.9 is shown the dependence of Gp(x), calculated by the formula 
(4.4.10) with the use of expressions found for x atD=0.9, F= 10-4, apr= 20. 
In the same figure, for comparison, the dotted line shows the same dependence, 
calculated by approximate formula (4.4.31). 


From comparison of curves it is clear that the law 


ss ay/ max (fe. He), 


(5 * dle 


where q, is the magnitude of threshold signal-to-noise ratio with coordinated 
filter, is observed quite well, 

From the received relationships it is clear that selection of the filter 
band comparatively small influences the quality of detection, 





Fig. 4.9. Dependwnes of threshold aes ratio on the width - 
of transmission band of filter for the case of fast fluctuations. 


It follows fron this that the dependence of the transmission band of the opt mm 
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filter on the signal-to-noise ratio h may not add a large value, in replacing 
bh by its minimum value. In exactly the same way, the form of frequency response 
of the filter is essentially small. These facts show that the reliability of 
detection, near to that potentially possible, can be ensured by rather simple 


technical means. 


4.5. Multichannel Systems of Detection 


In accordance with the order of the account, outlined in the end of Chapter 
3, we recently considered the problem of detection of a target, the distance 
and speed of which are known. 

If, however, the distance to the target and its speed are unknown, then 
during the time of existence of a algal from targets, located in a given direc- 
tion, it is necessary to have some method of inspection of all a priori possible 
distances and frequencies. This is possible to do, either by using a multichannel 
system, covering the considered range of delays and frequencies, or by carrying 
out search in distance and speed with the help of one channel, or by using a 
combination of these methods. The multichannel system, in which is produced 
a comparison with the threshold of relations of verisimilitude, corresponding 
to all possible distances and speeds, is equivalent, as is shown under very 
general conditions in Chapter 3, to an optimum target detection system with 
unknown parameters. A system with search gives, as shows the later introduced 
discussions, an essential loss in the free-space ranges as compared with such 
a multichannel system, 

inasmuch as the total tine T, of examination of the given direction during 
the usually utilized uniform survey by angles is limited, the introduction of 
search is inevitably connected with reduction of time T, expended in examination 
of every distance and frequency, in a number of times, equal to the product of 
relations of width of ranges, examined in the process ef search by distance and 


by speed, to the width of ranges, examined aimltaneously. Reduction of time T 
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entails a fast increase of the threshold signal-to-noise ratio: during slow 
fluctuation (Afo7) <1!)  , the threshold value of power of reflected signal grows 


with the decrease of T, as : » and during fast fluctuation - approximately as 
ls 
yr" 
distance and speed can reach many thousand. Therefore, the use of multichannel 


In actual conditions, the number of examined elements of solution by 


processing in the contemporary radar sets is inevitable. Optimum and quasioptimum 
methods of construction of one channel of detection were considered above. Here 
we will be occupied with questions of combination of separate chamiels in a 
multichannel system and the possible methods of simplification of these systems. 

With the multichannel processing of a signal, the number of utilized chan- 
nels is determined by the width of examined ranges of Doppler frequencies and 
delays, and also the permissible detuning of channels by these parameters. This 
permissible detuning, in turn, depends on the interval of distance, covered 
oy every channel separately, i.e., on the resolving power of the radar by these. 
parameters. . 

Let us consider this dependence fos the case of channels, detuned by speed 
(Doppler frequency). The channels in this case are narrow-band filters detuned 
in frequency. The level, on which frequency responses of the filters are 

“covered, should be selected, proceeding from the permissible decrease of proba- 
bility of detection of the signal, the frequency of which is found on the joint 
between channels. The probability Dy of exceeding the level of operation at 
least in one of the channels is somewhat larger, than the probability of exceed- 
ing the threshold in one channel with the same value of detuning of frequensy 
of the signal relative to average frequency of the filter. This inorease occurs 
due to the incomplete correlation of noises in neighboring filters. ‘To produce 
calculation of probability Do in the general case, taking into account signal 
fluctuations during the time of observation and possible post-defector accumula- 


tion ig impossible, Let us consider a more particular case, when the output of 
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the detector is directly compared with the threshold, and the signal during the 
i.ime of observation is not fluctuating. In the presence of post-detector 
accumula:ion and fluctuations, the character of the dependencies, apparently, 
will not change. 

Probability D5 in the considered case is recorded in the form 

ce 
=! =f ee r,)dr,dr,, (4.5.1) 
where p(r:, ro) is the joint distribution of envelope squares in channels; 
¢ is the threshold of operation. 


Joint distribution of envelope squares has the form (2.4.44) 





fette : 
Pay: Ride) foe (ees) (4.542) 
where Rete. al H(i of oo 
p= graye fu (iw) F1* (iw -~ ide,) dw + 
00 
+atr (| (oe 
qa ATe is tne signal-to-noise ratio in the filter band Afg; | 


Hi(io) is the frequency response of the filter; 
do, is detuning. 
Formula, (4.5.4) may be simplified, if one were to consider the phase response 
of the filter within limits of the transmission band to be linear. Then //(») is 
replaced by | // (w)j. For calculation (4.5.1), it is convenient to use decom- 


position (4.5.2) by Laguerre polynomials (17). Ag a result, we receive 
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At any O<pal, the series in (4.5.5) converges rather quickly and can 


be used for practical caleulations, In Fig. 4.10 ia the dependence of Day sae 
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Sf, = a for Dy = nD, (0) = 0.9 with two approximations of frequency response 
of the filter: Gaussian (solid curve) and in the form of two series connected 
RLC-filters (dotted curve). The considered dependence, as is simple to be 
convinced of, hardly differs from that calculated upon disregarding the weaken- 
ing of the dependence between noises in channels detuned in frequency. This 
is connected with the fact that at 1 - D2 < 1, the relation q, 5 1 and with 
the change of correlation of noises in channels [first component in (4.5.4)] 

? changes little. Due to this, the decrease of probability of detection of a 
target on the joint of the two filters practically completely is determined by 
the level of intersection of frequency responses. The threshold signal is in- 


creased by approximately —~7; va times, 





Fig. 4.10, Dependence of probability of correct detection 
on detuning of channels by frequency. 


Ry designing a permissitle decrease of probahllity of correct detection of 
target. on the joint between channels, one can determine the permissible magni- 
tude of detuning and the nuuber of channels necessary for covering the. given ae 
range. | . | | 

In a similar manner is solved the problem of selection of a nunber of - 


channels in distance. Here, Hijo) adn the received above formulas dy raplaced 


ae 
AGS 








by C(t), We can also formulate and solve an inverse problem: on the selection 
of the range covered by one channel, with a given width of a priori interval 
and given number of channels. Such a selection can be made, for example, proceed- 
ing from the requirement of maximum probability of detection, averaged by a 
priori interval. However, the practical value of such a problem is comparatively 
small. 
In radar sets, possessing resolving power in distance and speed, the use 
of multichannel processing in a clear form, when each pair of values of distance 
and speed, selected in accordance with permissible detuning, corresponds to a 
separate channel (Fig. 4.2--4.4), connected with excessive complication of the 
receiving mechanism. Therefore, a great practical interest has the search for 
methods of simplification of a system of detection by means of unification of 
some part. of the functional elements of various charnels, the change of the 
law of modulation in the process of work of the radar, etc. Of course, the 
ques! ion of the use of that ar another method of construction should be solved 
in every specific case separately, taking into account the specific require~ 
ments of the riven radar set and state of technolory at the time of its develo 
ment. Here will be considered only the principal possibilities of raduction of 
the number of channels and combination of ‘heir elements, 
| Firs. of all, simplification 1s possible due to replacement of the corre! ated 7 
“met hod of processing by filtration. Here, one reducing filter ean be used for 
ri? distances and tor the interval of frequencies, in which funetiea et 
havdiy differs from one. In the majors ty of practical casea 4 periodic Sligval ~~ 
a> uued. Here, one Witta-popics reduc trig Filter can ve used for all distances 
“andeall fraquenoies, for which (Oe OPS" is clove to one a | : 
In eae earc une width in freqvenoy of the and maximum of this funet ton’ 
at Indes ini teneuy usually considerably excess the width of the a pridra interval - 
or Neppler frequencies. in ahis cage, Ane reducine Filter ‘ean be aed for procenes 


insall expeeed simile. :4 corresponding block-diagras of a aultivianne 








system of detection has the form, shown in Fig. 4.11. The signal from the output 
of the reducing filter by means of gating is distributed between channels in 
distance, in each of which is a bleck offilters, carrying out selection of targets 
by speed. If one shertening filter does net cover the entire range of Doppler 
frequencies, it is possible to use the totality of several systems of such form. 
Another possibility of combination of functional elements of separate 
channels with a periodic signal is connected with the use of storing mechanisms 


of the potentialoscope or delay line tyre with feedback. 
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Fig. dell. Functional diagram of multichannel system of datestion with 

reducing filter: 1) reducing filter; 2) gutiny amplifier; 3) block of 

filters, detectors and integrators (in the case of faot fluctuation); 
4) relay block. . . 

: Hore, | the algnal from tha oupput ef the reaueing filter (or totality of redueiny 
rik cers, at: the range of Doppler frequencies | is very wide) ia mixed with 
signals from heterodynes, frequacoy~detined » whereby on @net frequency will 

"| separated Lwo quadrature components (Fig. 4.12). The received: eequerices of 


] Ove neqUeNGy Pulses are coherently stored after which, : sunseat, ion of the squares: 





- of quadrature ‘eonpenents will forw an envelope square. Then, if this jo necesa~ 
ROP incoherent aguumulat ion of the ohgnal Gan be pESINS es Output voltage of 
ie wa every channel is fed to the roulays The moment of aetuation af t} he relay indicates 
Lie fagmitusde. of delay of the signal, and the numer of the ohannei~ the fag A 


tude of foppler ohift. If coberent accumlation of the signal for all distances 





49 simultaneously done at intermediate frequency (for example, with the help of 


rs . wit rasonic delay dine with feedback), then the nusber of channels decreases twice. — 
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cy <the. square of the:envelope in this case is obtainea by detection of oscillations 


_ on the output of the accumulator. 


In certain cases, as, for example, in phase~code manipulation, the reducing 


filter can be made-at low frequency. 





vig. 4.2. Functional diagram of multichannel system of detection 
oe with reducing: filter and accumulators of the potentialascope type: 
7 1) reducing filter; 2) phase inverter at 90°; 3) storing mechanism; 
,) square~law generator; 5) storing mechanism; 6) relay. 
Very radical means of reduction of the number of frequency channels is the 
chanre of the law of modulavion in the process of work of the radar. This method 
-is useful, apparently, only for radar sets of special assignment, in problems 
of whicn does not enter continuous observation of the newly appearing targets, 
Such are, in particular, radar sets, passing in conditions of detection alter 
‘target lock~on, 
- For these radar sets it is possible, for example, in scanning condit tons 
to use continuous emission. Here there is resolving power only by speed, 


realized in the raceiving meshaniow with the help of block of filters detuned 





relative to one another, covering the a priori interval of Doppler frequencies. 
After leck-on of the assumed target (or targets) by speed there occurs the connec- 
tion of additional modulation, ensuring the required resolving power by distance, 
and +o the frequency of the filter, seizing the target, is tuned the correspond- 
ing number of channels by distance. Losing, in the use cf such a system, time 
approximately by two times, we considerably diminish the number of receiving 
channels. 


If in the multichannel system without use of filtration the number of 


Ax 


4 “t 


channels is equal. to mn(m- or is the number of channels by Speed, n— 
is the eeeee of channels by distance), then in the considered system this 
number ig equal to in + m (i is the number of channels, in which there occured 
operation in conditions of continuous emission). As compared with the system 
ith reducing filters and accumulators, we obtain a . - multiple gain in the 

i 
number of these mechanisms. 

The considered mathod of change of the law of modulation can be subjected 
te various modifications, Its main ides consists of the fact. that the resolving 
power by distance is increased after Jock-on by spesit; due to whieh is attained. 
economy in a number of channels. ‘The increase of resolving power can be smooth, 
In this Case, separation of locked-on targets by distance occurs in the process 
of detection, Losses in time, occuring with the change of the law of modulation, 
usually are iimaterial, since an inoraase of resolving power occurs after lock~ 
an be anple, when seanning by angles stops, It 1s necessary, however, to can- 
Sider that at a sharp increase of resolving power, the spe of che Maenal at 
er ean time is lost (until there oveurs capture by distance). This time 
should be quite small, so that the Doppler frequency of the target does not 
“ro beyond the Limite of the discriminator band and that the target does not 


exceed the Limits of the diagram of directivity. 


Let us see how the probabilities of correct detection and false ularm for — 





the considered system are connected during intermittent. change of modulation 

with probabilities F and D at. each stage and with the average frequency of false 
alarm, If the permissible frequency of false alarm is equal to f,,, and the 

‘ime expended for detection of the target, is equal to Tp, then the prodabilities 
‘’ and F" of false alarm on the first and second stages must satisfy the relation-~ 


ship 


FepTy== [1 — (1 — Py —(t--F)"] = mn PF", (4.5.6) 

The probability of correct detection D is equal to the product of proba- 
pilities D' and D" of capture by speed and by distance, if the time of observa~ 
{ion is preat as compared to the time of correlation of fluctuations of the 
reflected signal. During slow fluctuation, for the determination of D is 
required a special caleulation. Ir 1 -DBi- ) and 1 -P" «1, the probability 
of D can be considered approximately equal to the smaller of probabilities i 
and )", 

The following stave of simplification of the receiving mechanism is abundon- 
tren! of the high resolving power by speed, ensured in the use of a periodic 
gignal, and transition to incoherent vrocessing, This form of pracessing vives, 
‘owever, an essantial loss in the threshold signal (see Chapter a), 

In conclusion lat us consider wea TY another question, connected with an 
96 imate of the ouragmeters af the detected Larget " conditions or detection. 

As waa nected in Chapter 4, with uniferm 4 priori distribution, the ontdmun 


metbot of eat layte congistsa in the comparison ef tie loparithms of reiationa 


at 


y veriainilitude, ceceurinpe on the output of the channe's of detaction, Ags 
an savtevted value, the parameter is salected then, for which une relabion of 
verisimi Litude is mae Lamu (principle of maximun of verisimlitade). 

With lew prohabtlities of fslue alara, exceeding the threshold of opéra- 


‘lem wich vréat. prebabi lity oceurn only an that channel, where Lhe sienal is, 
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Tt is natural to take the values of the parameters corresponding to this chan- 
nel as estimated ones. For comparison of this method of estimation with the 
maximum verisimilitude method, it is necessary to calculate the corresponding 
probabilities of errors. We will conduct the calculation of probabilities for 
the case of slow fluctuations of reflected signal and optimum processing and 

use of the narrow-band filter, coordinated with the time of observation, Here, 
the voltage on the output of the channels is distributed according to exponential 
law (4.4.17). If these voltages are independent, then the probability of detec- 
tion of target and correct estimate of its parameter with the use of the maximum 


verisimilitude method is recorded in the form 


4 (4.567) 
where mis the number of channels, 
When the estimate is produced simultaneously with the detection by nunber 


of the processing channel, the same probablilty is equal to 


D(l— FYW- 8s Dil (im — WEI (4,543) 


Trautuch as mP (the probability of false alarm for the entire mitichannel 
system) is ususglly smali, the difference between probabilities (4.5.7) and | 
(4.9.3) may be bomndevaly disregarded, if the probability of ni ss fom, which 
uaually takes place. Thus, the compared methods of estimation practically are 
equivalent, Ag already was noted in Chapter 3, such a result of comparison ja, 


from qualitative considerations, quite evident. 





he G Netection of Target with Multifrequency Emission 


AL present in radar very wide distribution was given to the idea of the use, 


for various targets, ci a signal, consisting of oscillations of several (usually 
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two) carrier frequencies with identical or different laws of modulation (62, 631. 
Here we donsiden quantitatively the effectiveness of use of a multifrequency 
Signal from the viewpoint of increase of the range of the radar. The fact, is 
that ath a sufficiently large separation of frequencies, the corresponding 
maxima of diagrams of secondary emission of the target at various frequencies 
are displaced relative to one another, due to which the dissection of the sum 
diugram oi secondary emission and relative magnitude of fluctuations of the 
reflecved sign is decreased. The biggest weakening of fluctuations occurs with 
the statistical independence of reflected signals, corresponding to various 
carrier frequencies, As it was shown in Chapter 1, the condition of indenend- 
ence of ‘wo signals is the umal’?ness of wave lengths, corresponding to the 
separalion frequency, as compared with the dimensions of the target and uncover- 
ing of the spectra of modulation of tnese signals. We shall consider these 
conditions to be carried out. 

For statisticaliy independent signals, the logarithm of the relation «” 
verisimilitude (Section 4.2) is equal to the sum of logarithms of relat.ons 
of verisimiLitude for separate sinnsis. In accordance with this, a sintui 
ef optimum processing of s multifrejuency sipnal-is the totality of ci, cai 
for separate Sivnals, Voltaues an the cubput of these eivenies Are summaries 
and are compared with the thrasho ld. The characteristic Punetion of total vol- 
"ciate on the Input of the relay fa equal to the product ef charicteristic Cunc- 
Liong ef Lhe components, Usine this Piet, ‘ho is adunle, in orinedple, fo find the 
chirselearistbes af rere for yuenh a multifraquencsy system, 

iavioudkh @ansyi tar the naaa of dlow fivietuations, Tr the adenal dn prosesjed 
in optimum form, then the characteristic function Win) is determined by the 


equality (see Gection 4.4) 


oigl-. ir v e : va) ‘ ovat) 


where m is the number of utilized frequencies. 

At Qoj = 0, this characteristic function corresponds to the chi~squre 
distribution with 2m degrees of freedom. Producing inverse Fourier transfor- 
mation for arbitraries Io 42 integrating from c tooo, and replacing c by 
Ke (F), we obtain an equation of characteristics of detection in the form 

f feat) 


m plait: seize hes cit 
paz iP eta 


im TT (, tae 
HT (oF) (4.6.2) 
where the dash at the sign of the product means that in it does not enter a 
member with 1 = j. 
The greatest interest is presented by the question of selection of the 
number of frequericy channels, ensuring maximum freespace range at a given total 


emissive power. Considering that the power is distributed between channels 


equally (dus dae), from (4.6.2) we obtain 


Kin (FD 
Dz: Kn (Pe) , (4.603) 


This formula coincides in form with (4.4.15) with the only difference that Alef 


is replaced by m. The graph of dependence of Go (m) is shown in Fig. 413, 
ds 





Figs 4013. Dependence of thrashold sienalsto-nolae ratio on 
the number of utilized carrier frequencies. 
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In its character, this dependence coincides with the dependence of qo(Af-T) 
in Fig. 4.7, which is fully intelligible, since in both cases we mean the denend- 
ence of threshold signal-to-noise ratio on the number of statistically independ- 


ent components of a signal, quadratically summarized in the process of treautmeni. 
D 
40 


as 







: — 

Fie, 4oii. Dependence of probability of correct detection on 

di -tanee. 
As can be seen Jrom the fimure, the curves co (m) at D°-0.5 have their mint-mn 
at ME Mir (DY, the depth cf which is increased with the increase of prob. lity 
of correct. detection, Accordingly, the vain is increased in the threshold sienu!- 
toenolse ratio (and eonsequentiv, in the Lree~space ranges) ut a fixed number of 
frequency channels ag commared to the euiésof single-fre mency work, Unie to this, 
furine multdifrecuency work at Bt tone is probabliity ef detection is more 
quickly increased with the decrease of distance (Fiz, 4.14). 

Tt da interesting to nete that the curve ef dependence gy (m) very quickly 

drops at small m, Oue te this, a guin, near to muoclmum, can Le obtained at a 
comparatively smal} number of working fraquencies (24), 


During fast Pluctuations of a signal reflected from the target, the 








characteristics of detection can be calculated by the formulas (4.1.10) and 
(Asks); where the semi~invariants in these formulas are equal to the sums of the 
semi~ivariants for separate signals. With equal distribution of power between 
frequency channels and identical spectra of fluctuations at various frequencies, 
an incrgase of the number of channels is equivalent to an increase of m times 

of the time of observation upon simultaneous decrease of the signal-to-noise 

ratio h. In accordance with this, for the calculation of the characteristics 

of detection in the considered case can be used, in the appropriate way, the 
transformed results of Section 4.4. In particular, for rectangular spectral 


density of fluctuations, using (4.4.15), we obtain 





Kz, F 
= mof.T Kona ) ms 
Kons, r(D) 
es eh 7 (1--F) + > "(D) 
= m3 b>" (D) 
mm foT “Vaal - FO") - (4.644) 
The last equality in (4.6.4) is correct at mAj.T>1. | From (4.6.4) it 


is clear that during fast fluctuations of reflected signal, the threshold 
signal-to-noise ratiois increased with the increase of the number of frequency 
channels approximately as Y in, Qualitatively, this is explained by the fact 
that in this case already there is a oufficient number on the order of A/-7) 
of statletd only dndependents consodante. of the simal and further divisions? 
pover between these components lowers the effectiveness of coherent accwsulation 
of the signal. Thus, during fust fluctuations of reflected signal (MP ty 
the use of milti frequency operation from the viewpoint of requirement of in- 
crease of range of radar is inexpedient, | | 

We cannot trace the accurate dependence of the ratio of threshold values 
of dQ, during multifrequency and single-frequency work on All, _ unfortunately, 
The assumed character of this dependence is shown by the dotted line for m= 2 
and m3 at 00.9, F@ 10“4 in Fig. 4.15. hy measure of increase of Af.7, 








the gain, due to multifrequency, decreases, changing, at some Nic! ss, into a 


loss, tending gradually to Vm. 





Fig. 4.15. Dependence of gain in range (due to increase in number 
of frequencies) on the width of the spectrum of signal fluctuations, 


4.7, Some Problems of Optimization of Scanning and Searchin 





In Sections 3.% and 3.9 we considered some problems of optimization of 
scanning and searchine, whereby their solutions were reduced to the stage, on 
which it is necessary to use specific characteristics of detection, Now we will 
continue the solution of problems for the case ef a coherent signal. Here, we 
shal! consider only those problems, the selutioa of which is not connected with 
large mathematical and purely computational difficulties, Therefore, the account : 
of these questions: in thie paragraph can be considered as the totality of examples, 
illustrating the nethoda: of solution of problems, considered in Section 3.8 and 
confirming the perapectivity of various methods of increase of reliundiiey of 
detection eid target by means of optimisation of scanning and serbian. Hows. © 
aver, the presented solutions ies have an independent. practical meaning. 

We shall start first of all from the problem of the best distribution of 
time T,, expended for detection, between eyeles during uniform scanning. if 4 
is the width of a sector of scanning, and 45 = {6 the width of the diagram of 
“directivity, then the aignal from ach target exists for the duration of time 


oe 
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ay 
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which should be distributed between cycles. The meaning of such distribution 
consists in the decrease of relative level of signal fluctuations with distri- 
bution of its energy between several statistically independent components (sig- 
nals, taken in various cycles). 

It is obvious that at Af/.m<1 » the distribution of energy between cycles 
does not. lead to an increase of the free-space range and, from this point of 
view, subdivision on cycles does not have meaning. Analogously, if in the proc- 
ess of subdivision, the time between two subsequent passages of the beam of the 
antenna through the target (duration of cycle) is less than the time of correla- 
tion of fluctuations, then further subdivision is inexpedient to produce, since 
smoothing of fluctuations no longer occurs, and the quality of detection is 
lowered due to the decrease of time intervals, in which the signal is processed 
coherently. In connection with this, we shall consider only that case, when 
signals in the cycles are statistically independent. Here, the probability of 


false alarm Fo and miss of target pg) during the time of T) are determined by 


the relationships 


Fi mF,, Bo== i, (4.7.2) 


where m is the number of cycles; 
F, and f, are probabilities of false alarm and miss after one cycle. 
Let us consider the case, when the duration of reflected signal in each 
cycle ig small as compared with the time of correlation of fluctuations. Here, 


substituting Fy and Bi. determined from (4.7.1), in (4.4.22) and considering 


that the signa l-toenoise ratio after one cycle is connected with the signal- 


- to-noise ratio go during the time of 7 by the formula qo “qm, we obtain | 
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The dependence a, (1) at ro 106 and ‘various flo is shown in Fig, 4.16. In dts 
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character, as one should have expected, this dependence is similar to the dependence 
qo (m) in Fig. 4.13 for the case of incoherent summation of statistically indepen- 


dent components (this dependence was considered in connection with multifrequency 





, rk). From the graph it is easy to perceive that the optimum number of cycles cor- 
ES responds to the probability of omission per cycle, near 0.5. This result can also 
Bate be obtained by proceeding from (4.7.2). Thus, the optimum number of cycles may be 
a} 

Ko calculated by an approximate formula 

ots m,==0,3/ In. 

, 4 From a comparison of the curves in Fig. 4.16 and Fig. 4.13 it is clear that an 

3 

- independent comparison with the threshold of results of processing the signal in | 

eo every cycle gives a loss in distance as compared with incoherent summation of 
these signals, increased with the increase of m and decrease of fp. For example, 

oe at Bo= 0.1 and m= 8, the relative increase of Q, constitutes 80%, 

, An analogous caiculation can be conducted for the case, when the trans- 

@ mission band of the filter is not coordinated with the time of observation. 

: Here, by substituting (4.7.1) in (4.4.28), we obtain 

eS 

a os FAY). (abel 
be Kattan « ) ere (Se 7 1) 
ot, gym aera ee 
ee 2 la res 
re z : b- Vb 

: (1-8) 

= ¥dfyi yt wee ee ee * (4 07 3 ) 
ee ‘ io mero 
a ae 
ce The approximate equality in (4.7.3) is correct at Bley pol, The depend- 
pa: ence qo(m) at ed Lu" Sjy7,* 10 and various B is shown in Fig. 4.17 and 
oe has the game character as that considered above, The optimum number of cycles 
my in this case ig somewhat increased; however, due to the weak dependence of 
rs @ on min the vicinity of in, this increase in practical calculations may be 

‘tlaregarded, 
Muring fast fluctuations of reflected signal, when AMT 1, the distri- 
ee bution of cnergy of the signal between statistically independent components | 
atlas 


Ba even in optimum processing does not lead (see (4.6.4)] to an increase of the 
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Fig. 4.16. Dependence of threshold signal-to-noise 
ratio on the number of independent cycles of scann= 
. ing. 





ranpe of the radar. The magnitude of the range loss connected with such distri- 
bution is simple in each specific case to calculate by the formulas in paragraph 
4oh.l with the us2 of (4.7.1). 

We considered the problem of effectiveness of division of time expended for 
detection into statistically independe.:t cycles under the condition that the solu- 
tion concerning the presence of a target is accepted upon increasing the tiores- 
nold of eperation of the relay even if in one cycle. As was noted in Section 
3.8, it is possible to imagine a system, in which the solution on the presence 
ef a tareet is taken, if in n cycles will occur at least k exceedings of 
threshold, and to find the optimum number k. The probabilities of correct 
detection and false alarm are determined in this case by formulas (3.8.2). Ry 
substituting in these formulas the characteristics of detection, it is possit’s 
to trace the dependence of threshold signal on k and n for any practically 
interesting case. 

Tn Fig. 4.18 is presented the dependence of oe on k at n= 10, FP #10 
und various 3, constructed for the case of slow fluctuations of a reflected: 
signal, when subdivision Anto. statistically independent. cycles is the most 
effective. PMependence qo(k) has its mindwun at f= 3s Vn “which slowly. 7 
shifts in the direction of the smaller k by measure of o2resoy of eo Stamler, 
taneous ly the dapth of the adndmun somewhat ‘increases. Por the considered: 7 | - 
Values of ¢ , the pain, des to tha use of the optinur number of exeeod ings ae 
as cotifsresdt with the case of k ® i, conuldered above, constitutes 1.5q2 tb, - 

with corresponds to a gain in range by Bud2k, ea : . 
a In Section 3.8 we also formulated the provlem cf multistage Scarhin with ae 
; which on the fol lowing stage are inspécted only those sections, in which on. 
the preceding stages thi target was detected. In order to have the possibility _ 
to judge the cathe, obtained with such 4 method of scanning, and the variations e ; 


of parameters. of dyateme of déiection connected with this method, let us 











Pig. 4.17. Dependence of threshold s 
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consider the case of two-stage scanning with slow fluctuations of reflected 


signal. 
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Fie. 4.18, Dependence of threshold signal-to-noise 
ratio-on the required number of operations k in 10 
independent cycles, 


In accordance with (3.8.4) and (4.4.7), :considering [C,(r,—1)!?= | in: (h.4s7), 


we obtain an expression for probability of miss 


By(F., T)=:(i-- ee) 4. FFOF ( . jit) 


which, taking into account (3.8.5), (3.8.6) can be rewritten in the form 


BF, Ty. (1 pita] ei 


whe tpg FE , 
ee ise) (6764) 
where q= 9¢ = Pe is the ratio of power of signal to spectral density of noise, 
tT 2No 


Considering the probability of miss on the first and second stages to be 
small (only with such conditions can there be obtained a small general probability 


of miss) and considering (4.4.22), instead of (4.7.4) it is possible to write 





the following approximate equality: 


In Fyin-t 
BE Soe Se 
aoe Ge T, qT, , 











ae woe. (4.704!) 
a where q, as before, is equal to 
ne P.T 
qT =5y-° 

Fquating to zero the derivatives if and aoe we obtain the following 
hee equations for values of Py and Tys with which the probability of miss is 
— md nimum: 
A. Fides [ri i F ¢ fing yap 1. 
BP qT, V- ’ _ f rT, (4.7.5) 
Bar ines 1 
a : : a 7 
Bt Excluding : from these equations, we have 
ie 3 . l 


7a “Vow In - a 


(4.706) 


The magnitude of the root of this equation interesting to us at various F, and 


T 
also the corresponding values of = are presented in Table 4.1. 
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wae In the table also are presented the values of relative decrease of thres-~ 
ES held signal-to-noise ratio, due to the use of two-stage scanning. As can be 
@. 
2 ae 





seen, two-stage scanning allows to receive an essential gain in the free-space 
ranpe with the same average time of scanning, whereby the magnitude of gain 
increases by measure of decrease of probability of false alarm F. It is inter- 
esting to note that the ratio i » ensuring minimum of probability of miss, 
almost does not change with the change of F ° 4 = 0.76 at P= 107%; - = 0,82 


é 


at F = 10° )y 
Comparison of two-stage scanning with the case of two independent cycles 
shows that for fi~ 0.1 and less, two-stage scanning gives an essential less in 
distance al the same average time of scanning. Apparently, it is more expedient 
to use this method of scanning with statistically dependent signals, taken on 
separate stages. For that, it is sufficient to change to the following stage 
immediately after termination of the preceding. ulevetage scanning can, 
obviously, be produced cyclically. The calculation of characteristics of detec- 
tion, taking into account fluctuations, for that cage is connected with signi- 
ficant difficulties. Por a reguiar signal with known phase during two-stage 
scanning, calculation of characteristics ef detection was conducted in (ii), 
whereupon in this case the gain, as compared with single-stage scanning, was — 
sienificantly areater than in the case of a4 fluctuating signal during statisti 
cally independent stages, which indirectly confirma the expressed above assunp~ 


tion, On the whole, this question, undoubtedly, neads study in the future. 





In cenelusion, let us consider one question, connected with searching and 
aise requirine the use of specific churactoriaties of detection. In Section 4.9, 
: wi the proposed and analyzed method of bearching with oxauieine eyeten: wherg | 
i it was shown that in optimum distribution a! sect done by cycles, this method is 
q close in effectiveness to the opvimum method of examination of sections. 
Fxamination was conducted at given values of probability of miss of target and 
4 averve time of delay in every section. Veing the apucific charactariaties of © - 


a detestion, it is possiblo to also select these magnitudes in such a way that 
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the average time of searching is minimum. We solved this problem for the 
particular case of exponential a priori distribution and slow fluctuations of 
reflected signal, considering, as everywhere in the chapter, the delay time in 
the section independent of the accepted realization. Using expression (3.9.16) 
for average time of searching at ASK lng we obtain 
~~! 0F i gfe—30+8))\ 
rae (tiny ae (4.7.7) 
The probability of false alarm F in formuls (4.7.7) also depends on the 
time of delay in the section, if the average frequency f of false alarm is given. 
Howetsns this dependencs is, due to the smallness of f, weak and it is possible 
to disregard it. 
It then remains to find min t by B. The minimum takes place at B= 0,27. 


Here, 


(4.7.8) 


‘The ‘degree of criticality of the found optimum is confirmed by the dependence 

es: presented in Table 4.2 of im on } in the vicinity of the optimum, 

, Tt is interesting to ects that the optinum Lies in the region of 
comparatively large probabilities of miss, at the time when usually in practice 

| they try to make this probability possibly sngll,. due to the fact that, aa it is now 


expluined, the average time of searching is considerably increased. 








Table 4.2 — Conducted in this paragraph the 
' jo 00. t Oe Slag 3] aa “i / consideration. of sevarate problem, 
t of: 6 10,8; % 3j 197] 12.8 ‘relating to the problem optimisation 


~ of scanning and searching, showed that 
- ana whole nusber of. cases, rational 
selection of the method of scanning or searching and parameters of the system, 


carrying out scanning or searching, allows to receive un essential gain in the 





free~space range of the target and in the time, expended for detection. On the 
whole, this question, as already was repeatedly noted, at present is hardly 
investigated, which, in a significant degree is explained by the wathematical 
difficulties, with which its solution is connected. The small results received 
indicates the perspectivity of further investigations in this area and at the 
same time, they themselves have a sufficiently large applied value. 


4.8. Detection of One Form of Signal with Non-Gaussian 
Law of Distribution 


In connection with expansion of the area of use of radar, lately consider- 
able attention has been attracted by problems of detection and measurement of 
coordinates of space objects (for example, artificial earth satellites). A 
signal from such objects fluctuates basically due to the unstabilized rotation 
of the object during flight. The distributive law of fluctuations can consider- 
ably differ from normal. Usually the time of rotation on the width of a lobe 
of a pattern of secondary radiation can be considered large as compared with the 
time, utilized for detection af an object in each cycle of scanning. Here, for 
caleulation ef characteristics of detection it is sufficient to know the one-~- 
dimensional distributive law of a reflecting surface (power of reflected signal). 

As was noted in chapter 1, this law can be approximated by linear combina» 
tion of exponential distributiona, Such an approximation corresponds to the 
assumption that at equiprebable aspects, the distribution of power within the 
limita of euch group of lobeu of the pattern of secondary radiation is near to 
exponential (which cerresponca to normat diatribution for fluctuations of a 
gisnal)., The coefficient at the exponent repreyents the probability that the 
otject will be turned towards the radar namely by this group of iobes. 

In connection with this, the considered reflected signal may be treated as 
a nortal randem process with random power, taking one of the values of /.,, Pig. cx Pen 


with probabilities OP Phe Bs accordingly, and in the solution of 
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the problem of detection of such a signal, to use the results, received for u 
Signal, distributed according to normal law. 

Inasmuch as the form of optimum operations on the signal during slow fluc- 
tuations dees not depend on the distributive law of amplitude of signal, an 
optimum system of detection of the considered signal coincides with that synthe~ 
sized in paragraph 4.3.3. The characteristics of detection for that case can 
be found by averaging the characteristics of detection of the normal signal by 


all possible values of the signal-to-noise ratio. As a result, we obtain 


D, (FA)=¥ pd, Ger): 


k=! (4.861) 
Substituting (4.4.12) in (4.8.1), we have 
a Kyay gr (F)~ 20 eT = 0) 
D,(F) = y Paexp = te one pe 
ra wes (4.82) 
In particular, for coordinated filter (4/7 = 1) 
‘er 
Fyes F' FW ey , 
DAF) x ps hea 


For an illustration, by the formula (4.8.3) in Fig, &.19 is constructed the 
dependence of the probatility of correct detection Dy on the smallest signal-to~ 
noise ratio qy, for n * 3 and p; = 0.5; P, * 022; Py 7 U3} dua & 2Uay)3 Ww * 
Pian 

In the same figure, for comparisons, curves are conatructed for the pro- 
babilities of correct detection of normal signal with signal-to-noise sabtas @a 


and wa ae 
de Seek Ge =a y Poles aw 1y,,. ; 
we? & 


“From. ‘the. comparison of the curves it is cloar that a signal of the considered 


tare is: detected bette> than the normally fluctuating oiynal with a sa Graitee: 





a 





pee noise ratio, equal to the lowest value of Gor? Iga » 43 » but significantly 
oe worse, than a normally fluctuating signal with the same average signal-to-noise 
¢ ratio. 

Et 

oe 
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‘Seay 
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t.- Fig. 4.14%, Characteristics of detection of signal with 

aoe Non—Gaus.ian distributive law: 


meee «=ogtenal with non-Gaussian distributive law; 
--- normally distributed signal with a, = = Oy : 
-erem nermally distributed signal with Yo * * Wo} 

The proposed method of calculation of characterieties of detection of signals 
with non-Gaussian distrioutive law is, undoubtebly, only a half measure. In 
order to consider quest.ons of detection of such a Signal in intervals, compara- 
ble with the time of correlation, and also in order to sonsider the influence 
of fluctuations on the cecuracy of measurement of coordinates, it is necessary 


£0 have a mere thorough euiewlation of properties of these fluctuations, 


4.4. Optimum Detection of Radar Sienals 2 the Presence 
of Passive interferences 
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This and the several following paragraphs we shall devote to the very urgent 


contemporary radar problem of detection of a signal from a target on a background © 





of interfering reflections. The cause of auch reflections can be a cloud of 





metallized dipoles, the surface of the land or sea, individual interfering targets 
and so forth. Under some limiting assumptions, the influence of reflections can 
be investigated in general form, not specifying their physical nature. First 

of all we will assume (see Section 1.3) that an interfering reflected signal, 

as a Signal from a target, is a normal random process with zero mean value. The 
function of ocrrelations of this signal in accordance with the results in Chapter 


1 will be considered in the form 


Oo 


Ran (ty, f,) == Re \ a(x)u(l, ~ xa (ty-- xy XK 


deletes eee td, 
(4.9.1) 


where 3(x) is the deneity of intensity of interference, corresponding to the 
EVO Fal Re a ay ok g 
@,(«} is the Doppler frequency; 
r(x.) is the coefficient of correlation of interference fluctuations, also 
letietin ty im cengral, on v, 

Presentation (4.9.1) of the function of correlation of interference is correct 
for a very large number of cases. The conditions of validity of this presenta- 
tion were discussed in detail in section 1.3. As in the exanination of the signal’ 
from the target, we shall agsume that fluctuations of interfering reflections, 
described by the coefficient of correlation r(x, t), ure quite viow and do not 
‘distort considerably the law of modulation of reflected simal, 

Inasauch ao interference is diotributed according to the law of Gauss, in” 
the synthesis of an opt imun system of detection and anvestagation of the charac- 
teristics of detection it is possible to completely use the ganeral relation- 
ships in Seetiun 4.2, We shall begin the consideration from the case of slow 

(fluctuations of a useful signal. Here, the solution of equation (4.2.4) with 
substitution in it inutead of Re (ty, ty) the foraula (1.4.9), a3 we gah. be cone 


vinced of, has the form 





V tu tad ppg Re Z (ty 224 (tn *) 


(4.9.2) 
where 
r , 
Zit, = (Walt, s)u(s-—spe™ds: (4.9.3) 
: 8 
{ i ie, - 
12% Pe 5 Z*(s,s)u(s—)e "ds. a 


_ As can be seen from (4, 9 2), optimun processing of the received signal in 
this case reduces to multiplication by the reference signal Z(t, t ), occuring 
as the result of detene te integral conversion of the law of modulation of the 
main signal, and. integration of ‘the received sauahict during the time of obser~ 
vation. In order to receive the vofenence Signal in clear form, it ‘is necessary 
to solve the equation for W, (ty t.) and to substitute the sclution in (4.9.3). } 
_. The case of fast fluctuations of a useful signal will be considered on the 
assumption ungt the time of correlation ‘tne ' of signal fluctuations signifi- 
~ cantly exceeds the time of correlation of interference tun. This assumption 
dn practice ‘ugually ts executed and at the same time allows to connect the solu- 
“ton of the probler for the case of fast fluctuations with the solution, found 


tor the cu88. of plow Pluetuat ions” of a , reflected: -aignal. With this assumption, 


fe beth volaten. of. equation (i244) naburally, as we ‘did more » than once, be found. 





it ‘quasidegenerate form 


+ Ht Re Zul 9 Ut ~ bh , 
{ Vas ' ‘ (he 3) | 


where «less ) mw terornined by: equality (a. 9.3), and fundéton et} is assumed 
- Just at wlow, an the coeftictent of correlation of Fluctuations of the reflected - 
stenal a8). | 

at ua aastume that there exists the mit 
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where Af, the effective width of the spectrum of signal fluctuaticns. 
Physically, in a sufficient measure, it is obvious that, inasmuch as both 

the function of correlation of interference, and also Z(t, + ) must possess, 

in a known measure, the properties of the iaw of modulation, this limit exist 

in all those cases, when there exists a limit C(r, 0) in (1.2.2'). After we 

explain in more detail the properties of Z(t, VJ. this will become clearer. if 

limit (4.9.6) exists and tin<tke then the equation for v(t), obtained by 

substitution of (4.9.5) in (4.2.4), has the form 


r 
Vili — t+ ale | OL —A) plt—t dt = P 
wa Fp (4-43), 
(4.967) 


coinciding with (4.3.5). At A/T!  , equation (4.9.7), as equation (4.3.5), 
may be solved by Fourier transform. The obtained result, with an accuracy up 


to inmaterial constant factor She coincides with (4.3.6), if in this formula 


h.is replaced by hy» Hence, also from formulas (4.9.2) and (4.9.5) it directly 
* goltowe that. optimum processing of the received signal in the case of the presence 
of passive interferences can be carried out with the help of diagrams of tha form, 
. shown in Fin. bedeled, in which only the form of the reference signal changes. 
Z Thus, for a final understanding of the essence of opt mum operations we must only 


So defini tie the form of this signal. 


“Tye solution of equation (1,4.2) at R(t2, ty) @ Ri (tay tad Ns (ty tylt 


a Roa (ay ty) on the strength of the sien about the slow change of r(x,t) 


ha meaning to find in the form 
Walt, Ay) se BU, wef) 
oe ae 
; ae ref fete, Rye fy iat, Meee Ka? (ts ~~ .4,) ‘e 


ee i, tytn ie, lage ee ; : , 
xe al Ghio dey lig ‘dada, oO te (4.9.8) 


| where Wixy9 5 ty't yis considered to be a slow function of ty and t.. sf 


compared with u(t). By substituting (4.9.8) in the equation and eyuating coeffie 


ni ehents at u(ty—x%)) ut (t—x9) de gla lel ney tens dx, dx, in both parts of the 





. 
Es 





equality, we obtain an equation for w(x,, %)3 ti, t 2) in the form 


se 
wits Xi be Lbs ee (a Joe xi ty, x 


Ke ales ree t— tuto — 2) 


t 
Xu (t—x«,)de= 7 ae t,—t,)3(x, — %). (4.9.9) 


In the case of complex-~modulated single sending, assuming r(x, t)--t.) = 1, 


we obtain 


ao 
w(x, x,) $i Ge he foc X)C [x ~ x, wo, (x)—" 
a 


1 
—— w(t, pdx = wig 3 (Kg) 8 (Ky — 2). (4.9210) 
ary eo7e 


In the case of a periodis signal, considering ®,(«)=®,== const and 
averaging the preduct w#(t--x)u(t--x5) by t under the integral, we find 


(x, ay t f,)+- 
eee 
v 


=o g FAI te tp EVE (ay may 
(4.9.11) 


These simplified equations can be solved for the case of extensive inter- 
ference, when a0) changes Little in the interval of solution by distance, and 
‘for the ease, when interference is created by a finite number of pointed reflecting | 


obsects. 


Stall not resorting to the eclution of these equations, but using only presen- 
tation (4.9.8), dt is possible to perceive some essential peculiarities of optimum — 
processing in the presence of pastive interfarsnces, By substituting (4.9.8) 


-in (4.9.3), 8 obtain 


mee 


Zit thes p [ude 


~ 
Fru t apa nye! Mabe ‘ds] . . . (4.9.12) 
a ‘ 











where 
; 


a 
He x= Sp (dt, (ole ag 6 Adal —ay x 
a Q 


if ew (x) 4, 
xe af dx: (4.9.13) 


@,,==0,-—-o, , is the Doppler shift of signal from target; 
* is the delay of this signal. 

From (4.9.12) and (4.9.13), the meaning optimum operations is obvious. The 
first component in (4.9.12) ensures optimum separation of useful signal on a 
background of noises, Multiplication of y(t) by wif—aye “eral! in the 

second component ensures optimm separation of interference, corresponding to 
the value of delay x. The separated signals of interference are summarized by 
all x with xeight f(t, +, x) and are subtracted from the results of multiplica- 
tion of y(t) by the expected signal from the target. Thus is carried out 
compensation of interference, 

The weight function f(t, +, x) diminishes as with the growth of (t= and 
ao MM) the signal from the target and interfering reflections become all the 
more orthoronal, Indeed, as one may see from (4.9.10) and (4.9.11), function 
w(x), x3 ty, t.) diminishes as C(x,—x,) tends to zero with the increase of 

“ate. This Lollows from the uniqueness of the solution of these inte- 
“gral equations and from the fact that the functions, possessing the shown. proper- 
ties, ean satisfy them, Upon pdb sactinn in (4.9.12) the components of the law 
of modulation of the simial from the target are suppressed, the most charactes 
ristic for interference: the reference signal, a9 it were, is orthonona lt zed ) 
in reference to the interference, This peculiarity of oped Lesa processing is 
developed most. clearly in the case of “discrete” interference (interference 


of the “interfering target" type). 





4eJe2e Case of Discrete Interference 


In this case 


a(x) = $' 2,8(x—+,). 
fal 


Substituting in (4.9.9) 


W(X. 055 0,, 6) = ¥ Win (ty £3)8 (x, — 5) 8 (x, — ta), 
ta 


- (4.9.14) 
we obtain 2 system of equations for Wi (tas t,) 
mor ‘ 
walle Wt 2%, Dy (walle Matures) 
Xu ey) me rally — A) Bin (4.9.15) 


where 


ra (ther (tar Oi an ema (8s). © 


If fluctuations of all interfering targets are slow, then n,(t) = and 


Wyk (ty, t,) = Wy, does not depend on t,, % 


2" System (4.9.15) is then converted | 


to the fora 


dard 


Pen (bat Sy eu Bins. : 
(469416) 
where- 


ite me 
Cry mel tty sa, Sam male ty ©.) 


With o large number of interfering targets, the solution of this system, 
although not connected with principal diftioulties, is rather laborious, The 
expression for Z(t, miy be written, in the fore. 

zit ¢) Ni \ futee™ een 


atom Vy onl (i a ye eat J : 
ne Pela , 


(4.9.17) 





sy" } : 
where Cu Cees je a characterizes the degree of non~ 
: orthogonality of signals from detected and kt! interfering targets, and i Wx il 
: : : aN, . ve 
~— the matrix, inverse to|Cix- arse -Sy{[. These results are obtained py 


another method in [64]. 


Ter te gen te 


ue a periodic signal and “= const. Here, producing in (4.9.15) averaging of 
F modulation ay period and converting both parts of the equstion by Fourier, we 


, 


obtain for spectra W 5, 9) of functions Wak (ty, to)s a system of equations, 


Vv. [fat My CSa (0) |= 9 s lat 


iwt 
(4.9.18) 
where Ct), = CS (tr —t,. 0) (sea Section 1.2); | 
Me iv) is the spectral density of f tuctuat ions from k** diterterrine tarvet. 
Equation (4.9.18) for spectra = to) dn fora da ful Ly ana lezous Le equation 
(ie slb). Considering that. wy, (ty, bdrdng fast Huetuations ‘depends only 
on the difference tywt., and: ‘that ssoonting ‘te te “asiuepidonay. this function 
 Shaneed Little in the period of repesiti on i Ve pave, by poplacine the Limits 


ef inuerration in (4.9.13) with infinite ones 


an He oe Pron sel se | 

ma | | pe ‘ a i ee ee 

# ane. t, . i me Ye a iT. ree | 

ae . . , iw 2% 

:: nai ie UAC, ne 

= — a . 

a : : | "lo Me * 5 W, ide, Va. 

“ hare du, ia the ditterence of Doppler Frequencies of the target and inter! erento: 
a . te 

So : Dee 

Be In Che derivation of this rormua, the integral pe , in (4.925 waa 
a ; 

Ne oe - 


The case of fast fluctuations of interfering targets may be considered with . 
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represented in the form of the sum of integrals by periods and 5K (t) in each 
~ period was considered constant. Furthermore, we used the connection between the 


spectrum of sequence W3y (/T;) and spectrum of funeticii WK (t) 6 ‘see (671). 


Substituting f(t, +, x) in (4.9. 12), we obtain 
Zh y= q- ~ [eto - Yenc jx kG u(t —s)] . 
oe , “ jk . 
. . ae ee a ; - ; : 
. where . a Le ,, W, (Aw, -+- /0,), 
3s th rg 
“{{W,()il>. | is the matrix, inverse to 


: 2N, 
fe eecar 








in order to make a more graphic: meaning of optimum conversions of received 


PN 


signal, determined by formlas (4.9418), (4.9.19), it is convenient to somewhat 


convert, these formulas, 


We shall add to matrix ‘te sk apt || a zero colum Cntare Bon and 
line Ci TR Here, the order of the matrix becomes equal to m+l. Using 
af ob : 


the known presentati 1 of inverse matrix by cofactors of its elements and con~ 
sidering that the considered matrices are Hermitian, it is possible to show that 


yeh 


the elements of inverse matrices m and (m+l order are connected by the 


relationship 


ces mel) a 
jo EO My bre: 


(4.9420) 


& =o 


Using (4.9.20), reference signal Z(t, x), determined by formia (4.9.18), may 


be written in the form 


mt 
. | (mf) bef feltegt 
See Mei vv en 1 eee, 
"Fa : (449-22) 


By % and ®.. in this formula, we mean delay and Doppler frequency of eignal 


from ta: net, 
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In a similar manner will be converted formula (4.9.19), Thus, in the 
cage of siow and fast fluctuations, the optimum reference signal is a linear 
combination of expected signals from all targets. If the signal-to-noise ratio 


Shy Onl 5. ‘ - > etm aL yy 
is areat for alli targets tee at all k), then matrix eens can 
“*¢@ 


be considered equal to the matrix, inverse to [i City - Here, multiplication 


bv the reference signal and integration obtain the most sinple meaning: this 
operation ensures full suppressionof signals from interfering targets. Indeed, 
the reference signal in this case is completely orthogonal to signals from 
interfering targets: 

— leet — io 


t Te Gated 
Z(t, s)u'(E—tmy)e Wdfa: V GCs 0, 


{= 


Stee 


In those cases, when we cannot disregard noise, processing of the considered 


form ensures incomplete suppression of interfering signals, decreasiner them 


approximately to the level of noise (see Section 4.10). “imultaneously is suppres- 


sed tne useful signal and the signal~to-noise ratio decreases. 


4.9.3. Case of Extensive Interference 


Let us now turn to the case of extensive interference, when the density of 


interference and its properties hardly change in the interval of delays, corres- 


peadins to the interval of solution by distance, In the synthesis of an optimum 


svstem of nvrocessing of received signal for that case it iy possible to use 
exoressions for function of correlation (1.3.12) and (1.3.13), corresponding to 
the cause of stationary interference, This follows from the fact that optimum 
processing in the general case isee (4.9,12)] includes multiplication by the 
expected signal from the Lurget and the totality of expected signals from inter~ 
ference and integration, whereby the weight function [(f, « 2) diminishes by 
measure of increase of |¢-~—<«| to zero, approximately as C(x--¥). Thus, 


reflectors, forming Interference and distant from the target in the interval of 








delays, significantly greater than the interval of solution, do not affect the 
character of optimum processing. If the properties of interference slightly | 
change in the interval of solution, then, allowing, for convenience of soiution, 
the smallness of these changes in the interval, ensuring stability of inter- 
ference, we almost will not change the result. This method, receiving name 
"stationary continuation of interference", was proposed in [54] without a suffi- 
ciently clear logical foundation, which is possible only after clearing up the 
general properties of optimum operations. The same results are obtained from 
appreciate solution of equations (4.9.10) and (4.9.11); however, this way 
requires rather laborious calculations with that same, in general, degree of 
conclusiveness,. 

In accordance with the above, in stationary continuation of interference we 
should consider a(x) r (x, ty - ty) to be equal to the value of this function 
at x = t. In the cage of single sending, from (1.3.12) we obtain 

Raa (ty 3) Re a(s)r(s, f, —- 4.) Toy C [alts —E)X 
ern ee CR ers 
where ;, is the Doppler shift of frequency of interference, which we will 
consider not depending on delay (for extensive interference this is usually 
completed). 
Analogously, in the case of a periodic signal, from (1.3.13) we have 


Realty Ye RET rec Ge EK x 


ol ftet@ aa) (tin ty 


x Cy fa(t, —4)} , (4.9623) 


where - 
3, (s) taht ty bade Mae dl (8b Tn = Gi. 


ie9 


Summation in the last expression considers the circumstance that with a 
periodic signal, on the strength of the ambiguity inhe~ent to this signal, there 


occurs imposition of signals from objects, distant from each other at a magnitude, 


Se 
pet Xe 
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U,(w)~—1s the spectrum of one period of modulation, 

Coefficient « in thesas formulas is considered the Doppler effect at the 
frequency of repetition. 

It is necessary to note that formas (4.9.25) and (4.9.26) are not mutually 
exclusive. A single sending, with which we were concerned in the derivaticn of 
formula (4.9.25), can, in particular, represent a group of periods of modula- 
tion. However, so that the conditions of derivation of this forma are satis- 
fied, it is necessary to demand, considering the imposition of signals with 
value of delay, multiple Typ, so that o(t}=9(t-+} /T,) at. ~ Fe << ree and 
3 (1) hardly changes in the vicinity of these points. Thus, the distinction of 
the considered formulas consists in the fact that formula (4.9.26) is taken | 
specially for a periodic signal under limitations, less rigid, than those, which 
are required in the application of forma (4.9.25) to this case. 

Let. us now turn to the investigation of properties of the reference signal 
for the considered case, Substituting (4.9.25) in (4.9.2h) and (4.9.3), we 
obtain 


wy @ ia (t—1) 
Z(t, s)=x et Uy (uje coon al diy 


aN J 
* toe! + aT S(o + 404) 





(4.9.27) 
where U/,(a) is the spectrum of expected signal, calculated in interval (0,7), 
=<0,,-—m,, 18 the difference of Doppler shifts of useful signal and 
intarference, 

As can be seen from this formula, the reference signal is obtained by 
transmission of the expected signal from the target through a rejector filter, 
suppressing, in thie signal, the spectral component, most clearly represented in 
the spectrua of interference. ‘The frequency response of this filter in the majori-« 
ty of cases is physically not realizable, Therefore, it ie necessary to find 
reasonable physically realisable approximations for this response. 


Let us examine the case of complex-modulated single sending, for which 


L265 
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“multiple <= (T. period of repetition). 





In the case of signals, ensuring high resolving power in distance with the 


is usual correlation processing (Secticn 4.3), the limitations, placed on interfer- 
i ence during stationary continuation, usually are carried out. For systems with 
Re continuous emission without modulation the conditions of stability, as one may 
D see from (1.3.7), are always fulfilled. 

fo Solution of equation (1.4.2) during stationary interference and time of 

Po observation T, large as compared with time of correlation of interference, can 
ef be received by Fourier transform | 

- 1% leiiat 

% Walle = oe j We FSe0ta) (4.9.24) 
. where S,,(o) is spectral density of passive interference, 

Tn connection with the presence of high-frequency factor in (4.9.22) and 
P (4.9.23) Suu) is represented in the form. | 

if 


{ ~¢ 7 
2 [S(@ — 0, ~ w 44) +S (— ® -%, — 19)]. 


In ‘the case of sinele sending, from (4.9.22) we find 


Pw ; : & oo ‘ 
Be . S(w) iat ow ‘den! 
Bao PG a 5 a7) Sole @ de’ (409425) 
la where Sq (e} is the spectrum of function C(:), , which in the future we shall 
oe call spectral the density of modulation; 
pr Sp(t,o) is the spectral density, corrasponding to the coefficient of 
wos 
Tr correlation rit, » ty —ty). 
In the case of a periodic signal 
he 
a S(#)=9,(0) ¥ Sy, (£0) S,, (@ ~ ka) 
e om (4.9.26) 
a 
A where Sy, (mu) -. Lla(onlt is the spectrum of one period of function C,(s); 
a , 
ms wy 








the function C(r) has ona sufficiently short maximum. The spectrum Su() in this 
case appears to be very broad, since its shift by Aw, may be disregarded and one 
rejector filter used for votainment cf reference signals corresponding to various 
values of Doppler freauencies, Since the duraticn of the signal is finite, multi- 
plication by the reference signal can be replaced by filtration (see Section 4.3). 
In the casa of a periodic signal, the frequency response of the filter has the 


form 


Hy (iw) == +  —- lie ee tN 2 Rn 


a, {x rf | 
t+ ah Lise itan Se ,@-~ 182.) (4.9628) 


Usually, the width of the spectrum of modulation 1s great in comparison with 
the frequency of repetition and with the width of the spect.um of fluctuations 
Sgo(t, w). Here, 

Hh eee ON, Seah 


l+5y. sua) Spale, = b,) (449.29) 
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The approximate form of the frequency response is shown in Fig. 4.20. If 


the duration of the expected signal essentially exceedy the correlation time of 


interference, the spectrum of guch a Signal, whicn ia lined, has spectral lines 
Sienificantly more narrow than Syo(t, ). Here, an essential role is played 
only by the values of Hy(io) in points Sot ki, (Ko m2.) and this filter 
can be replacec by any other, fur which the values of the frequency response in 
the indicated points coincide with the values of H(i). In Fig. 4.20 ave 
presented possible approximations of Moi) for several values of  Aeu From 
the figure it is clear that the dissection of the frequency response of the 
filter becomes immaterial and the filter may be replaced by a very wide-band one, 
Here, the time of establishment of voltage in the filter becomes small ay 


cemnared with the period, the reference signal becomes periodic and processing 


of the signal is divided into intra-period processing and subsequent storage, 














~tRp ~$2,-20; 22, Rp, 
Fig. 4.20. Frequency response of rejector filter. 
In the general case, due to the nresence of noises, the reference signal Z(t, w) 


cannot be represented in the form of the product of a slowly changing function 


into a periodic function and optimum processing is not divided into intra-period, 


carried out as if the given period was unique, and inter-period. This circum~ 
stance considerably hampers practical realization of optimum processing, 

In connection with this, an essential interest is presented by the question 
of synthesis of optimum inter-period processing in the case, when separate pro- 
cessing of periods is assumed beforehand, and of a comparison of such kind of 
separate processing with completely optimum (see Section 4.11). 


4.10, Characteristics of Target Detection on a Background 


of Passive Interferences 


4.10.1 Kquation of Detection Characteristics 
As in the case of detection on a background of noise, during the investigation 
of target detection characteristics on a background of passive interferences, let 
us consider along with optimum systems a certain quasioptimum, differing from the 
optimum in its comparative technical simplicity, Calculation of the characteristics 
of interest to us, as in the case of noise, will be conducted on the basis of the 


general results cf Section 4.2. With this, it will be necessary to consider 
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separately the case of single transmission of ce ee no assumptions are being 
made relative to the law of modulation of this transmission -—~ and the case of a 
perlodic main signal with arbitrary intraperiodic modulation, 

When examining the first case, we will assume that fluctuations of the signal 
are slow, and the filter band ensuring the coherent accumulation of signal conforms 
to the length of transmission. The support signal utilized in the receiver we will 
consider arbitrary and designate by Z,(/, r} e"'. With this the voltage on input of 


relay is in the form 
T 
|! Z y(t, coe! y (de 


and, inasmuch as y(t) is a normal random process, it is subject to exponential dis- 
tributive law. The equation of detection charactoristics corresponding to this dis- 


tribution has the form 


! 
pep ite, 


" where q, represents the ratio of signal power to total power of noise and inter- 


ference at output of a system carrying out multiplication by the support signal 
and integration, Using (4.9.1) and expressing r(x, ty~-t.) by Spiro), it is easy 


to show that 


Ply pO bt 
Maye ee oP oie ; pa 
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where 


™” 
Cy (x. %, Ww): oe f £,6 aed aye! dt, 


a 


Cy (4, s) re C(x, 5, 0), and 2, (¢,) is considered for simplicity to be standardizad just 


as u(t), 
It is not difficult to see that if the system of detection is optimum and 
Z(t.) ew! «Z(t, ), determined by formula (4.9.3), then (4.10.1) agrees with (4.9.4). 
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In the case of the periodic laws of modulation of the main and support sig- 
nals, as for detection on a background of noises, we consider the dependence of 
detection characteristics on the filter transmission band and on +he width of the 
!iuctuation spectrum of the reflected signal. With certain additional conditions, 
cnese dependences, as we now believe, carry the same character as in ibe cases of de 
tection on a background of noises, | 

With an arbitrary support signal and filter characteristic, the output valine 
of the detection system, as was shown in Section 4.4,can be presented in the form of 
(4.4.1')}, Characteristics of detection are determined by relationships (4.2.6!) =~ | 
(4,.2.8'), where in these relationships the correlation function r(t), t2) in the 
considered case is equal to | 

Pty ba) = AE Z(t)" (t, — 9) 20 (ty sd (ty — 2) (4.10.2) 
Xe HAZ VA 
Se AC ene CAC 
where ry (ty, tg) designated the coefficient when — expfi(mo+ogn) (tit) ] in (4.9.1), 
sr. 7 tf! 1) designates the law of modulation of the support signal which we consider 

lic und standarized just as u(t). “x 

"sing the assumed slowness of interference fluctuation and the narrow-band nature 
ef tha filter, we average r(t,, t2) with respect to ty and t in an interval suffi- 

‘nt for averaging the modulation of the support and main signals. As a result, 
Soatk (ue%l), we obtain 
rity. 1) = a Cyt, ship (ty byt fe BU, mayb 
@ 
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where 
Cig (x, sya C,, (x, *, OF; Gis (x, x, m) vas 


Tr 
=f Z,{t, eat (t — x) dt. 
0 3 


Considering 7:-T,, we will break down integrals witu respect to t, and ty intu 


integrals according to periods and we will disregard the boundary effects, As 4 


result of simple conversions we have 


RoR Py 7 ' " . i . (4.10.3) 
ribs byes gy [Gilt die Ea) 8 (8, a) ‘ 
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‘where k and 1 are integral parts of ratios and j accordinys i we Munction poo wr 


T, ie 
! 7p gat 2 


has maximums equal to one when #=-/0, (1 is an integer, 2, - ae the width of 
wh} sh, by assumption, de significantly more than th: width of spectrum Sy (x. #), 


put ‘sigrificantly less than the frequency of repetition, Considering that "7"! 


does not change during addition tu w of an integer of repetition frequencies, it is 


possible to replace the invegral with respect to » in (4.10.3) by 


[ ( Sy («, Mia: Aw, = RD E Ca, <u. AD, Es 
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Lue to the slowness of interference Pictuaeten in Vhis gum, an sesent ial role is 
played by only the two membera: with values of k nearest the magni ude of ratio tg 
Considering the slowness of change ot: t, a) a8 function w, it he posainle to re 
place w in the argument of this function by An,. 


As a result, the final expression for /(7, /,) is writtan in the form 
a 


Ft OS gy, [Cae DP dP al bia, fo(oiete a] a 
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The procusg to which the function of correlation r(ai, t2), corresponds is, as 
one should have expected, stationary 4nd can be characterized by spectral density. 
With this, we conveniently introducs into consideration the equivalent spectral 
density of the interference 


Soxu(o} = 3) foeriCulx. <, Aw,)|*X (4.10.5) 
0 


Oo P ~ , 
x yy Sy (x, o~- Ao, — &Q,) dx. 
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The magnituae of the ecuivalent spectral density of the interference in the 
Input of the filter considerably depends on the Bopper shift of the interference 
relative to the useful signal and on the degree of correlation between its law of 
modulation and the support signal. | 

The next step in finding the characteristics of detection is the solution of 


equation (4.2.7!) with nucleus 


tr 


Y% (ty. a) : ie ICyats, wi Petty Hal a tdalt {- (4.10.6) 
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where v(t), t) is determined by formula (4.4.2). 
During fast fLuctuition of signal from target and interference, the solution 
of this equation can be obtained by Fourier transform. As a result, for the charac- “ 


teristic voltage functYon at input of the relay, we have 
on . : 
Wer expba sg Gin (t agar (hp (4410.7) 
+ @ : 
fe Polit 8, (s)) \} uo, 


This formula is fully analogous to formula (4.4.7), Semi-invariants, corresponding 


to the cotained characteristic function, are determined by expression 


@ ; 
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With sufficiently Large Af,7 and A/,7 distribution p(L) can be considered 
pe normal [see (4.4.9) and (4.4.10)], or with more accurate calculations we can use 


43 Edgeworth series (4.4.11). 





ee If the spectrum of the interference fluctuation ‘!, is wide as compared with 
on the bandwidth of the transmission of the filter Avy, une apecural density of inter- 
pe. ference in the filter band can be considered constant and equal to SN... i) This 
es oy 
Bs corresponds to the replacement of interference by eyuivaient white noige, Uondi- 
pie tion Af, Af, Quite often is fulzilled for racar sets, fixed on fast-moving objects, 
, when due to the movement, there occurs a strong expansion of tne fCluctuabion spec~ 
= . | . 5 ie eee 
ae trum. Having produced in (4.10.7) a change of variavles 1% yh UN pa Hot pens 
flected in the form of detection characteristics, we obtain 
Fo’) exp { ef]! : iV Ffiper TG : ae, (i col aad ‘Cee lOy9) 
: where 
AL ce _PrlCuls ait eo de " PAG? : (4.10.10) 
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This formula completely agrees in form with (4.4.7) and ‘trom in, is Felluwa tbat. 





the dapandence of the threshold ratio of aipznal te inturforence. wn the fd lter trans 
mission band, the width of the fluctuation spectrum, ant tsp vosarvation Lhe in the 


prasunce of pagaive interference and when Vis0- Alo careien the same charoster aie she 


wa fast fluctuation of useful signal ay in the presence ef one neise Egan. “ietLon ae 
Ban: We arrive at the same conclusion when considewing a csan of Vow: flu sctuatiun 
i vt a signal reflected from a target when AID! Por the charscteristie function 
te Vy) in this case we have | 
: : | & Seo fy 
- : . Lom in Hi iy, ! . a (4.18.11) 
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Considering distribution, without a useful signal, normal when 1-- | and/ | 


we obtain similar to (4.4.19) 


wun fi 2. OT Fae 
Be a ee Cals. a} (he) 


2X, 


where %:n is determined by the formula (4.10.8) when P,- 0. 

| Ur \fy Mas then by replacing interference by equivalent white noise, we can 
obtain’ for this ease all the results. received for slow fluctuation in paragraphs 

“ede? and Lelik, With this the signal-to-noise ratio Gy is replaced in tne formulas 
by ‘the. signal-to-interference ratio 


Tye t y 


Ge gs (4410.13) 


From the 3 received ratios it. is. clear. that in the presence of passive inter- 


ference widesbarid as compared with frequency responae of the filter, carrying out. 


coherent accumulation in the system of detection, the dependence of threshold power 
a the signal on the filter band and the relationship batween observation time and 
“the width of the fiuctuation spectrum of the useful signal have the same form as in 
ad problem of detaction on a background of noise, - a 
The dependence of the threshold power of the useful signal on tne Laws of modu 

tation of tha main and support signals is determined by formulae (u.10,10) and | 
Ai JlU.L3). These Laws should be selectad Bo that the aignal-to-interference ratio ¢ 
4, (or proportional to q,, the Signal-Lo-interference ratio hy: ae shy) be the Lae 
rear possible, | ~~ | - - | 


when i, ig comparable with the bandwidth off the filter, the. results obtained 


atin Nae ML. cals be used ab approximate or definitized with tha help of formulas. | 


(a.lU.9) and (aslUste) if condition Mfot i8 fulfilled, To analyses the case. 
Mal ~1 as yet has not been managed because of essential calculating difficulties 
which are possible to surmount, apparently only with the use of electronic calcu« 


dating technology. If, howaver, LALeD) arenes fiuctuates slowly (AfuT <> 1). then 


solution (4.2.7!) can be out, adned | dndar tha poate of little noise as compared 





poe with interference, which usually is fulfi-ied. With this, 
Be ’ fae 
Da Fit®%, 


where in the daze of a periodic main signal 
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and in the case of a single cvransmission with arbitrary modulation 


ittecet Meare. (44.10.15). 
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Kere we again arrive at a certuin signal-to-interference ratio which is necessary 


to increase by means of the rational. selection of modulation of the support and main 





signals. Dependence of the aignal-to~interference ratio on thase laws of modulation 


is exunined below, 


bst0. 2. Dependence of the wiality of batection on thea iaw of 
a ef the ureers oignal 


a 7 tte 
ot: as 


eee ~The Law of modulation of the support signal, correspond ing to opt d man processing, 
representa, as was shown in the preceding paragraph, the result of very complicated 


; transformations: of the main signal; une charaet er of ‘these transformations duponds 





on the voppler shift ef signal frequency relative to  inberference ; distribution of 


-. interference by distance, ete. During ‘a periodic signal, the law of modulation of 


oe optimum support signal Z(f, 0 dows not posdess,. in general, the propesty of periods 
i ‘giby and optimus processing. is not divided dante Latra- and — ALL thease 

re _ cirounstances hamper tne Leshnical realization of opt isan processing ‘and serve as 

Pe - & Cause of the tendency to replace the procassing by simpler treatment. From this ; 


oe point of view it is most desirable as & Support vignal to use the oxpucted bignsal 
from thé target. Sucit a support signal is optimum during detection on a background 


of white noise and this replacement would permit us not to be concerned about the 





re change of operating conditions of tha radar station in the presence of passive 


ee a 















interferences, Therefore, it is assumed expedient to compare magnitudes of the 
signal-to-interference ratio during optimum support signal and when using, as the 
law of modulation of the support signal, the expected law of modulation of the use~ 
ful signal, For the first of these cases, q, can be calculated by the formulas 
(4.9.4) and (4.10.1) with the use of the results in Section 4.9, concerning determi- 
nation of optimum support signal. Expression for q) during application of the ex~ 
pected signal as support, can be obtained from (4.10.1), (4.10.13), (4.10.14), and 
(4.10.15), replacing Cio(x, t,0) and Ci(x,tm) by Co(x—t, wo) and C(x—t, w) respectively, 
We conduct comparison of magnitudes q) separately for "discrete" and extensive 
interference. 
In the case of discrete interference, substituting (4.9.21) into (4.9.4), we 
obtain for a single transmission . 
= cmt (4410.16) 
The formula for q, during a periodic signal has the same form, The difference con- 
sists of the fact that v7! is replaced by vu"! (see paragraph 4.9.2). 
In order to avoid excessive complications, we will compare optimum processing 
with the usual correlated processing for a particular case of one interfering target. 
With this, az is enparent from (4.9.17), (4.9.19), optimum processing is re~ | 
duced to subtracting signals (distinguished on a background of noise) from the target, 
and interference with corresponding coefficients. For brevity, | such a method of 
processing is designated below as coherent compensation. — | : 
| considering in (4.10.16) m = 1, we obtain 
ao i os racy, eM i swt]. > . (4.10.16!) 
Ts | 
aN, 
The corresponding formula for periodic signal and fast fluctuations of interference 


where gyst! is he interference-to-noise ratio. 
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has the form 





Oe to] IGlone "xX (4210.17) 
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ts Sy a . 
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ic As was possible to expect on the basis of the results of paragraph 4.9.2 and simply 
oS 


Be on the basis of purely qualitative reasonings, the signal-to-interference ratio in 
hs the output of the system of optimum processing is increased by the reduction in the 
correlation of the laws of modulation of the useful and interfering signals. 
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, ~ . Fig. 4.21. Loss due to abandoning 

ee . optimum processing during sharpened 

pe 7 dnterference,. 

os - For the case of 2;(/, jetted, by substituting a(x) ~ad(x~t)) An (4.10.1) 
and (010.13), we obtain: 

n din the case of single tranamission 1 

8 124 PH eel ey te, <4, bee) |? : _ (10.18) 
S “dy the case of periodic signal and fast fluctuation | 

“ t 

Re WG ee ge Te (4.10.19) 
Re beg aly ~ % Sui? y Sadie, = As) : 


Comparieon of formilas (4.10.18) and (4.10.16') shows. that the use of optimus 
“processing gives in the considered case, great practical ¢hiti, tacreasing infinitely 
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with the increase of intensity of interference: with the tendency of 9: to infinity, 
q; for optimum processing, tends to 

Gli —|{C(t,—+, duz)}'], 
for Z(i, s)==u(t— +) tends to zero. 

Fig. 4.21 presents the dependence of relation (I) of magnitudes q, determined 
by formulas (4.10.16') and (4.10.18), characterizing the gain due to the use of 
optimum signal processing with various 9m on |Cyo|?=|C(t;—t, Ama)|?, Gain is absent 
only during C(r—+, Aw;) =0; | and maximum during !Cjo!?=0,5. 

During fast fluctuation of interference and periodic signal, the dependence 
of T on Co(ti—r, Am) has the same form as that just considered. With this, the 


role of parameter gz is played by relation 


oo 
i y) Sx (Aw = kQ,). 
we OQ 


Tn order to be certain of this, it is enough to remember that formula (4.10.17) is 
obtained on the assumption that 4/,7,-<1. so that 
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Results obtained show that in a case ia of Ndiscrete" interference, abandoning 
optimum processing 18 {nexpedient, since such treatment allows us to ensure a suf- . 
Melently large eignal-to-interference ratio even, when the usual method of pro- | 
eossing with multiplication by the expected signal is completely weatenad, The | 
principle of coherent compensation of the signal from the interfering target ’ which 


is the main element of optimum processing, may be, apparently, successfully applied = 


for @ whole series of practical problems of distinguishing the signal fron low 


- flying aircraft on @ background of any Looal object, etc, 


The main difficulty in the way of using this method, is the fact that ina nut- - 
ber of cases the intensity and coontinates of the interference target are not know 


oe 











accurately and are determined only on the basis of the radar signal. In this case, 
due to inaccurate knowledge of coordinates, the effectiveness of compensation de- 
creases. the intensity of the interfering target, the effectiveness of compensa- 
tion during q, :»1 depends only slightly, and this dependence can be disregarded, 

In order to have the possibility of judging the degree of decrease in effective- 
ness, let us consider an example. Let the speed of the interfering target be known, 
and the distance be determined by the received signal with the help of the maximum 
likelihood method without calculation of the possible presence of a true target 
in the environments of the interfering target. With this, using expansion 


bx 


C(x, Ox) .= C (vq) fia ay) Bae 28 ye (da)? 


and considering that b(0) ie real, and a (0) with a symmetric spectrum of modulation 


ds equal to zero; as a result of substitution of 
Z2,(t, = : fu (te ee _ 


fate ie, (bor ») 


—~Cls, o~ %, Away) a (f= % de tI 
(t, is the measurea value of delay of signal from changing target) in (4.10.1) 
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where Ar=c’- 0 48 error in distance measurement » 
In this error it is expedient to distinguish two components, one of which is 
caused by the influence of noises on the accuracy of measuring the distance of the 


interfering target, and the second is connected with the presence of the revealed 


target. As is show in Chapter 7, Vol, Il, the dispersion of fluctuating error — 
during 9,1 is | 
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Systematic error can be determined by equating te sero the maan value of the logarithm 


of the relation ot verisinilitude o 3.9). Assuning this orroe \r- to be small, we 
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By substituting 4v?— 3° -{-A<) in (4.10.20), it is simple to obtain a final expression 
for the signal-to-interference ratio Qy¢ It is interesting to note that with a 
decrease in intensity ratio of the true and interfering targets. This is connected 
with a decrease in systematic error with a decrease in *, due to which the accuracy 


of compensation of interference is increased, 


a ~ on | C( (t,— 2)? 


Fig. 4.22 presents [calculated by formula (4.10.20)] dependence 
for a case of sequence of Gaussian pulses with linear frequency modulation when 
Aw p<, varlous A and qq = 200 (this corresponds to D = 0.9 and F = 107-10), For 


the considered law of modulation 


en? 
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where ty is pulse duration based on a level of half power; 


@ is the speed of frequency change. 
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Fig. 4.22. Dependence of si «t0= 
interference ratio in the ou put of 
the processing system on the distance 
between targeta, 

KEY: (a) Optisum system, 


For comparison on the same figure there is shown, by a dotted line, the de- 


pandence. of i. on jC(e~ 0) Lor the case of f e:], when a8 support, the expected 
i; 











signal is used. As can be seen from the graph, in the case of different intensities 
of detectable and interfering targets, the shown processing method leads to almost 
the same results (very unsatisfactory) as coherent compensation of a signal from the 
interfering target, carried out in accordance with optimum processing, However, by 
measure of the devrease of fe the effectiveness of compensation, both relatively 
and absolutely grows. For example, when Fe = 10-8 and [C(s, —+)[*==0,2 detection on 
a@ background of an interfering target requires only a double increase of the thres- 
hold signal as compared with detection on a background of noise if we use coherent 
compensation, while in the usual correlated processing with mitiplication by ex- 
pected signal, detection in these conditions is practically impossible, 

The considered example confirms the expendiency of the practical use of the co- 
herent compunaation method for distinguishing useful signals on a background of 
powerful interference reflections from false targets. When using the method, one 
should, however, consider that good results can be received only with accurate teche 
nical achievement of compensation. With this, the most substantial role is played | 
by equipment error in the measurement of distance and speed and error in setting up 
the amplification factor of the compensation channel {see (4.9.19)). Due to inevita-. 
ble imperfection in fulfilling all. these operations, growth of 2 during decrease 
of £:, in practice will take place only up to a definite value of ©: the emller, 


the bigger the indicated errors. — 


Lat us consider @ case of extensive interference. The signal-to-interference 
ratio 41, corresponding to optimus processing of received signal, is caloulated for — 


this case by the formils (4.9.6) with use of results of peer beGede 


Substituting (469427) in (4s9eh), we obtein 


| Oy (ea) i® deo . (4.10.21) 
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‘Spectral density S(u) is determined in the case of single transaission by forme — 
la (109625), and in the case of periodic signal by forma (4.9.26). 
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if the main signal is a complexly modulated single transmission with a nonperio- 
dic autocorrelation function C(t).then the spectral density of modulation Sy(w), in 
(4.9.25), is a slowly changing fanceion in comparison with S»(r, ). Therefore, disre- 
garding, as before, the distortion of the modulation due to the Doppler shift of 
the spectral components and assuming in (4.9.25) a=!, and also considering that 
(see Section 1,2) 


[U, (w) |? = Too Su (0), 


it is possible to write the expression for q) in the form 


- w= - ( Sy(odo (4.10.22) 
t oo \ + 14 fe Shih.) 
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Let us consider for comparison the signal-to-interference ratio for this case 
when using the expected signal as support. Considering in (4.10.1) o(x) Sy (x, 0) = 
o a(t) Sy(s.o) and 4/n 2 Afy (Ofy ie the width of the spectrum of modulation), and 
also considering the property (1.2.7) of the function of uncertainty [C(s, |", we 


obtain 
GW Ie 1 op Seg alae | (4610.23) 
where 
Brag (= ag | Suef O)S (wld,  (uel002h) 


If, as this usually occurs, the Doppler shift diy 4a small as compared with the 
affective width of the modulation spectrum, then it is. possinie & to replace Atsy (Se ) 


in (de 10.23) by dys (i): 
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With these samo conditions, it is possible to make a similar replacement in (4.10.22), 


Comparison of (4.10.23') and (4.10.22) shows that these expresaions coincide with 








rectangular spectral density 
t 
Sug (0) = afta Jol <xdfe, 
0 jol>xd/,, 


when, as one may see from (4.9.27), the optimum support signal coincides with the 
expected, 


With this, 
sere (4410.25) 
Signal-to-interference ratio q, increases by measure of the increase in effeo- 
tive width of the modulation spectrum 4/.. 


During less steeply drooping spectra of modulation the advantage of optimum 
processing becomes noticeable, For viagra when 
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the relation of magnitudes qy, determined by formulas (1,,10,23') and (1.10.22), 
is 


Su(u) = “a - 


ele a¢ : 
'+5 IN, ile es 


14 she f Wee 
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Hence we can conclude that by measure of the increase in steepness of the dreop” 


of the. spectrum, the loss due to the use of correlated processing with mltiplica» 
ton by the expected signal decreases, 
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The physical value of the regularity obtained consists of the following. As 
was shown, optimum processing of signal during extensive interference includes sup- 
pression in the expected signal from the target of the spectral components having the 
biggest intensity in the spectral density of the interference, which in broad terms 
coincides in form with the spectrum of modulation. With. this, the spectrum of the 
support signal is compressed and expanded due to the relative increase in components 
outside the main maximum of the spectrum of modulation. The result of this is an 
increase in the quality of selection with respect to distance (resolving power with 
respect to distance) and simultaneously an increase of intensity of noise passing 
to the output of the receiver. The steeper the spectrum of modulation, droops, the 
greater increase of lateral components of the spectrum is required for a substantial 
increase in resolving power and the more noise increases, Consequently, with a 
given interference-to-noise ratio, the gain due to optimum processing of the signal 
will be less. A signal with rectangular spectral density of modulation does not 
nave lateral components of the spectrum; therefore, the gain of optimum processing 
with such a signal is absent. 

We will examine similarly a case of periodic modulation of the main signal. 

In this case, during high speeds of motion of a target and radar set, an essential 
role can be played by the difference in the Doppler shifts of certain spectral 
components of modulation; therefore, in the derivation of the corresponding formas 
we will consider this effect. Assuming that Af,7TS>1! and T>T,, and substituting in 


(1.10.21) 


JU, ops 2 YY U.(k0,)(8(0— b3,0) (44.10.26) 
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and in (4.9.26), we obtain 
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vy is the speed of target motion relative to the radar set. 

The magnitude of the signal-to-interference ratio essentially depends on Dop- 
pler shift 4»; and is greatest during maximm noncoincidence of the harmonics of 
the useful signal with the harmonics of the interference. During « =a@,=1 maximm 
Q] occurs when dog =(t-+-7)O, (1 is an integer), and minimum — when Aw, —(O,. 
Speeds of targets, corresponding to minimm q,, usually are called blind. When 
Afn < fe the gap between maximum and minimm is very large. With blind speeds of 
a target, its detection on a background of passive interferences in actual conditions 
is frequently impossible. 

Dependence of q) on Aw, becomes less sharp and the effectiveness of frequency 
selection decreases, if the speeds of the target and the passive interference rela~ 
tive to the radar set differ so strongly that the differscnce in Doppler shifts of 
the spectral components becomes essential. Physically, this weakening of dependence 
is explained by the fact that during the fast motion of the target relative to the 
reflectors forming the interference, together with the signal from the target in 
various periods, signals are selected from various reflecting elements of passive 
interference, which are not correlated with each other. Due to this, the equivalent 
spectral density of interference on input of the narrow-band filter expands. When 
the shift of target relative to the reflectors of interference for the period of 
repetition exceeds the magnitude of the resolution range with respect to distance, 
interference in input of the filter by its properties approaches white noise and 
dependence on Aw; is practically absent. 

These phenomena can be descvibed, using an exclusively wacteal cones and 
formula (4.10.27). 

When Mu 69 in all, in the denominator (4.10.27), an essential role is played 
by one or two members with /= -+ ke. 


If a,=4, then during all k maximum S,,!':, wo, -+a(k-—1)0,|, as function 1, has 


the same magnitude. When 4,342 the magnitude of the maximum depends on k and with 
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a change of k from zero to bye Td = bas it can change very significantly. If 
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succeeds many times in acquiring all possible values and as a result, q, weakly 


depends on dw,. Thus, the degree of influence of the difference in the Doppler 
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shifts of separate spectral components is characterized by magnitude 
Of s Inf ual'Ts (4.10.28) 
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where Ad == +5 is the extent of the resolution range with respect to distance. 


From (4.10.28) it is clear that the degree of influence of the considered 

effect is determined by the magnitude of the ratio of target displacement, relative 
to passive interference for a period, to the length of the resolution range Ad. With 
the values of parameters typical for contemporary radar, 6 is quite small, Magnitude 
\d is limited from below by dimensions of the target andminAd~10 «. With this value 
of Ad and fiy—oy! ~ 10? = 10! m/sec, it is sufficient to take a repetition frequency on 
the order of 1 — 10 kilocycles, so that 6 is less than one. In accordance with tais, 
it is possibie to put in (4.10.27) ui=a=! and, disregarding shift of spectrum Syo() 


to magnitude Aw, copy this formula in the form 
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“imilarly to (4.10.13) for the case when we used the expected signal as a support 


signal, we obtain 
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Formulas (4.10.29) and (4.10.30) in form coincide with (4.10.22) and (4.10.23'), 
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respectively, Instead cof magnitude o(t)7s) in (4.10.29) and (4.10.30) there is 
contained 
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In accordance with this, the results (received above for a case of single tranamis— 
sion) of comparing optimum processing with correlated processing, including mlti- 
plication by the expected signal, can be extended to a case of periodic modulation. 

Thus, in cases of single transmission and a periodic main signal when A/,,7>1! 
the result of comparing the considered methods of signal processing depends on the 
form of spectral density of modulation. Difference in effectiveness increases by 
measure of decrease in the Recs of droop S,.(os)[Suo(w)] and is absent with rec- 
tangular spectral density of modualtion, when the optimum support signal coincides 
with that expected, and optimum processing is discrete. Wear such spectral density 
is, for example, function S,(w) for a val iach linear frequency modulation. 

4.10.3. Selection of a Law of Modulation of the Main Signal from the 

Viewpoint of Noise-Resistance in Reference to 
Passive Interferences 

Inasmich as the properties of a signal reflected from a passive interference 
to a significant degree, are determined by the form and parameters of the law of 
modulation used, it is natural to expect that noise-resistance in reference to this 
form of interference can be increased by means of a rational selection of a law of 
modulation, In this division on the basis of analysis of the expressions obtained 
above for the signal-to-interference ratio q,, determining the character of the de- 
pendence of detection reliability on the form of modulation, requirements will be 
formulated, which the law of modulation should satisfy guaranteeing relatively 


righ noise-resistance in reference to passive laterference™, These requirements 


. Selection of a concrete law of modulation is usually made from a class of lawe, 
possessing approximately identical properties, ond is determined basically by tech= 
nical considerations. 
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are different for cases of discrete and extensive interference, for which reason 
it is expedient, as before, to consider these cases separately. 
In the case of discrete interference, noise-resistance is determined by the 
value of the funseiaa of uncertainty with values of Ar and Ams, characterizing 
the detuning of the target and interference with respect to delay and frequency. 
The lower this value, the better the teieet is selected on a background of inter~ 
ference. Inasmuch as target and interference position data usually are unknown 
beforehand, it is desirable that |C(At, Aw;)|? be sufficiently small during all . 
"prior possible values of Ar and Aw; The best: from this point of view would be 
a signal, ror which the function of uncertainty is auis zero with all values of 1, 2 
outside the main maximum (t=0, Q2=0). However, the possibilities of creating such 
‘signals are limited by the integral properties of the function of uncertainty 
- (1.2.10), (1.2.7), and (1.2.9) considered in Section 1.2. 
| In accordance with property (1.2.10), the total volume, included between plane. 
(t,®)° and relief of function ‘Cir. 9)!?, is constant. Thus, if coordinates + and {) 
“of interference targets fill plane (r, 2) sufficiently densely and evenly, then it 
is impossible to increase noise-resistance, due to rational selection of a form of 
main signal (in any case, during the use of a correlated method of processing by a 
_ multiplication by the expected eignal), | ; 
From (1.2.7) it follows that the sectional area of relief of function |C(r, Qyi2 : ., 
-along axis r with an increase of |Q diminishes slowly if |[C(r)!? has one maximum on 
axis + and quickly diminishes outside this maximum. ‘his area, which it “1s possible a 
to consider also as effective width Atwy(!) of the function of uncertainty with re= 
spect to +, diminishes rapidly only when the spectrum of modulation has a. lined . 
_ structure, With this, funation C(t) necessarily has secondary maximus caused by 
the presence of ambiguity with respect to distance, us | | 
Finally, property (1.2.9) determines the speed of decrease in the sectional area 
of relief (C(x, 2)|? with respect to Q with growth ({r|, which it is possible to 











consider as effective width AQ.2(t) of the function of uncertainty with respect to 
variable 2. Function AQ,9(t) quickly diminishes only in the case of pulse radiation, 
since phase modulation does not affect the character of change A(t). 

From the shown properties it follows that if we want to ensure equally good 
resolving power on all the plane (+, 9), then the best achievement on this path 
would be the obtaining of a function of uncertainty available outside the limits 
of the main maximum when |x]. (T is the duration of signal) and |Q|< rAjy(Afy 
is the effective width of the spectrum of modulation) constant level, approximately 
oqual to ancy 1o decrease the level of function |C(*,Q);" sadaiae the limits of the 
main maximum is possible only on a limited section of plane (t, Q) by means of a 
redistribution of values of [C(t,)|?. Such redistribution occurs, for example, 
during the use of a periodic signal possessing ambiguity with respect to distance 
and speed, but then ensuring a very low level of {|C(s,Q))"\ in the intervals between 
the secondary maximums (see Section 1.2). 

The influence of relatively small secondary maximums of the function of un- 
certainty can be removed with the use of methods of signal processing close to those 
considered in paragraph 4.9.2. Analysis of possibilities appearing in connection 
with this will be conducted in Chapter 13 which is devoted to the problem of re- 
solving power. 

In a case of extensive interference, the signal—to-interference ratio does not 
depend, as one may see from corresponding formulas of paragraph 4.10.3, on the form 
of the function of uncertainty, but is determined by spectrum Sy (m) of function C(r). 
The disappearance of dependence on C(t, 2) is caused, as the transition from (4.10.1) 
to (4.10.23) has shown, by the integral property (1.2.7) of the function of uncer- 
tainty, in accordance with which magnitude At»(2), representing, as it were, the 


equivalent extent of pulse volume [see (4,10.23)] is determined only by the spectral 
density of modulation S,.(wm). 


If function C(t) has the form of a short pulse, then the spectrum S,(m) is wide 











ind its displacement, due to the Dopple~ shift of the target frequency relative to 
the interference, can be disregarded. With this, selection of a target on a back- 
ground of passive interferences with respect to speed is absent and only selection 
with respect to distance can be used. Selection of a signal should be made in this 


case based on conditions of maximum 
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It is possible to show that with a limited frequency band reserved for a given 
radar set, the maximum of Q, occurs in rectangular spectral density of modulation. 
Nowever, the optimum nature of such a signal is very relative. If we do not re- 
quire equality of Su(m) to zero outside a given frequency band, and consider the ef- 
rective band of modulation fixed, then a signal with rectangular spectral density 
“riolds to many others, including a signal with Gaussian spectral density, although, in 
general,the difference between signals of various forms with the same effective 
pand \/, is not substantial. We can make certain of this by comparing values Atay, 
corresponding to various Su(m), with the same effective band. 

For all signals of such form,the signal-to-interference ratio is determined ap- 
proximately by formula (4.10.25). With large values of the interference-to-noise 


ratio, the unit in the denominator of this formula can be disregarded. With this, 


where s, is the effective reflecting surface of the target; 

Su ig the effective reflecting surface of the interference, occurring in the 
effective resolution range with respect to distance > At, located near 
the targ >t. 

This signal-to-interference ratio even with a resolving power of the order of 
the dimensions of the target can constitute 1072 _ 1073, Detection of the target 
with noticeable probability “th such a signal-to-interference ratio is practically 


impossible, Hence we can conclude that to ensure high noise-resistance without the 
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use of selection by speed is impossible. 

Certain assumptions used in obtaining this result may cause one essential 
objection. We assume that properties of the interference in the environment of the 
target do not change in a range outside which function [C(t, 2)!? is practically 
equal to zero. However, as was noted above, it can appear that function [C(rt, 2)|? 
me «outside the limits of the main maximum has an approximately constant level in the 
7 delay interval, an approximately equal duration of signal, even significantly ex- 
Ce ceeding the extent of interference. In this case, this assumption is not fulfilled 
and for an estimate of noise-resistance additional calculation is necessary, For 
a case of correlated processing with multiplication by the expected signal from 


(4.10.1), considering |C(x— +, Aw,)|*= i and disregarding noise as compared with 





interference, we obtain 
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bay where ~y Oz, is the extent of interference with respect to distance; 
en - Sy as before, is the reflecting surface of reflectors forming the passive 
be i interference and occurring in the volume of resolution. 

The. oe ae ratio obtained differs from the above considered by 
fy times, If #1J0-4-. 10-4, then to obtain q, © 100, corresponding (see Section 
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D= 0.9 and false alarm F = 10%, it ie necessary that ratio e ds equal to 


104 ~ 10°, The observation time ef the signal from any fixed direction for a radar 7 
‘set in the conditions of the survey does not exceed 0.03 — 0,1 sec, Hence it fol« 
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Lows that tha requized signal-to-interference ratio can be obtained only at d,s 
3 © 03 10 microseconds (50 — 1,500 in: in distance). At the same time in real con- - 
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wt Gitions, the extent of interference with respect ‘to di.stanco carn be shgritteantly 
nore (up to several tens of kilometers), 





‘Thus, the calculation conducted aleo confiras the conclusion made that without | 
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S reference to passive interference, in certain important cases, with any law of 

ee modulation of the main signal. Such a selection in combination with resolving power 
i with respect to distance is possible, as examination has shown, only with a line 

Es spectrum of the law of modulation of the main signal. (nly lined structure of spec- 
= trum allows us to obtain a fast decrease of function Ary(Q) with an increase of [Q|. 
= The most widespread signals of such form are periodic signals with arbitrarily 
Paty : intraperiodic modulation, However, a high ambiguity with respect to distance is 

ee peculiar to these signals. The majority of radar stations, by selection of repeti- 
se tion frequency, do not manage to ensure simple selection with negused to speed and 
ae distance simultaneously in all the prior interval of change of these parameters. 

oe In connection with this, it is tempting to forma nonperiodie signal with a | 
Me line spectrum, ensuring simple measurement of large distances with sufficiently 

ee large distances between spectral lines. For measurenent of distance with such a : 
aS signal, as has been repeatedly aueeceusa [65], we can use the differences in phases 
= vi certain spectral components of the reflected eignal, and. for sinple measurement, ; ‘8 
Rs of rest distances it is: possible ta use differences ¢ of, the highect orders. | | (ee 

Be differences of phase differences). 

7. ” will calculate the functdone of uncertainty’ “tet, ay wd naignitude sel 
a . - - t or such a signal. "Designating by A, and *) eee: and Preuetey of ‘the ahs 
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Suistituting (4.10.32) in (1.2.7), we obtain 
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a Thus, to decrease the resolution range with respect to distance Ar» and to 
Fi 

jo increase the resolving power, it is necessary to increase the number of frequencies 
Se 

bs, used. The same conclusion is confirmed and presented in Fig. 4.23 by dependence 
ae i 

we C(x)? for case n = 3 and [Ajl?= 7 (j=l, 2,3). As can be seen from the figure, with 
“it 

e a small number of spectral components the function of uncertainty has large secondary 
Bs maximums . 
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Fig. 4.23, Function of uncertainty _ 
1C()j" for a signal with line gnec~ 
trum when n = 3, (>| Me M8, ° . 





eu : a _ ‘of significant interest is the question whether an increase in spectral compo- 
nents must be accompanied by approximation of a formed signal in ite properties 
Ris to the usually utdlised periodic signals, or whothor a signal with eignificantly == 
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higher selective properties can be obtained. Based on physical considerations, and 
also considering the available results of the theory of almost periodic functions, 
it is possible to doubt the existence of such a possibility; however, certain pro- 
gress along this path may be, apparently, attained, and the solution of this prob- 
lem deserves attention. At present the only signals accessible for practical use, 
with line spectrum and high resolving power with respect to distance are periodic 
signals posseseing the advantage that their obtaining will be considerably less 
difficult technically, than obtaining signals formed from separate sinusoids. There- 
fore, during the following presentation we will orient ourselves in this form of 
main signals, 

If we assume that the signal should be periodic, then for a final determination 
of its properties it remains to select the form of intraperiodic modulation, repeti- 
tion frequency and reaclving power with respect to distance, determined by the 
effective width of the spectrum of modulation. From intraperiodic modulation there 
is required only a sufficiently fast decrease of function |Co(t)|* and the absence 
of secondary maximums for this function, As was show in Section 1.2, sufficiently 
good properties from this point of view are possessed, for example, by signals with 
phase-code manipulation and certain pulse signals with linear frequency modulation; 
regarding the advantages of one of these forms of modulation, if there are such, 
they are purely technical and are connected with the realization of a modulator and 
receiver. | | 

The greatest difficulties arise during selection of the repetition frequency. 
With this, in most cases it is necessary to choose between anbiguity in distance and 
speed since we cannot ensure aimple measurement of both parameters simltaneously. 
Vor: frequently, @ problem of simple seasurcesnt of speed is not set up and ambiguity 
14 distance is introduced only because with low repetition frequency determined by 
maximum distance, the correlation of interference in neighboring periods turns out 
to be weak and the quality of frequemy selection is lowered, This question will 
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be considered more specifically in the following paragraph, Sometimes ambiguity 
can be removed by using certain additional measures, part of which we shall now 
consider briefly. 

The simplest method of removing ambiguity in distance is to consider the tar- 
get at the momentof detection to be in the remote zone of ambiguity of the number 
of zones in the range of the radar. This method will apply, obviously, if the 
number shown is anall. 

For removal of ambiguity both in distance and in speed, we can use wonbisng of 
the repetition frequency [68], which must be carried out fairly slowly in order 
not to affect the quality of selection with respect to speed, Let us assume, for 
example that to remove ambiguity in distance two changeable periods of repetition 
Tr} and T,2 are used, True delay + is connécted with delays <{ and +, relative to 
the beginning of the period, by relationships 


Sh Tbs, =k att). (4.10.34) 
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then when 7,,>7,2. one of the following equalities is necessarily fulfilled: 
he=ah,, if ><), 


kok, +, ir <5). 
Using these relationships, it is simple to exclude k, and k2 from (4.10.34) and 


to find * The essential deficiency of this method consists of the fact that in the 
presence of two and more targets insolvable with respect to speed, we cannot eliminate 
ambiguity because of the impossibility of identifying the pair of values +, and +,. 
Significantly more promising from this point of view ie the method of smooth change | 
of period with the simultaneous tracking of detected target with respect to distance, 
For example, if the period changes linearly, then the identification marks of the | 
targets, being in the first interval of ambiguity from the radar, are motionless; 

in the second interval they move with the same speed, with which T,, changes, and 


dn the keth interval with a speed (k — 1) times greater. Measuring the speed 
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of motion of the identification mark of the revealed target, it is possible, thus, 
to remove ambiguity with respect to distance, 

The same method, obviously, will apply for removal of ambiguity in speed. If 
the signal from the target occurs in the narrow-band filter of the system of de- 
tection™ by the k-th harmonic, then during a change of repetition frequency, the 
frequency of this harmonic vhanges with a speed k times greater than the speed of 
change of the frequency of movement. The law of change of period T, should, cer=- 
tainly, be chosen to exclude the effect of target motion. 

In certain single-purpose radars, taking into account the possibility of the 
presence of passive interference, it is expedient to use a high repetition fre- 
quency ensuring a simple lock-on with respect to speed, With this, there frequently 





appears one more difficulty, connected with the impossibility of using spaced trans~ 
mitting and receiving antennas, and consequently, with the impossibility of ensuring 
oe the required by-passing of receiver from the transmitter without cutoff of receiver 
a for the time of radiation, This leads to the necessity of using a pulse signal and 
Be to the appearance of blind zones with respect to distance. A signal from targets in 
_ : blind zones arrives when the receiver is closed. . 

oy To remove the effect of blind zones and simultaneously to eliminate ambiguity, 8. 
pet tho search for target and its subsequent range tracking can be accomplished by 

eo ‘means of change of repetition frequency, In tracking conditions, this change must — 
cs be made in such @ manner that the signal fron the target is always in a fixed point 





of the period. With this, as it is easy to check, distance can be calculated by 
pee formula | 


d(y= ae v(t), 





where 7,(t) and 7,(!) are the current values of the period and its derivatives 





*In the presence of ambiguity, the block of filters should, obviously, cover 
only a range of frequencies, equal to the frequency of repetition, and the channels 
with respect to distance in this case should cover only one period, 
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v(t) is the current value of speed measured by a system of tracking with respect 

to speed. 

In radar systems, before which a problem of simple measurement of speed is 
not placed, but only the reliable selection of a target on a background of passive 
interference is required, a change of the frequency of repetition in the process 
of work, and also simultaneous work on several carrier frequencies can be used 
to remove the effect of blind speeds in the working speed range. These methods of 
combatting blind speeds will be examined in the next paragraph during the investiga- 
tion of methods of separate processing of discrete periods of the signal. 

4.10.4 Concerning the Question of Selecting Resolving Power” 
with Respect to Distance 

Till now in this chapter, the target always has been assumed to be a point (small, 
as compared to the extent of the resolution range with respect to distance), With 
this, for extensive interference, noise-resistance always increases during expansion 
of the spectrum of modulation, i.e., with an increase of resolving power with respect 
to distance. During decrease of resolution range 4d it sooner or later becomes com~ 
parable with the dimensions of target 1 and the idealizatione taken cease to be ful- 
filled, The question, arises, whether to increase furthes the resolving power, 

In order to answer this question accurately, it is necessary to solve accurately 
the problem about, optimum processing of a signal from an extensive target. With 
this, one can hardly be limited to investigation of a model of a target in the form 
of a combination of brilliant points, since in the theory of radiovision, transition 
to which occurs when Ad-</,- an essential role should be played by the detailed 
study and comparison of "thin" structures of reflected signals from various targets 
for manifestation of their similarity and differences. With this, there appears the 





Here, in essence, is considered resolving power, ensured during correlated 
processing with multiplication by expected signal. More specifically, the problem 
of resolution of targets will be considered in Chapter 13, 
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problem about the scattering of modulated electromagnetic waves on objects with 
dimensions of heterogeneities, comparable with wave length, corresponding to the 
difference of extreme frequencies of modulation, Solution of these problems is 

so far a matter of the future, Therefore, here we will be limited to discussion of 
the question about selection of resolving power from the viewpoint of the contemporary 
level of development of radar technology and contemporary ideas in this region, 

Let us consider first of all the question about the consequences of decrease in 
resolution range to 1 and below, from the viewpoint of fulfillment by the radar set 
of its basic functions in the absence of interference, To these functions belong: 
the detection of a target or a group of targets and the determination of the parame~ 
ters of the trajectories of the target. For idealization of target in the form of 
a combination of brilliant pointes, the quality of fulfillment of these functions can 
be investigated quite strictly, 

Analysis of detection conditions can be conducted with the help of the results 
of paragraph 4.9.1. The function of correlation of the signal from the target is 
determined for an extensive target by formula (4.9.1), and function Vita» ta)» in 
(40202), can be written in the form: | 


Vitus t= ge Bls—t)— Wally. to) 


where W'n(/;, 4) is determined by equality (4.9.8), We will assume now that (x) and 

r(x, t) change slowly as compared with C(x), Then it is possible to convert both 

parts of equation (4.9.11) according to Fourier witn respect to X =~ Xp, considering | “ 
x, constant, As a result we obtain . Oo 
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where w, is the result of Fourier transform from w(x,, x2, t,, t2) with respect to 
%) —— XQe | 


Equation (4.10.35) can be solved relative to w, as functions of time for extreme 
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cases of slow and fast fluctuation by methods repeatedly used earlier. For brevity, - . 
here we will limit ourselves to a case of slow fluctuation. With this, w)(x,, 8,5 ty> tz) - 


does not depend on tine and 
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1 ‘ ty (x, 1) : 

W (X,.%,) = 9 j = a(x EI eens AEG: (4,210.36) 
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Substituting this solution in (4.9.8) and then in the expression for V(t, t2),5 
relationships can be obtained, determining the character of optimum operations, 
which in general form are very complicated, It is possible to simplify these opera~ 


tions by approximating Sy(s) in (4.10.36) a T-shaped curve, Then 


. 
Vil,, tL)~Re | he WES, gta) (4.10.37) 
0 TW 


From (4.10.37) it follows that optimum processing of a signal from an extensive 
target during the assumptions made includes optimum processing of signals from 
separate points of the target and the integration of results of processing with re= ; 
spect to delay, with weight depending on the distribution of the reflecting surface . 
with respect to the extent of target. By approximation, it is possible to carry ; 
out this processing with the help of a finite number of channe.s, detuned by dis-— 4 


tance approximately by magnitude Ad. The- Oubput of the channels should be stored tne ° < s 
‘coherently, Signals receivable on each of the channels, for the considered model ,: 


can be considered statistically independent. In this case, the characteristics of Bee 


detection are precisely the same as in the case of the simultaneous use of the ~ 


frequency channels considered.in Section 4.6, From analysis of the characteristics, - Sra 
it follows that during slow flnctuation, optimum magnitude of resolution range existe: | 


bal & iy igcy (Gi 


and during fast fluctuation, the quality of detection is lowered with a decrease of 
_dd (threshold signal is calculated approximately as V wy 


Thus, if conditions of statistical independence of signals reflected from sepa~ : 


rate sections of a target are executed, and the target fluctuates slowly, an increase Se 


LT ae 








of resolving power up to a definite limit is meaningful even after Ad “comes up to l. 
The fact that this gain coincides with the gain due to the use of several frequency 
channels, allows us to shooae between these two methods of increasing free-space 


“range. At present, from technical considerations, preference should, apparently, 
be given to multifrequency radiation. 


During measurement of coordinates of an extensive target, ‘the -ques~ 
tion arises. as ‘to what is implied by measured coordinates, - Apparently, 
2 it is eaesaieat to ape cf the coordiantes of the "radar center of gravity of a 
' the target. If signals from separate sections of the target fluctuate indepsndent2y, “ 
then the center strays in a random manner along the surface of the target and at any 





resolving power errors of determination of true target position cannot be signi- ” 





ficantly less than the dimensions of the target. This conclusion is completely — 
confirmed by analysis of the accuracy of distance nonsurenent conducted in shaver me 


Vole II. Thua, from the viewpoint of increase in accuracy of measurement of eee - 


"nates, the discussed increase of resolving power is not meaningful. 


We will observe how the increase of resolving power affects noiee-resistance ai 
reference to pasnive inter ferences. an increase in the eignal~to~interference ratio: 
‘during expansion of the modulation band which takes place because of decrease in - 
= reflecting surface of the interference oocurrlng in the resolution range in respect 


eee to. distance, will, obviously, continue oaly until Sd l and ‘then this growth Prva 


stop or, in any case, will be delayed (the. spect rio forw of dependence is determined - 
by the properties of the target. and the interf erence). AS the same. time, during 


oe further increase of resolving power (see paragraph 20,2) conditions worsen for 


. . sélection of & moving target with respect, to. speed. ~ ' ae 
| An the above mentioned ‘arguments against inarpsising the resolving power acter 
‘he resolution range becomes comparable with the dinensions of the target are . 
based on contemporary ideas about the problems and possibilities of radar. Hayter 


| in the future we will. manny to apply increased rasolving power (radLovision) for ; “ | 
: identification of al cl and tor singling ont targete on 6 a background ¢ of pasate es 





interferences. During resolution of. these problems, correlation of signals reflected 
from peperate: sections of the target should, apparently be used. The study of the 
problems connected with radiovision is only now starting, and it is impossible to a 
predict all the difficulties which will arise and alt the BEAR Ee which + we will 
"manage to put nue Uses However, i% is eoeetie be affirm that transition to a ful- 
ler. ‘use of a fine structure of signal will require multiple increase in the signal- 


se 7 te-nolse ratd. % since the quantity: ‘of information transmitted along the radar ‘chan- 





ee nel will increase, lh connection with this, in. ‘systens of: renove detection, it 






is possible that. uy the ae resolving power en the. erder. of ine pain i of the 


target. will. be cused 


“al, ‘Separate Processing of er ot dipeived: st nat in Abe - 


Presence of Faseive In Inverferanc rhamnens 





“ . analysis of” the" depondence oF. dotestson aualiey ¢ On. the used daw of ‘nodulation. 





: S power “wtensive, passive Anbar orenioe, te, ‘posible virtually. only during Line 








spectra of modula 
eat on signals. of: this alaae: wh 1h anauce fw 
: to dhatanee that’ te: usually required. “in wonneotdon wit h tds, it ke natural to 















: aire spectal’ att entson to snvestigating 
phicated ‘optim. operations vy stinsbor: one famoly, £ Sr bhat fora of aignals. 
“AS nas already been noted, opt Linus processing, or tie received signal ia the | 


presince of extensive passive interfere, aus noises. is not broken dom, generally, APE 
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wa oan ‘not use Peduoing filters designed. for whe proceasing of separate pertods of 
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“very oonplicaied. — Therefore, af oasontiad interest. As the dnventigaticr of. possi~ 





bilities of using soparate processing of pairio’ » dn tha pragence at passive — 


of. the main signal. ‘tas. shown that: atrective saiect fon. of of & “targa on ‘a background of ‘3 a ; ae 


: . y where | ab Brevent ‘uy periodte ¢ signals are avadlable for une: i. ae : 


‘the posainibitios of replacing, very ‘e one ; . - é 


o ithe. aAntra~ and Anter}rdodio signale. dx. contest sé aun this, for this processing " i 


signal; processing becones considerably different: than that utilized. in the absence 2 us 
| of interference and all the ayoten at detection taht - optimus principles ‘scant . = : 
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» interferinces, to which this paragraph is devoted. With this, in accordance with 
_the general aim of this book, we will find the optimum methods of intra- and inter- 
“i. periodic processing, assuming a separate character of processing from those given 


© beforehand. ‘Along with optimum methods, we will consider practical methods of inter- 


periodic processing, which is reduced to period-by-period subtraction of any mil- 


eniedty of iresultes of intraperiodic processing and subsequent incoherent accumla~ 
“LY tien, 165, 66, 1, 59]. > 


ay * a ellel. Optimum Intra~ and Interperiodic Processing 


: “During separate processing, the received signal is divided into sections with 


= a duration equal to the repetition period of modulation (for brevity we will call 
“these sections periods of reflected signal), and each of these sections are processed 
"as ir it were unique, i.e., it is multiplied by the support signal and is integrated 


Ca or is passed through a corresponding reducing filter. ‘The character of the optimum 


processing of separate periods is determined by the results of Section 4.9, relating 


| toa case of single transmission, since each separate period cf modulation can be 


a Sig as a single transmission, 
The effectiveness of a circuit of. intraperiodie processing te determined by the 


output value of the signal.tocinterference ratio, which we wil designate by 4 “and 


which is determined by formula (4.10, ze). In ;aragraph 4. 10,2 at wag chown that. 
with steep-drooping spectral densities of modulation, near bo ‘rectangular, ‘the’ re 
3 placenent of the optimum support signal by the expected signal doea not Lead to an. 


- essential decrease of the signal-to~interference ratio q, In connection with this, . 


for modulation spectra satisfying the shown condition, in the presence of paszive. 


' interferences the same processing. can be used as in the presence of noises only, 


As a result, of intraporLodie processing with the use of support signal Z(!, 1) 


we obtain a sequence of magnitudes /, (j-!,.,”) 
It, 


frm {Zitat (edd) 
uv : : 





which must then be subjected to interperiodic processing, Magnitudes |, are com- 
plex. The real qj and imaginary »; parts of these magnitudes due to the assumed 
normality of the received signal are distributed by normal law, Joint distribution 


of magnitudes qi... ni Yr. fx can be represented in the form of [9] 


P(Ps-- . o Pas Dyes Pa) == (4.11.2) 


marker va) 


where W,, is the element of matrix |W), |, inverse to correlated matrix || Rix |), 


elements of which are determined by equality 
Ru=Hf,- (4.11.3) 
If Po, Py and P, are powers of signal, noise, and interference in the output 
of a system of intraperiodic processing, then 


Rix = Pep (j. ye Pubin -f- Pot (j. ky, (4.11.4) 


where p(j.&)-==9(j7,-—A7T,) is the coefficient of interneriodie correlation of the 
fluctuation of the signal from the target; 
r(j, &) is the coefficient of interperiodic correlation of yeflec- 
tions from passive interference;. ; 
fe Awa? ie the ‘Doppler shirt of signal phase for a period. 

Furthar, it is convenient to unite noise and reflection from passive interferences 
under the general designation of interference and to introduce the coefficient of 
correlation | | | | | 
| ty (Js h) wes Pan et ' 
in (uelleu) to lee immaterial factor P,, +- P, and, while preserving casita 


Ray for the function being obtained, we present it in the form 
Rinse ge(hay elder (ky. (bald o4') 


TS is necessary to nobe that » inasmuch as the relations received depsad on 


the results of a synthesia of an optimsn method of processing for 4 single 


‘eo 


% at = 

















transmission, the assumption concerning the fact that fluctuation does not distort 
the law of modulation of the reflected signal, as before remains in force. There~ 
fore, during continuous emission, we consider that p (j, j+1) and r(i, j+t) differs 
little from one. In the case of a pulse signal, it is sufficient to require small- 
ness of random changes in amplitude and phase for the pulse duration, With this, 

the degree of correlation between neighboring pulses can be completely arbitrary. 
Considering pulse signals widely used in practice, we will not in the future restrict 
the limits of change of r(i,k) and p (j,k), 

The synthesis of optimum inverperiodic processing of signal and the calculation 
of detection characteristics is conducted in full conformity with the method described 
in Section Kel, with the only difference being that integrals with respect to time, 
in the final formulas, are replaced by ‘aes The relation of verisimilitude in the 
considered case (4.11.2) can be written in the form 


A(fyyee JIne=Kyoan EA | (4.11.5) 


OA 
where. K, is ‘iat dependent on fr woattioient, 
nis the number of jointly Apoaaseed periods; 
v(j, kis determined by austen 


y os UUs Dir ( f, (i, &) 4. gail, Ber ay | ; (4.1.6) 


=u, Nod kyo 


aig a discrete abe. of equation (4.2.4). 


-~ 


In (uohh. 6) | fe (4ay designates the matrix inv. wi 1A the corralated matrix . 


ahi f APE. AB can be seen from (4. sa) for acceptorice of. a- “solubion, concerning. 


“pregence of target, it : is sufficient bat compare with the. threshold: the tagnitude 


a 


bem ys TTA ace Ts 
: = So Mil; 


~. Phe characteristic function of magnitude i. is sbeained hy atowut oer . 








with the use of distribution (4.11.2) and is determined by formula 
t 


[a.—in You. DRu| ee 
3 


¥ (3) = 
Applying to determinant (4,11.8) the method used in an analogous case in Section 


kel, we obtain 


lana 
¥ oer} [Y Givi: ¥) dy i (4.11.8!) 


0 j=! 


where G(j,&; 1) is determined by equation 


GQLRED—-TY GUS RHO) (4611.9) 
. i=1 
and 
alt= Yodo Ra (4.11.20) 


Inasmuch as when concluding (4.11.8') that no limitations were imposed on the 


form of function 9(/, k) this formula can be used for calculating the characteristics 


of detection of nonoptimal systems, the signal value in the output of which can be 
represented in the form of (4.11.7). 


Let us turn now to detecting optimum methods of interperiodic processing for 


yarioue specific cases, The solution of this problem, as one may see from (4.11.7) 


and (4.11.5), Leads bo the diversion. of the correlated matrix of interference lir(/, k) | 


and the solution of equation (hell. 6). This. solution is fully analogous to the ‘g0- ae 
“Autton of the ccrrieponding 5 aereag of section bd, and Leads to ony analogous ee 


- resulta, 


We will start from a case ef slow fluctuation of- reflected signal, when 
et MeNeh hen, As Te ensy to check, the solution of equation (4.11. Leis in 


tie this cage is written in the ‘form ‘fsve oe 


where - ae | a 
- Zy0¥ wed oo . (bel2.12) 
mM So ' 





q; = Z) ol ‘=a Y Loli Ade fine (4.11.13) 


Substituting (4.11.11) in (4.11.7), we obtain 


tarea| yen’ (4.11.14) 


whence it is clear that optimum processing is reduced to formation of real and imag- 
inary parts of the sum, in (4,11.14), and the summation of their squares. For a 
final explanation of the character of these operations it is necensary ae reverse 
the correlated matrix of interference and to calculate the weight factorsZ, (j=1, . n) 


Elements of matrix ||w(/,&)!| satisfy equation 


Vy w (jul) ry (hs 8) == Bi a = | 


isl 
If ro(l, k) depends only on difference 1] — k Athe fluctuation of audeptonende, 
as was already noted in Chapter 1, during saiution: ‘of detection problems can he 
considered stationary), then, as is easy to 808,. Mids ») spoeacies the ¢ following 
pacpenties of this equation: . eee hes 
“oth == (hj) elim, ce 1" PN 





th iis). 
. Not. saeceing any Limitations: on the relationship between: observation in wa, 





: correlation time of interference. on ‘ean solve ‘equation (led 115): candy for’ pat 








ewan. ease of fractional = rational spertral, density Sold “correwpendire, to the. Ls 


funetion of correlation re Ke: ‘Lat us. “romambien” that ‘the: result: af daorote. Ra 


Ie ey transform.of. function r(}): (67) is. called the ‘spectral deneity: of ‘ seationary 








e random sequence, with correlation : function rt). si a es 
| See ~ 5 rie, - ae 2 ee: gaa 


tte 2 





to which “corrogpands the fotowng areca traneformat ton: 7 zo Ga 


Fey 


This inverse transformation frequently is conveniently recorded in the ferm of 


an integral with respect to single circle |z]=:1 on complex plane z-:¢": 


(4.11.18!) 
=e § S'(z) z'dz, 
where mint 
S(2)=S(-yInz). 
Thus, we will assume that iia density S,(4) has the forn 
S.0)= a oo ee (4.11.19) 


|P(e ap fag Fa po pane 
and that the number of jointly processed periods n>2m, Substituting (4.11.19) 
in (4.11.18), and then in (4.11.15), we obtain 


. —k-1 
mi dah 4) oe ar ayir 4? z==5),, (4.11.20) 
tI 


tat =f 
_ We will apply to both parts the operator 


Y 4,0, 7 (2) (=p ), 
wpest 


where T (vy, 4) ds the translation operator on vof periods with respect to argument 


ae ok (sndlar to the method used in paragraph 4.3.4). ‘Inasmuch aa, for the left part, 
a: such: a transformation | is reduced to eo of the oe by (2). we 


- obtain 


| wtin= Bes ney 3 os . on heat) 


thie. result is’ true bales when m- bEtk Sa =m, since during other: iy the sppli- 


‘eation to the right: side (4.12 11,20) of operator Mm, i) conducta this. night, side: 


ne “leyond | the Linits of interval (1, n), in wnioh it is determined. Thad | ett ‘wnoal= 


: culated are the left upper and right Lower angles of the submatrix: of the matrix 
i. eth wt of the order of m. To calculate these submatrices we will use. ‘the fol 


“lowing method. the asaumption mde that n>, allows us during ke sm ito apply 
. : “a to: (4.11.20) operator S , OF wk With this, in (44-1220) under the invogral in 








the denominator remains the function 

Pi(z)= a, 40,240, +... +0, 5, 
not having, if we accomplish the process physically, zeroes inside a single circle, 
The integrand in this case can have only a pole in zero of the order of v=s—/—m—I, _ 
Attributing various values to k starting with m +1, we obtain for w(j, k) a system 
of equation of the form 


y UNC, = Ogg ry I=12,, (4.11.22) 


w=] 


where C, is the deduction of the integrand at point z= 0. 

System of equations (4.11.22) allows us consecutively, by columns, to calculate 
elements of matrix |lw(j, &)|l. 

The transformations used above are useful also in the case where in the numera- 
tor in (4.11.19) there is also a polynomial. However, in this case they do not lead 
to final solution, but only somewhat simplify the system of equations. 

Application of the method used of transformation of correlated matrices is 
limited also by condition 2>2m, In a case of spectral densities of a low order 
this condition is usually fulfilled, When <2m apparently the only method of 
solving the problem is the well-known method based on Cramer's rule. Solution for 


nea, 3, s is found by this method in [9]. 


Using the described method of trensformation of matrices, we will find ene 


os operations fora case when BofA) is approximated in the following manner: 


Ab), At) 
"$= = jet “( — = 2s cugn - ro ’ i i en (1411.23) 


| iets Aus is. a cooftisient, ee rb i) te unity. 


_-Spectital, density (us22.23) ‘isa discrete analog of spectral density ie mms (sy . 
a 


convergent at m -» 09 and fixed band to Gauseian, With various ‘values of mand 


. function (4,11,23) can be ‘used for apprexinstion of a broad clase of spectral: densi- 


‘iog of interference, The corresponding function of correlation has the form — 








1 (/,k) al!" when im = 1, 
relish) = aL tI F) wan m= 9. 


If m is infinitely increased, preserving band Ad with respect to level 0,5 


of spectral density S,(2) of the constant, then 


Be er (4.11.24) 
ef ag pe jj—ey (4 
where SOS a ig. 
in 2 
Geos al 





For the considered approximation, with the help of (4.11.21) and (4.11.22) we 


Jae ie m m ; 
wont H (uted 
ca y ¥ |J—bi--v) (4.11.25) 


In order to simplify recording, in (4.11.25) it is assumed that ( * =o when mi <v. 
Vv 


obtain 


Substituting (4.11.25) into (4.11.12), when j<m we have 
Z,= Laer OH" yim (4.11.26) 


When m<j<n—m the sum in (4.11.26) is replaced by (1—2e~")”, and the values of 
23 when j= n--mcan be determined from (4.11.26) with the help of the property of 
symmetry 


inoue 
candy ee Zz}, 


ensuing from (4.11.16). 

Operations on the received signal, determined by relationships (4.11.14) and 
(4.11.26), in the general case can be carried out only with the help of complex 
computers directly carrying out all necessary mathematical transformations of magni- 
tudes f ge At the same time it is very deairable to consider the possibility of 
realizing these operations with the help of radiotechnical means, which contemporary 
radar has available, Such possibilities exist for certain specific cases, | 

| We wil assume that neighboring periods of interference are strongly correlated, 
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so thatu~!, With this, the output value of signal L for an optimum system can be 


represented in the form 


=| J op) aie) fale (4.11.27) 


=m+t 

The internal sum in this formula represents the difference of the m-th order of 
magnitudes film fi-emsy--- fi. It follows from this that optimum operations (14.11.27) 
can be carried out with the help of m-multiple period-by~period subtraction with 
subsequent coherent summation of remainders and formation of the square of the 
modulus. 

For signals from all distances m-multiple subtraction can be simultaneously | 
realized, using m of the subtracting potentioscope of systems of period-by—period 
compensation (PPC) on ultrasonic delay lines [66]. 

A deficiency of the first variant is the presence of "background" of potentio~ 
scopes connected with the irregularity of the sensitive layer covering the target 
and leading to an additional increase in the remainders of subtraction, camouflaging 
the target. 

In systems with delay lines, an additional increase of remainders occurs due 
to the instability of the delay, A deficiency of this kind of system is also the 
difficulty of changing the period applied in certain radar stations to combat blind 
spesds, A vositive characteristic of systems with delay lines is the fact that in 
them subtraction can be carried out on an intermediate frequency and, even if 
subsequent accumulation is produced on an intermediate frequency, it is possible for 
the formation of the square of the modulus in (4.11.27) to use the square~Law da~ 
tector. With this, all the processing system is single-channel, while in the sys~ 
tem with potentloscopes the presence of two channels for tne formation of the 
square of the modulus is necessary, 

In general, none of the compared PPC systems possesses decisive advantages; 
therefore, each of them is used depending upon tho specific conditions of the work 


of a given radar, For the coherent accumulation of remainders of subtraction we 
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can also use a potentioscope with accumulation of charge (or delay line with feed- 
back). 

The general form of functional diagram of a receiving mechanism with low- 
frequency accwmlators is shown in Fig. 4.24,a. The received signal proceeds to 
a filter of optimum intraperiodic processing (reducing filter) and then, with the 
help of mixers with sine and cosine reference voltage, is distributed between tis: 
quadrature channels, In each channel there occurs a suppression of interference 
with the help of a PPC system, after which there is carried out a compensation of 
Doppler shifts of phase of signal from the target and the formation of real and 
imaginary parts of certain components in (4.11.27), then accumulation and formation 
of the square of modulus. During the use of systems of interference suppression 
and accumlators working on an intermediate frequency, the diagram is considerably 
simplified and iis reduced to the form shown in Fig. 4,24,b. 





Fig. 4.24. Functional diagram of an optimum system of 
detection with interference suppression, 

a) on low frequency: 1) of intraperiodic pro« 
cessing (reducing filter); 2) phase inverter on 90°; 

) interference suppression device; 4) accumulator; 5) 
square-law generator; 6) relay, 
b) on intermediate frequency: 1) system of intraperi- 
odic eee 2) interference suppression device; 3) 
accumulator; 4) square-law detector; 5) relay. 
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It is possible to carry out all operations without the use of a potentioscope 
and delay lines with the help of filters, pulse circuits of comparison, and similar 
elements; however, such a circuit will be able to process the signal only from one 
definite distance, as a result of which the advantages, on which we calculated, 
changing to the consideration of separate processing of periods, are completely 
Lost, 

It is necessary to note that the diagrams of Fig, 4.24 are calculated on fully 
defined values of phase shift, i.e., at a fully defined target speed. If the speed — 
is unknown, the system of detection should consist of a combination of channels of 
the form of Fig. edhe Branching to channels can occur after suppression of inter- 
ference, During the examination we did not also consider the Doppler shift of the 
interference, i.,e., we consider passive interference of something motionless or 
moving with known speed, the knowledge of which allows us to compensate for the 
Doppler shift of the interference ("stop" of interference) before beginning inter- 
periodic processing, 

We considered in detail the case, most interesting for practice, of strongly 
correlated interference, In the other limiting case when a=0 optimum operations 
are turned into the usual coherent accumulation. During intermediate «a, as was al- 
ready noted, optimum operations for the considered case cannot lead to a form useful, 
for technical realization with the help of known electronic circuits, 

In the considered case of slow fluctuation of target, one can obtain a very 
wraphic solution, if one were to assume that the angular dimensions of the inter- 
ference exceed the width of the beam so that interference begins to be observed long 
in avant (at least, for several times the correlations of the interference) before 
the beginning of the reception of signal from target and continues to be observed 
after the reception of signal from target 1s completed, ‘With this, iL manages to 
be free from the influence of boundary conditions at the ‘ends of the interval (0,7), 


a) Ss 


MMA eae Sa ee 2 a ~~ ~~. 


considerably complicating solution in a case when it was assumed that outside this 
interval, signals from interference and from the target are not observed, Consider- 
ing T> tm. a solution of equation (4.11.15) can be obtained by Fourier transform: 


w (j,k) = 5 Is swe naa. (4.11.28) 


Designating the value of the bunch envelope g(t) at moments t==-AT, by 8&4, (v 
is the moment of passage of the front edge of the diagram through target), taking 


into account (4.11.28) we have 


a ' « 
ms tg If GA—8) ,ti~n ri, 
= Sw (ile es 55 ae a, (44.12.29) 
—o 8 
‘where G(a) is the spectrum of sequence g). 


Substituting (4.11.29) in (4.11.14), we obtain 


‘ F(A) ef 
Lb | 5 foa-ngtie aa aan) 


where F(4) is the spectrum of sequence /i. 

Optimum operations, corresponding to (4.11.30), can be carried out in the func- 
tional diagram represented in Fig. 4.24,a. The system of interference suppression 
in the given case is a rejector filter with frequency response a and the accum~ 
lator is replaced by pulse filter G'(2), coordinated with the form of the bunch. © 
Comparison of signal at input of relay with the threshold occurs in this case con- 
tinuously. Exceeding threshold at any moment indicates the presence of a target 
in a corresponding direction, 

Frequency response sw is not realizable since the corresponding phase response 
is equal identically to zero. However, accurate realization of this characteristic . 
in practice is not required. Calculation of detection characteristics (4.11.2) shows . 
that a main role is played by the behavior of frequency response in small environment. 
©. Regarding phase response, it can always be constructed, by a simple delay | 


corresponding to environment @ which can be considered when determining direction to 


the reveuled target, 




















signal be used, 





If the spectral density of the interference is approximated by function 
(4en1623), then 


! 
ae ae 1 ga 
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coincides with the modulus of frequency response of a system of 2m-multiple period- 
by-period subtraction, in which there is introduced an additional weakening, a times, 
of the delayed-in-period signal. Such weakening can be very simply carried out in 

a system with an ultrasonic delay line. In a system of subtraction with potenti-~ 
oescope, some kind of method to accelerate runoff of charge from target is required 
for this, Phase response of such a system of subtraction is expressed by formula 


a sin 
—acask 





9 (2) == arctan— 


and has the form shown in Fig. 4.25. 

| As can be seen from the figure, in regions ), near sx, phase response during all 
ais near linear, where by the measure of increase in « the region of linearity ex~ 
pands. Most interesting in practice is the case when 4 is near x (optimun speed “of 
target), where the greatest suppression of interference is ensured. Precisely in. 
these cases, as a system of interference suppression, can a. system of period«by-~ 7 


poried compensation of corresponding multiplicity with weakening of the delayed 





Fig. 4.25. Phase-frequoncy response of the 
subtracting mochanium with a feedback fac- 
tor different than one. 
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It is to be noted that for the same spectral density (4.11.23) multiplicity of 
period-by-period subtraction is obtained in the given case twice as much as with lim- 
ited observation time of the interference, This result is due to the influence of 
boundaries of the observation range. Conditions of the application of these two 
solutions were discussed above. 

In connection with the use, for approximation, of spectral density Suh) of 
function (4.11.23) the following should be noted. 

During a, near unity, when S, (= 4 tes 
density of noise N,= rep the use of such an approximation implies a disregard 


is much less than the equivalent spectral 


of noise as compared with interference. If T> Ska then the quality of detection is 
affected mainly by the behavior of functiun 5,(4) in small environment 4 and, if 4 
is not too near the edges of the interval, the indicated disregard is fully permis- 
sible. In the case of narrow-band interference and a small observation tine, dis- 
regard of noise can lead to incorrect conclusions about the character of optimum 
processing. 


Let us consider now the case of faat fluctuations reflected from the target and 


ae from the interference of the nignal. With this, ‘both equation (412.6) and. (oiedi, 5). i: zi 


: ean be solved with. the help. of Fourier transform, as a result of substitution of — 


merc the olution 4 into utd), we obtain 
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| S(dy m= is ‘spectral density: orvesponting to the function o correlation of fuctun ‘ ; a a 


tion of signal . 
By # ¥y in (i132) is designated the result of the iGemueieui cs of sequence fy 


| through the pulse filter with frequency response Hy ia, tn accordance wath + bed 32) 


BY 








filtration can be broken down into two stages: suppression of interference in the 


filter 


turning interference into noise with uniform spectral density, and singling out sig- 


nal with the help of filter 


S(A— 5) 
. S30) 
[ a (2) = ——saqay 


Sef) 





Optimum processing determined by formula (4.11.32) can be carried out with the 
help of a somewhat augmented functional diagram of Fig. Bice. in which elements 
are used of interference suppression and signal econ ione which work on an inter- 
mediate frequency. Changes in the diagram lead to the initrodugtion between the de~- 
vector and the relay of an incoherent accumulator in n periods, as which can be 
used, for exampie, a storing potentioscope,. 

If one were to attempt to use, during interperiodic pROCORE TE» only mechanisns 
working on an frequency (type of potentioscope), then it is necessary. to represent 
~ opt iin aaeatleais (:.11.31) in the form of transformations above Ref; ane In, To 
these transformations can be added a comparatively convenient form for technical — 
enbodiment only by means of using certain additional approximations. . 

tf the signal-to-interference ratio is q¢<1, so that 9S (a—f) << £502) during 
all a, then 


[HF ea ed 33) 


tm this case, optimum processing can ve carried out with the help of the 
disgram in Fig. 4. alsa, augmente .y an incoherent accumulator in wien. tho. wechart sin 
of interference suppression must possers Frequency response LSolk) (ols. Cy ll. 30) 
and the storing filter must have square of modulus of the. Frequency: fesporse S(Ab 

Te gst, 80 that gs(d-—t)>S,@a) during al 2, thon 
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and optimum processing leads to a summation of squares of the output of quadrature 
channels, in each of which is a rejector filter (4.11.34). This diagram is nearest 
to that used in practice, in which usually after period-by-period subtraction of the 
corresponding multiplicity incoherent accumulation immediately occurs. In connection 
with this one should note that condition yS1, with which existing systems are near 
optimum, usually is not fulfilled. 

Optimum processing leads to filtration in the two quadrature channels also and 
in a case if 4 is a multiple of 3.(blind or optimum speed), and also (during the 
introduction of shift with respect to frequency on ~ during separation to quadra- 
ture channels) if the interference is sufficiently broad-band, so that it is possible 
to consider S,(4)=S,(%) in regions where S(4—1') is noticeably different than zero, 
Taking inte account shift to 4 in this case 

| H,(i1)['= —S% : (4.11.35) 
i+ gy SA) 

The filter of interference suppression, as one may see from (4.11.35), in this 
case disappears, and the characteristic of the storing filter is turned into a dis- 
crate analog of characteristic (4.3.8), which is completely understandable since 
the approximation used signifies, actually, the replacement of interference by 


"equivalent white noise. 


We have ponaisered Sibi methods of interporiodie proceysing of the signal in 
the présence of passive interferences, various simplified approaches to these 
methods: of processing, and touched upon. the question of ; poseible means of tovhnical 
realization of these methods. The next stage in the investigation 4o-the obtaining 


of equations -of detection characteristics, corresponding to opt Linum processing, so 


- that it is possible, by means of a comparison of optimum and existing aystems, to. . 


reach conclusions concerning the expediency of a transition to optimum methods of pro 


‘seasiy, 





















4.11.2, Characteristics of Detection During Optimum 
Interperiodic Processing 

The calculation of the characteristics interesting us is conducted with the 
help of relationships (4.11.8!) -~ (4.11.10), where the approaches used, a group of 
considered specific cases and methods of solution, are completely analogous with 
those used when examining analogous problems in paragraphs 4.4.1 and 4.10.1. In 
connection with this, we will reduce, partially, the explanations pertaining to 
methods of solution of equation (4.11.9) and, in detail, will stop only on inter- 
pretation of results, 

During the slow fluctuation of the reflected signal, the probabilities of cor~ 


rect detection and false alarm are connected with the relationship 


' 
D=Fite, 
where q, is determined by formula (4.11.13) or during calculation of the form of 
the bunch in accordance with (4.. i.30) by the following expression 


Lf |Ga--a) a ‘ 
Wd Ze sn aed dh (4412.36) 


If the character of processing differs from optimun, so that 24 in (4.11.14) ne 
Longer is determined by formula (4.12.12), and 505 and G(a—4) in (4.11.30) are 
aosiiced by some frequency responses. H, (/4) and My (it), formulas (4.11.13) and . : 
(4.11.36) are replaced, respectively, by the following: 


~ , ; : 
yee ae (4.11437) 
ee me ee SS ea 
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‘e 5 ~ 3 o | foun Malik -i9) G(x Odd t ; (4.11.38) 
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, a 
Tr (4ed1.37) 4, (a) designates the awa V2 vw") which it. is possible to consider 
fst : 
as Irequenay response of some filter, These formulas can be used to appraise the 
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quality of systems of detection differing from optimun, 

If spectrum G(2) is narrow as compared with the spectrum of interference (dura- 
tion of bunch T°: ti) and with frequency response of filter, then from (4.11.38) we 
obtain | 


| rae (GOYA 
a (4.11.39) 
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from which it is clear that the signal~to-interference ratio does not depend in 
this case on the form of frequency response //,(iA)of the rejector filter suppressing 


interference, From the frequency response of the storing filter in practice it is 


‘sufficient to require matching with spectrum G(A) with respect to the band. If 


Ay (i) G*(.), then 


7” { | f 3 
ere mf! GayPda=g vs, (4.11.40) 


where fap is the effective number of pulses in the bunch, 

Approximate formula (4.11.40) is very graphic and can be used with success dur-~ 
ing practical calculations, | | | 

The comparative effectiveness of various methods of coherent interperiodic 


processing essentially depends on the form of spectral density of interference and 


‘on the relationship between the ‘power of the interference and the noise in the out~ 


| put of a system of intraperiodic processing. As an example, illustrating this posi- _ . 


tion, let ua consider the effectiveness of certain methods of processing with @x- 
ponential and Gaussian functions of correlation or a signal roflented from passive 
interferences, _ a 

In Fig. be2658 is presented the dependence of ratic. a tor three forms of prom 
cessing (optimun, coherent summation, and subtraction of maximun multiplicity n = 1) 
on Aja? when §=.(24 4 e lye and n = 16,- ALL three methods give very close results. 
When Sf,T os 4 coherent summation gives the same results as opt imun processing. This 


agrees with the above=noted disappearance of dependence of q) on /, (id), eccurring 








when 4f,7*-1. PerLod-by-period subtraction of maximum multiplicity for the considered 
approximation of the function of correlation differs considerably from opti.um pro- 
cessing and during all 4f,7 gives approximately a double loss, 

Fig. 4.26,b presents an analogous relation for the Gaussian function of correla- 
tion, constructed for coherent accumulation and subtraction of maximum multiplicity 
(which in this case is near optimum processing during absence of noises) with various 
values of the interference-to-noise ratio qu. With large Af.7 coherent summation in 
this case gives an advantage as compared with subtraction, However, as the spectrum 
of the fluctuations of the interference narrows during large 4: we begin to see the 
advantages of multiple subtraction which when 9.=!000, for example, ensures maximun 
gain to 11 db at Af,7~5. Then this gain starts to diminish, and, finally, again 
advantage turns out to be on the side of coherent summation, This is explained by 
the fact that with strorig correlation of interference, for its removal almost any 
operation can be successfully used, and the suppression of noises starts to play 
a main role, best ensured during coherent summation. 

We cannot consider similar dependences in the total view, while not specifying 
spectral density of fluctuations and not assuming a broad=band nature of the inter- 
ference. In connection with this, the study of fluctuation characteristics of sig- 
nals from various kinds of paseive interferences, the detection of the most charac- 
teriatic, reliable approximations for these characteristics, and the numerical oal- 
culation of parameters of corresponding optimum systems and characteristics of de- 
taction is of great value, | | 

During the fast fluctuation of reflected signal, a solution of equation (4.11.9) 
can be obtained by Fourier transform. As a result of the substitution of solution | 


into (hel 11,8') for the characteristic function of random variable L, we obtain 
¥ (= ean { ~ de aI In fl ig t Af, (aay Sy, ay eda - (4.11.41) 





where S,,(4) is the spectral density of sequence fj, proceeding to input of the detec- 
tion system. 

In the preserice of target S$,.(2) =qS(1—-4 )+So(2.), during the absence of target 
Suc(2} ~~ So(2). In its form, formula (4.11.41) coincides with formla (4.4.7), and for 
characteristics of detection, corresponding to the found characteristic function 
analogous approximation can be fully used. Semi-invariants of the distributive law 


corresponding to this characteristic function are determined by formula 


x, ==(¥— 1)! 2 z ful (2) Soe (Adda ne. (4.11.42) 


Finding, with the help of (4.11.42), skewnens and excess coefficients of the 
considered law, it is simple to see that with growth n these coefficients approach 
zero and, consequently, distributive law converges to normal. With this, for cal~ 
culating detection characteristics, we can use normal approximation (4.4.10) or, for 
more accurate calculations, Edgewerth's series (4.4.11). It is necessary to note 
that in the derivation of formula (4.11.41) no assumptions were made about the form 
of frequency response H,(1)),for which this fornula, and also all ensuing from it 
can be used for calculating the characteristics of nonoptimal systams. of detection 
and, in particular, the systems of period-by-period compensation Goneiaived below, | 


Let us consider certain comparatively simple approximations for the characteris= 


a tics of an optimum detection system ensuing from (4 11.41), If av, ‘is great as con= 


pared with the time of correlation of cignal and interference, then, using aks 10) 
“i very simple expression can be obtained for the threshold signal-to-interference 
ratio for one period when 0 = 0.5. With this, tht (Dy = 4, and, af wo assume addition- — 
ally that for H,(1) is used approximation (4011.33), from at 10) we obtain 

ges- Le ie ee | (4.11.43) 
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where T is time of observation, and band 4/, is determined by equality 


ie [swe 


With a amall effective width of fluctuation spectrum (A/,7, <1) band Af, coin- 
cides with accuracy up to a constant factor determined by the form of fluctuation 
spectrum with Af, (for example, for rectangular spectrun df, = Af,; for exponential 
function of correlation of. fluctuation Af,= 2Afc). During large 4/,7'r. band Af,» = 
It is interesting to note that in formila (4.11.43'), as also in (4.11.40), was 
the ratio of spectral density of interference at point 2=-) to the number of jointly 
processed periods of signal. 

Usually the signal-to~interference ratio q for the period turns out to be very 
small, since the reflecting. surface of passive interferences, occurring in a resolu- 
tion range with respect to distance, in practice can many times exceed the reflect~ 
ing surface of the target. Therefore, of greatest interest is the case when thres- 
hold q is sufficiently emall. When g<! in (4.4.10), it is possible to disregard 
the difference of dispersions x, and %, and to receive for q an approximate formula 
analogous to (4.11.43), but valid during arbitrary D; 

9 SAE SONI FEO DIX — (4.20) 
wots y (2 = a 
oe 

a x Sy ay. 


The last equality in this formula is valid during broad-band interference, 


For a case of broad-band interference, an approximation valid even durtiig com . eve 
paratively small n, can be obtained by approximating spectral density of the fluctas - . 2 
ations of useful signal S() by a D-shaped curve having a width of 2n4f-T.. With . 
this, making the same transformation as during the derivation of (4.4.13), we _ 
























obtain 
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gq Af.T,S, cif 
The formulas obtained allow us to trace the dependence of the threshold signal- 
to-interference ratio q on the relationship between time of observation T and width 
of the fluctuation spectra of interference and signal. Let us consider such de- 
pendence for a particular case of exponential functions of correlation of these 
fluctuations, using, when Af;7>1 and Af,7S1 a normal approximation, and producing. 
interpolation in the interval between A/fT~0 and A/T >|, ene formulas received 
for boundary cases of fast and slow fluctuations are not valid. Even during the 
use of such approximation, a sufficiently accurate calculation of this dependence 
for optimum processing is connected with great calculating difficulties and requires, 
in particular, the numerical solution of equations of a high order relative to q, 
In connection with this, we will omit here all intermediate calculations and we 
will turn directly to a discussion of the results of the calculation presented graph- 
ically in Fig. 4.27, when D = 0.9, F = 1074, | 
Dependence q (S/-7) when )=(2k+1)ain many respects is analogous to dependence 
qo(MfeT) of Figs 4.7 and, in particular, also has a minimum at some value of AMf.7. 
decreasing by measure of decrease of Af,7, (strengthening of correlation of inter- 
ference), With this, threshold q diminshes. 
The dependence of qon Afn7- when 4=2kx has another character. When Aj.7.. | 
magnitude q diminishes with decrease of Afu7,, as also in the case of optimun 
speed; however during decrease of Aj./, when the signal becomes correlated more 
strongly than the interference,q grows during a decrease of A/,7,. This 1s easily ex- 
plained physically. During large Af.7 the signal has a wider apectrum than the 
interference, and, in spite of strong overlapping of these spectra during 4 = 2én, 
after suppression of the interference a significant part of the energy of the signal 


reitwings unsuppressed, the greater the part, the narrower the spectrun of interference, 
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Fige 4.27. Dependence of threshold 
signal-to-interference ratio q on width 
of fluctuation spectrum 4/,7 for vari- 
ous 4faT a) optimum speed of target; 
b) blind speed of target. 
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When the spectrum of the signal is narrower than the spectrum of the interference, 
its suppression leads to just as much or even stronger suppression of signal, 

It is interesting to note that the best results during blind speed are obtained .. 
during a complete absence of correlation in neighboring periods, interference, and 
useful signal (we do not mention a case of correlated interference and uncorrelated 
signal, which, apparently, is unreal). This circumstance can be used in those 
cases when the speed of target relative to passive interferences is so small that 
the Doppler frequency turns out to be less than the width of the spectrum of the 
fluctuations of interference, and a selection of target based on speed is impossible. 
Such vases can take place during satestion of slowly moving targets on a background 
of the earth's surface or artificial interferences, when the seetianet inter- 
ference is very wide due to the fast motion of the radar (for example, fixed eaaBh 
aircraft). 

To remove correlation of interference periods, we can retune the frequency from 
pulse to pulse toa magnitude somewhat larger than the width of the spectrum of modu- 
lation, If the correlation of useful signal is partially preserved then, as can be. 
seen from the figure, losses in the magnitude of the threshold of q will constitute 
approximately 3 db. As follows from the results of Section 1.3, a resolving power 
comparable with the dimensions or the target, weakening in the correlation of the 
useful signal and interference will occur simultaneously with an increase in the 
difference of utilized frequencies. . 

We will estimate the possibility of such a method of increasing nolse-resistance. 
With independent periods, optimum interperiodic processing consists of the summation 
. of the squares of their envelopes. The equation of detection characteristics in this 

: case is determined by formula (4.6.3), which during small q and m> { can be written 


in the form 
ae ; ~ Or'(l — F)+ -1()) 
e. a 


an where m is the number of periods, 








If D = 0.9 and F = 1074, then for reliable work when the interference exceeds 
the signal by 10 times, m = 2,500 periods will be required. In order to ensure the. 
independence of all these periods due to retuning of frequency, it is necessary 
with a 10 milligram width of modulation spectrum to have a retuning range of 25,000 
milligrams, which clearly is unreal. Actually it is sufficient to use periodic retun- 
ing with a period equal in order of magnitude to the time of correlation of the re- 
flected signal. If we even consider the retuning range equal to 1,000 milligrams, 
then detection time will constitute 25 times the correlation, i.e., on the order of 
3 sec for a target with a fluctuation spectrum width of 10 cps. The considered 
example shows that the possibilities of increasing noise-resistance in reference to 
passive interferences by means of decorrelating periods are very limited, 

In conelusion of this division we will touch upon the question of the comparison 
of optimum separate processing of periods with the completely optimum processing con- 
sidered in Sections 4.9 and 4.10. Unfortunately, there 2re no exhaustive results on 
this question at present. The oniy case which can be considered is the case of 
broad-band (as compared with useful signal) interference, when interference may be, 
in essence replaced by equivalent white noise. With this, according to (4.11.39), 
the form of the characteristic of the filter suppressing interference becomes im- 
material and optimun interperiodic processing can be replaced by coherent accumila- 
tion. Also completely optimum processing in this case leads to multiplication by 
the periodic support signal and subsequent accumulation (see paragraph 4.9.3). The 
only difference consists in the form of support signal: in the case of completely | 
optimum processing the form of signal takes into account the possibility of fre~ 
quency selection and depends, in accordance with (4.10.29), on 
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SEP Syste, Sug 4) = HF Sy chy (411.46) 
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and in the case of separate processing, the form of support signal, calculated only 
on one period of modulation, depends only on Sye(u), (In the derivation of (4.11.46) 
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was used a connection between spectral densities of a stationary random process and 
a sequence of values of this process at equidistant moments of time (67}). 

As one should have expect-ed, in this case the results of comparison depend on 
the form of function Syo(w). For a signal with rectangular spectral density of modu- 
lation, both forms of processing are completely equivalent. For a signal with slowly 
drooping spectral density 

Suey — ee 

- \ + (zaps 
using (4.11.40), (4.10.29), (4.11.46), (4.10.22), and (4.9227), we obtain an expres- 
sion for a relative increase of signal-to-interference ratio q,, due to optimm 


processing in the form 
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Dependence [(y) with various values of spectral density of the fluctuations of 
interfering reflections 5;(%) is shown in aes 4.28. When Y-w 
Seth) 
For the considered form of function (») optimum | processing gives a submtantial 
gain when S,()-¢t and Sy(i)>!. With increase in atecpness of the aP of rere 


Sug (v) the magnitude of the gain decreases. 
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Fig. 4.28, Loss due to separate processing: 





As yet, we have not managed to consider a similar dependence in the case (im~ 
portant for a whole number of applications) of narrow-band interference, 
4.11.3. Effectiveness of a System of Period-by-Period Compensation 
(PFC) with Internal Coherence 
The most widespread method of protection from passive interference is period- 
by=period subtraction of any multiplicity with subsequent incoherent summation [66]. 
oystems of period-by-period compensation with internal and external coherence differ. 
In the system with internal coherence the signal after phase detection (or after 
frequency conversion, the subtracting mechanism, works on an intermediate frequency) 
proceeds to the system of period-by-period subtraction, in which the signal from 
notionless interference is compensated, 
If the interference moves (for example, due to wind), then the system must in- 
Ciude a mechanism to compensate for the speed of interference, enguring a correspond~ 
ing aiioteent of heterodyne. This circumstance considerably poeiial use of a system 
| “with internal coherence, when the speed of interferene is unknown, for example, 


during movement, of the radar, | whose speed we. /ueually: cannot neauure accurately enough 


om th uch cases at is possible, in general, to apply. a “sysban of compensation sath eke oi > 
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shortness of time of correlation of interference as compared with the time of observa~ 
“tions . | | e 
Let us consider at first a system of period-by~-period compensation with internal 
coherence, With this, we will assw:e that compensation is carried out in two quad- 
rature channels or on an intermeaiate frequency. Single-channel compensation leads, 
as noted in [57], to essential loss, since with this, is lost one of the independent 
quadrature components of the signal and the relative magnitude of fluctuation is in- 
creased. - In connection with this circumstance, two-channel compensation has found 
oplication in a whole number of stations using the PPC system on low frequency 
(potentioscope). A comparison of a single-channel and a two-channel system will be 
aondaeesa She end of this division. 
A system of m-multiple period-by-period compensation is a pulse linear filter 
with frequency response 
H (id) =2(1— em, (4.11.47) 
Designating by h, the pulse reaction of this filter and considering that after 
subtraction there will be formed a sum of squares of the output voltages of quadrature 
channels and incoherent accumlation cccurs, it is possible to represent the signal 
at input of relay in.a form, analogous to (4.4.1): . 
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Using the assumption that mq, and producing the same conversion as during. _ 








transition from (4.4.1) to (4o4e1'), we obtain 
a : co ; ‘ . 
L= ¥ Ost F ' aa (4.21.48) : 
/, awl - 3 
where ; 
Yih = py {lH (iayeO Mga set {i 7 Btn th Oe b= Mad. : (u,11.49) 
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Presentation (4.11.48) coincides in form with (4.11.6); therefore, for obtaining 


detection characteristics relationships (yell.8!) — (4012.10) can be used. — 
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With fast fluctuation of the reflected signi.., to calculate detection charac- 
teristics expression (4.11.41) can be used, which is correct, as already noted, dur- 
ing arbitrary frequency response of filter Hy(/i). Accordingly approximations for 
detection characteristics ensuing from this formula can be used. During small q 
(usually interesting to practicians), considering that the band of the fluctuation 
of the signal is usually considerably narrower than the transmission band of the sub~ 


tracting mechanism we obtain, analogous to (4.11.44), 
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Cag iH (i8)i* * (4.11.50) 
° «. . . 
a: 15g Juans, (3) dass 5t- j [i —e7 Pym? ay ad (4.11.51) 
7 .  (#*!\ is dispersion of interference at input of relay). 
% Z : In the case of slow fluctuations of signal reflected from the target, we can 
os find the solution of equation (4.11.9) in the form of the sum of the solution in 
Ka ' the presence of one interference and a certain constant. ‘The expression for charac- 
F teristic function W(n) has a form, analogous to (404418): 
ee Wines Int (i af , 
¥ =F Rta exo it j inf! - (4.11.52) 
oe . : en iH UA)I*S, A) 
: aa yy at 4 MTS) Jal, 
fo, Where - . . | . 
, 3 eet : La 
Q" Ey te - $= FH : 
be | - Considering distribution during the absence of signal from target (q = 0) to be 


normal and producing convolution of this distribution with a. distribution correspond~ 


@ ing 1.0 the coefficient before the exponent in (4.11.52), we obtain with J—Dé and 
|~D>F . os 
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D = exp — oh Vy | 
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whence, for tho threshold signal-to-interference ratio of q, considering that (sig >I “shoo 








when |1—D<1, we have 


ee V x, on (4.11.53) 
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Of significant interest is the dependence of the threshold signal-to-interference 
ratio on multiplicity of subtraction. From (4.11.50) and (4.11.53) it is clear that 


this dependence is characterized by the ratio 


7 y VC. (4.12.54) 
ve V Sere 
(2sin +) 
where . 
C= f S} (@e7 aa (4.11.55) 


are expansion coefficients of function S?(2) in Fourier series at interval (--*, *) 
fto obtain formula (4.11.54) it is sufficient to use binomial expansion. in (4.11.51)], 


In particular, for exponential function of pica of interference 


I+? 
C= tet) oe a ’ (4.11.56) 
and fer function of correlation of form (4.11.24) 
* lay 


calemttons by formula (4.11.54) are connected with essential difficulties, 
since when A/,7,<@! @ amall sum under the radical is received as a result of addition 
and subtraction of large magnitudes, which in connection with this it is necessary 
to calculate with high accuracy (to 5 — 6 places and more). When m is sufficiently 
large, and C, can decrease almost to zero, and (am—.) = = = (tm). it is possible to ex- 
tend in (4.11.54) summation ad infinitum, replacing (om 4) by au Using Stirling's 7 


formula, we obtain 
: Set*) 


tr, Be rng ee 


sla ~3- Vien - : (4.11.58) 


As can be sewn from this formula, during large mand when hes (2s -+- ye the throes- 
hold signal-to-interference ratio very slowly decreases with an increase in multi-— 


plicdty of the subtraction, and when 42h an increase of m, on the other hee 








leads to growth of threshold q, It follows from this that it is inexpedient to in- 
crease multiplicity of subtraction above that determined, 

In order to imagine dependence [',(m) during small m and simultaneously to esti- 
mate error of approximate formula (4.11.58), let us consider more specifically parti- 
cular cases (4.11.56) and (4.11.57). In Table 4.3 and 4.4 are presented dependences 
I',(m)for these spectral densities, calculated by exact (4.11.54) and approximate 


(4.11.58) formulas when 4=(2k+1)x. During calculation, the correlation factors 


Table 4.3. 





(4.11.54) — towiaa 2,25 | 6,09 0.06 | 0.05 0,046 
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(4,110.58) — npc 0,063) 
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0,054; 0.048] 0,045 





KEY: (a) Exact formula; (b) Approxi- 
mate formula, 


Table 4.4. 
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(a, . 4.11.84) rowan | 1B] O42 | 0.097 | 0.013 | 0,097 
* Qupmy.ta 

' (4.1L B8) = pain: 0.0063.) 0.0054 
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0.0014 | 0.0085 








KiY¥: (a) Exact formula; (0). Approximate formula, 


between neighboring periods ware taken as 0,82, from Table 4.3 it ig claar that in 

a case of exponential function of correlation of interference, the coincidence of 
axact and approximate formulas is satisfactory for single subtraction and further in- 
erease of multiplicity gives only a small gain. For spectral denaity of the form 
(i.11.24), which for the considered value a = 3 is noar to euueslans an increase of 


. multiplicity up to 3 == 4 18 accompanied by a fast ducrease of the threshold signal, 





The coincidence of the exact and approximate formulas is possible to consider satis- 
factory also only for m>3, but when m = 1 we obtain an error of 20 times. 

From the considered examples it is clear that tne effectiveness of an increase 
in multiplicity of subtraction considerably depends on the rate of drop and effective 
width of the spectrum of fluctuation of the interference. It is possible, apparently, 
to mention the existence of some threshold multiplicity of subtraction, starting from 
which a further increase in multiplicity has little effect and is even harmful, con- 
sidering impairment of the range of the PPC system with respect to speed; and be- 
sides this multiplicity Mm, turns out to be smaller for steeply aesaeine spectral 
densities, To determine the value of threshold multiplicity it is possible to use 
the following approximate formula, ensuing from conditions of transition from 
(1.12.54) to (4.11.58): 


Crasayt- ( $2 (2) er YA dd 0,2, (4.11.59) 
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We will compare now the effectiveness of the PPC system with the effectiveness 
of the optimum system. We will use formula (4.11.58), considering mltiplicity of 
m sufficiently great and the possibilities of increasing noise-resistance, owing to 
an increase of multiplicity, to be exhausted, With this, the relation of threshold 
values of q, determined by formulas (4.11.50), (4.12.53), (4.12.40), and aii), 
are written, with fast fluctuation of the target, in the form 


= ie x (4.11.60) 
and with slow fluctuation a 
ta ag : | 4.11.61 
x ea tig. Z (4 ) 


_Cooftiiedenta jurtig ey in both formulas approximately eoinoide,. as we owl. 
g0¢ in Chapter §, with the ratio of threshold q for inecherent and. coherent accumula 


“thon of signal in noise, “The prem of interference and | multiplicity of subtraction - 





is fully considered by the factor: 


[a ry ~ ! : S, (") — ' 
Ls 7 ee (4.11.61!) 
h Ss, (8) sin? rT 


When h—-? 
a, 
Py (2em) *, 
Subtraction in this case somewhat decreases the loss connected with incoherent 


accumulation of signal; however, very insignificantly. During other § the selec- 


tivity of the PPC system shows up: [,-»co when 4-0. 
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Fig. 4.29. Dependence of Mont -. | 
Sree Re tt set: ae ee om ieee Sy (8) 23 9.2} = cosy wd : 
mo sre Saft) x idy! 8088, mo x 
pe _- * Figs 4.29 presents dependence of f, on 9 during various m-for the above cone 





-< , sidered examples (Tables 4.3, 4.4) and for interference equivalent to white noieg 
sty -t. The character of these dependences shows that near blind speeds the loss of 
oa the system of period-by-periou compensation is considerably increased, — 


- ‘In conclusion we will pause shortly on the question of comparing two-channel is 





Vos and single-channel PPC systems. It is possible to show that during ‘the use of one 
channel the characteristic function ‘¥iy) 4s equal to the square: root of the cheracteris~ 
“tide functdon corresponding to two-channel. processing. Owing to this, n in the final. oe a 


formulas decreases twice, and in (4.11.53) ‘ind ds esplaced by function Ky-(D) (see ; 
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(4o4.14)]. As a result, the gain of a two-channel system during slow fluctuation 
of signal from target is determined by the ratio 

Vin 

“K"(D) * 


and during fast fluctuation is near to 7. 
4.11.4. Effectiveness of the PPC System with External Coherence 


For a system of period~by-period compensation with external coherence with those 
same assumptions concerning multiplicity of subtraction, the output signal also can 
be represented in the form (4.11.48), where instead of /[; enters If;l?, 1 we consider 


the detector quadratic. Magnitude L no longer is a quadratic form of normally dis~ 
tributed magnitudes, and the characteristic function of this magnitude cannot be 


found. In connection with this we will limit ourselves to consideration of a case 


of fast fluctuation of signal from target and interference. With this, it is possible 
_approxinately to consider magnitude L distributed by normal law and to limit our~ 
“solves to calculation of its mean value and dispersion: 


%,= Des »y Pha A | (4.12 11.62) 
4, ovat : 


< “considering that the real and tencithe parte of J, are 5 distributed by normal 
, law; and using the expression for fourth ‘nixed moments os normal distribution, it 
is poses ne: to anew that 


hh = Et +E inh hh Te | (4012.68) | 
 Subsbitutdng (ised bd) Anto’ (4.11.62) we obtain a difference of mean ‘values in | 

the presence of and during the absence of ‘a signal fron a target, in equation | 

~ (lnv10) 0f detestiion characteristics in the form | | 

hye g y Ora {a(t e's, Ay] 4 


heat 2 (4011.65) - 
POT Ud, Ade, b) cont) 2) 8]}. 








Dispersion 2: is expressed through eighth mixed moments of normal distribution 
and its calculation is connected with an unusually awkward transformation (108 
addends must be written out and grouped), as a result of which we obtain 


mn 2 Soir, {275 (1. wi EA (A) + (441166) 


Lewy 
+4 re), 8) ro (isp) Fe (Rsv) $+ ry (j,k) roti 4) 7 (8, ¥) ro (ph, v4 
Held, pi teli, v) re(R vu) rath, vd}. 

Dispersion in the presence of useful signal is expressed in an even more com- 
plicated manner, Therefore, we will limit ourselves to the calculation of thres- 
hold q, considering *,= Xn. 

Let us consider the simplest case of exponential correlation of interference and 
single subtraction (vj;=:2, Ujj.,==0j..;—=:—1, the remaining v;,—0). In this case, 
all calculations are brought to an end and the expression for q has the form 


ga tient ey We (4.11.67) 
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where p=se7™ele and poze7™el ara coefficients of correlation of neighboring peri- 


ods of signal and interference, and 


ES wx BH ek 

‘| Fig. 4.30 shows the dependence of ratio I' of the threshold values of q for 
systems of period=by-period compensation with internal and external coherence on 

: Sine when 4=-(2k-4-1)® and various 4/,7,. As can be seen from the figure, the effec- 

: ‘ tiveness of a system with external coherence is significantly. lower, During 4/,7, -« 0 

ne , 


oe ratio t'is limitlessly increased as ie For systems with higher multiplicity 
Oe. of subtraction and steeply drooping spuctra, the advantages of a system with internal 


ew coherence will be, apparently, still more onnvineing. 





ws ‘ Comparatively low effestiveness ia not the only deficiency of a-system with 
ae | external coherence, “Ancther important def Loieney is the absence at the output 


‘of the receiver of signals from the target and from passive interferences, if these 


- signals do not overiap. 
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Fig. 4.30. Loss in the threshold 
signal-to-interference ratio for a 
PPC system with external coherence. 


4.11.5. Problem of Blind Speeds. Webbling of Repetition Period 


As was shown above, the sure selection of a signal on a background of passive 
interferences is impossible during so-called blind speeds, when spectral lines of the 
signal and interference coincide, The values of blind speeds are determined, as 
is easily seen, by formula 

ama. kee, &1,..., 


where 2, is wave length. 
With a large repetition period, blind speeds are so frequent that some of then 


must occur in the speed range of the targets, on which 4 given radar must operate, 
If abrubt decrease of T, is impermissible, it is necossa y to use other methods of 


| removal of blind speeds from the working speed range. The essance of these methods, 


as can be seen from the above auntioned formula, inevitably leads to a change in the 


‘time of the repetition period [59] or to the use of several signals, delivered on 








a frequency, for which blind speeds do not coincide. Retuning of carrier fre- 
quency cannot be used in practice, since the retuning necessary for an essential 
change of blind speeds leads to a decrease, practically to zero, of the correlation 
of interfering reflections, corresponding to various frequencies. 

In this division will be considered a system with wobbling of period. During 
a variable period, functions of correlation of interference and signal p(/, &) and 
r.(j. k}yno longer depend only on the difference of numbers of periods (sequence of 
results of intraperiodic processing becomes nonstationary). We will assume that 
this nonstationary nature is manifested only at a magnitude of phase shift 4 so 


that 


a ~-1 S48 
Rin= Ff =aelh, Re Ot! brick, 


where p(j, &) and +¢,(/, &) are the same function of correlation as in the case of 
constant 7,; 
4, is phase shift in thevth period, 

Such an assumption assumes relatively little change of period Tw which usually 
wakes place in practice. we also consider that wobbling cf period is produced ac- 
cording to a cortain periodic law and the wobbling period is small as compared with 
the timo of observation and the time of correlation of signal fluctuation. 

With the assumptions made, it is possible to show that the diagram (Fig. 

4,2), synthesized under certain conditions for the case Ty * gonst, is optimum and 
4 case of variable period of alternation, if in them multiplication by v4 and sin wh 
utilized for transfer of signal spectrum to zero frequency before coherent accumla-_ 
tion, is replaced by multiplication by cos Sh and sia ¥ 4, Tt is obvious that whan 
Me = var mathods of miking filters, esse sakwpre anos and carrying out 

signal, accumulation change. The delay per period, utilised in theae fllters, should 


be variable. 


Let us consider the detection characteristics of an optimum system for case 
Ty = var. With slow fluctuation of target, the signal-to-interference ratio of 4) 
can be calculated by general formula (4.11.12). When calculating the form of the 


..bunch and changeability of 6 we obtain 


154 (44.11.68) 


n=d 218) 8 aoe 
j 
where &)., is the bunch envelope of pulses. (see 4.11.29). 
For the considered case Z ; is expressed by formula 


‘De | (4.11.69) 
Zj= y wi, Dee . 


l=-—@ 


Substituting (4.11.69) into (4.11.68) and considering (4.11.28), we find 





, ce (Ehcia ~ (4.11.70) 
te oto | 3} 8)_,€ da, 
a) 
Considering the assumption concerning a small change of g, for wobbling period 
Mo, it is possible to convert the sum under the integral to the form 

Been (4.11.71) 
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where @== ~~ is the average phase shift. 
The first sum in (4.11.71) is G{n,(4—4)] the spectrum of the bunch envelope . 





of pulses, Function @[m,(4—4)| is periodic with respect to 4 with period Hs and, 











pe in view of the great duration of the bunch, diminishes quickly with the increase 
Bee of ao — _ Using the theorem concerning the average, instead of (4.11.70), we 
Ss obtain 

eo | ae 

> oo Rag (4.11.72) 
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This formla in form coincides with (4.11.40). 

For a case of fast fluctuation, calculation of mean value and dispersion of 
magnitude L in the output of the diagram in Fig. 4.24, modified in the above des- 
eribed form for reception of signals with variable T,, leads to an expression for 
threshold qy, similar to (4.11.44) in which S,(h) is replaced by S’ a (4), where s’? (8) 
is expressed by formula (4.11.72) if S,(0) is replaced oy S; (0). As in the deriva-~ 
tion of (4.11.44), during calculation, assumptions are used concerning the fact that 


, t 
Ql, = Hy» Tan S tho 


When m) = 2 and p(j, &)==a/~"! 
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ee If at — 25 cos 8 208 5 (4.11.73) 
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. Similar relationships are obtained also for Sh oca | . 
Sy = Somat 4 en ag. ee: (4.11.75) 

(l+ah4 dat cost § — Ba(l + ante ae i 
{ . 
Syne) = (4.11.76) 


As can be seen from relationships obtained, the magnitude of threshold q consider- 
ably depends on average phase shift © and difference of phase shifte 36, Bost resulte 
are obtained when M=(2k-{-I)n, when Sy exe (@) depende on @ very woakly [in case . 


(4.11.73) not at all, and in case (4.11.74) So (i) is leas than ray fine all gj. 
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In accordance with this it ie necessary to select the magnitude of enift periods in- 


" guch @ manner that df s 4e x (T- r,) is near to (2k+1) « in the working speed range. at 
v. Width Ay of the range in which lind speeds do not affect detection quality 
“depends an allowable increase of Sane (6) as compared with oe Who Sa ae 
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favorable 4 turns out to be approximately 2 times more than during cus + =0. For 
width of speed ranges with this we obtain 


= Ne 
bom ars 
gol ! 
and besides central speeds of ranges 0, = 5 a a , so that bot o,. For many 





practical problems this range turns out to be too narrow, and for satisfying the 
placed requirements it is necessary to select a number of shift periods larger 

than two. To the most uniform working speed range of equivalent spectral density 
So axe (8) one should, as may be seen from (4.11.72), select value of Tr, in such 3 man- 
ner that the modulus of the sum, in (11.72), is approximately identical for all — 


k and changes little in the shown range, 
In existing radar systems for reception of signals, wobbulated wth respect to 


repetition period systems of period-by~period compensation are ‘weed {59}. vtatisti- 
cal characteristics of interference in the output of such a system, wider the assunp- 
tions made about small change of period, do not differ in any way from corresponding 
characteristics during a constant period, To caloulate detection characteristics 
during fast fluctuation we have to calculate the difference of ean values of signal 





mo: with interference and the interference aud dispersion of interference in ‘the cutput 
a) ‘of the oystem of detection, In acsardance with (4.11.48) we obtain 
om nae : = PS eed a, 
a etl be ; R = 
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This formuls is completely analogous to (4.11.50), received for T,, = const, 
with the only difference that (ih) is replaced by Hoxo(i4). 

To determine the threshold q in the case of slow fluctuation it is necessary 
to solve equation (4.11.9) in the presence of a signal for a case of variable Tr. 
Making all necessary calculations, we manage to show that during 1—D>F and 
1—D<1! threshold q is expressed by formula (4.11.53), where {H(i8);? should be 
replaced by |Hons (i6il*. | Thus, equivalent frequency response [Henn (id)? completely 
determines the dependence of threshold q on @. 

when m, = 2 and single subtraction 

\Hons (i8)!* =2(1 _ cus St cus ) , 


Best results in the given case, as for an optimum circuit, are obtained when 





A6=:(2k+- 1). Obviously, also in force are formulas relative +o the width of the 
= speed range. When ™,>2 the uniformity of frequency response is determined by the 
. behavior of the square of the modulus of the sum in (4.11.72) and (4612.77). 
The magnitude of loss. of & PPC system in comparison with an optimum circuit is 2 : 
| | determined, as is easily seen, by the eame formulas as in. a case of constant Te 
ae when n replacing, Sul and: 1 vn by. Soult) and (Haan - 
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“Ae. already oo to combat ‘Lind speeds v We. can alee use simitancous operation’ : ‘ 
he ts ~ on several (for example, two) carrier frequencios chosen 80 that the blind epecds : : 4 e 
par corresponding +0. these frequencies do not ‘coincide in ohe working speed. range.» W 


st aseune that separation, of frequencies fs sufftetontly great that reflection of 
" signals fron target and from passive interferences, corresponding to various corrier a 
| fvequenctes, can be considered statistically independent, (below this assunption is. ne 
7 ‘wall-grounded),- With: this, as was shown in Section holy optimus operations consist 
fm optim processing of each of the sigue separately sith subsequent addition of | 
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the results of processing. The circuit of an optimum receiver consists of several 
channels, built according to the diagram of Section 4.2), The number cf channels is 
equai to the number of working frequencies. Outputs of channels are summarized and 
are compared with threshold. In the case of fast fluctuation of signal, the summation 
can be carried out directly after forming the square of the envelope of the filtered 
signal. With this, for incoherent accumualtion is used one accumulator common for 
ali channels. | | 

Let us consider detestion characteristics corresponding to optimum processing. 
With this, we will consider that the statistical properties of signals on all fre~ 
quencies are identical. During fast fluctuation of signal and interference, semi- 
invariants of distribution can be found by sunmation of semi-invariants for separate 


chamnels, expressed by formulas (/,.11.42), Using these semi-invariants, it is pos~ 


“gible to examine the detection characters stics using either formula (4.4.10), ifn 


is sufficiently great, or expansion (4. he 11). 

Let us Soneser the most interesting case Be the santo when the threshold 
vaiue of q is saa With this, assuming the ‘time of correlation of interference 
to be small as compared with. the time of seuneie tina of. signal, we obtain similarly 
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where 6; are the phase shifts for period, corresponding to various frequencies, 
Let us note that magnitude q in (4.11.79) represents the signal-to-interference 
ratio in one channel, determined by the powar in this channel and the level of noises 


in it. If noises can be disregarded, tnen the signal-to-interference ratio does 


not depend on radiated power and is equal to the same magnitude for a separate 




























frequency channel and for a combination of channels. 


Threshold q depends on magnitudes of phase shifts through magnitude 
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y Sj (8)) Sais ‘ 
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Radiated frequencies should be selected so that this sum has the largest possi- 
ble magnitude in the working speed range, 

In case my = 2 we obtain 
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a (4.12.82) 
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KS | The lowest value of equivalent spectral density of the interference in both 
cases is obtained when Ad.=(2k-+-1)s. With this, Saxe burns out to be YF times less 
than spectral density S,,,,(%) expressed by formulas (4.11.75) and (4.11.76). 

Thus, during fast fluctuation and AQ, near to (2k+ 1). the effectiveness of a 
twoefrequency system turns out to be higher than a system with two shift periods, 
f . 8. This is explained by the fact that, differing from detection on a background of 
Po noises, weakening of fluctuation owing to multi-frequency is not accompanied by a 
- decrease of the signal-tom=interference ratio in each frequency channel, inasmuch as 
eo the power of the signal and interference equally depend en power radiated on each 
channel. , ) | 

During slow fluctuation, the distributive law for the sum of output voltages of 
@ 2 ‘frequency channels is convolition my of exponential distributions. In the absence 


of useful signal, statistical characteristics of components are identical and for 
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a sum is obtained chi-square distribution with 2m) degrees of freedom, In accordance 
with this, the probability of false alarm is 
oe 


wer (44.11.82) 
F=K,n, o-\z ay 


a= (m — 1) 
where c is the relation of the threshold of operation to the dispersion of inter- 
ference at output of the storing filter. 

In the presence of the signal, distributions of components are equal because 
of the difference in phase shifts 4; Characteristic function of the sum can be 
represented in this case in the form of (4.6.1), The corresponding equation of 
detection characteristics coincides with (4.6.2), if 9; is replaced by the signal- 
So-interference ratio in the j-th channel 4. | 

Let us consider more specifically the case of two working frequencies, With 7 
this, 

RGA) . ke 


Hive (4.11.83) 
Dex iia [ane Tiyan HU Fa) te ~ Fase] 


lapendence 44, ait . 6, and 4, is detapaineasty formulas in paragraph 
fateee “iN particular, asouning the bine of. correlation of interference Lo be amall . 
in conparigon with the duration of the mere a is possible to calculate a by Fees 
la (4.11.40), . 

Fig, 4.31 presents the copencence of vhreshols q on ahem, 4, for a case of 
axponontial correlation ef interference when D= 0.9, n» 25, F a 1074, - sua Q,9, ? 
Inayauch as q depends on 4, in the figure there is a shaded region, in which q can 
change at a given Ag, For comparieon, on the same graph, the- dependence of threshold oo 
q on gg is presented for a system with two shift periods with the same values of all 
paraneters, The smallvet q is obtained when ab - s{2k~P dps, With this, differing fram ne 
a case of shift periods, q continues to depend on 6. Oo 7 - . 

Comparison of reaults for a two-frequency diagram and, a diagran with shift 


periods shows that during slow fluctuation the iver henieney diagram possesses 


: 
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noticeable advantages which are the result of a relative decrease of target fluctu- 
ation during the use of two independently fluctuating signals. A similar effect 
was noted above during fast fluctuation; however, there it was less. Range, with 
respect to speed, as one may see from the figure, also can be determined from con- 
dition cus Fest 1/2. With this, q increases not more than twice, as compared with 
its value when Aj-=(2k-+ 1). Speed ranges, in which the influence of blind zones is 
removed, are concentrated nearby 


m= (k-+ +) ar 


where Af is the difference of carrier frequencies, and they have the width 


It is necessary to note that the tendency to remove blind speeds in the working 





range along with the considerations presented in Section 4.6 also leads to the use 





Fig. 4.31, Dependence of threshold q on 
7 ee ag for a system with two ahift periods 
e and two working (frequencies, 
Eee as KEY: (a) Two shift periods; (b) Two work~ 
per ve ing frequencies. 


of frequency channels detuned to a magnitude sufficient for statistical independence 
re of corresponding reflected signals, As can be seen from the above mentioned formulas, 


in order to combine first optimum speed with the center ¥ of the working range, 





detuning is necessary: 


t 
Alun = a ie . 


For example, when v= 500 m/sec and Tp = 1073 sec, detuning is Afuu+200 megacycles, 
Such detuning is fully sufficient for statistical independence of signals from air- 
craft and all the moreso for interfering reflections. 

Above have been analyzed detection characteristics for a case, when the signal 
in each frequency channel is processed in an optimum manner, We will see what the 
consequences will be if we replace optimum processing with period~by-period subtrac- 
tion, With this, for simplicity we will limit ourselves to the case of fast fluctu- 
ation, when it is possible to consider distribution at input of relay to be normal. 
For x,—-»/, and x’ we have 


Hw = Juan Yoana “ (7 (i0)), (4.84) 


rel 


w= Ht fF JH (ia)* $2(2) dd, (4.11.85) 


Using (4.11.84) and (4.11.85) considering q to be small, we can find an expres- 
gion for threshold q in a similar manner a8 was done for an optimum system, The 
result of calculation is presented graphically in Fig. 4.32 for a case of single sub 
traction and exponential functions of correlation of interference and signal when 
Y= O09, Fo 104, r = 0,8, 209, tee in the form of dependence’ of q on 4$. = 
In the psu there ia a shaded region, in which q can. be changed during 4 given MM. 


* comparison in: the sane place is shown a ; similar dependence for an optimum aye~ 


For a cee of two carrier frequencies, as a natural further simplification of ©. 
opt Unum processing, let us consider a variant with unification of frequency channels - 


before subtraction. Such unification can be attained by means of the mixing of. 


signais spaced by frequency. With this, further processing should be carried out on 








a difference frequency. Let us consider the case when this processing is period- 


by-period subtraction in two quadrature channels. With this, as is easy to see, 
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Pig. 4.32, Dependence of threshold q on 
as for three methods of processing a two- 
frequency signal, 


KEY: (a) Unification of channels before 
PPC: (b) PPC in each channel; (c) Optimum 
_ processing. 
signals at input of system of subtraction can be represented in the form 
. . } o ¢ ’ 
Me pl t hh = Rell, 
, T 5, e . 
7 =e lbs _ ful,,| = to fisfys 
where fi; and fy are results of intraperiodic processing of ‘signals in the first and 
second frequency channels. * | | | | 
oe The. accumulated, tignal is.the sum of two magnitudes: = 
, any a A . ! ne (4.11.86) : 
‘ he he * 
| The possibility of such & signal concept has already been discussed in paragraph — 
4.11.3, where the expression for ta is introduced through the frequency characteris= 
tics of the system of subtraction, Using the symmetry of coefficients ta, itis 
easy to show that (4,121.86) can be written in the form 
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We cannot find a distributive law for L' in the general case. We will limit 
ourselves to the consideration of a case of fast fluctuation, when this law can be 
" considered normal, Considering the independence of magnitudes [ij and [;;, we ob- 
tain mh = 93 Oi [ oer Bye (OOH o. 


+ 2p (7, b)re(/, aye Mos F], (4.11.87) 


Xan = \ Fine, (2r,(/, k) r, (p, v) fr, (i, p) x 
hhwe ee (4.11.88) 
Kr (ek, Yr (i, pra (k, ¥)}j. 
In a particular case of single subtraction and exponential functions of cor- 


relation of interference and signal 


x! —*, == 2g [out — p*cos Ah) + Qpr (! — 0S 4. cos T)}: (4.11.89) 
sel ce 2+ 8 + 12rd (4.11.90) 
eo i-—A, 


Fig. 4.32 shows the dependence q on Af, calculated on the basis of these formulas 

with the same values of initial parameters as the other curves of this figure. As 
can be seen from the graph, threshold Q when She (2k+1)n turns out to be, for the 
given method of processing, approximately 10 tines more than for optimum processing, 
and approximately 3 times more than for a system with subtraction before unification as 
of channels. such a sharp increase in the threshold signal-to-interference ratio - 
ds connected ‘mpinly with expansion of the interference spectrum during the mixing of 
. peflected peer crseete the effectiveness of subsequent processing) 


&.l2. The Kefect of Active interferences < on Systane of 


‘ Detection of Detection of Coherent Signal 


In thie paragraph let us consider the question of the effect of certain, most 
widespread forms of active interferences (noise, random pulse and relay) on “systems 
_ or vadar detection of target, The problem of this consideration is the eee 


aporaival of the effectiveness of. the effect of various. interferences, 





4.12.1. Noise Jamming Interference 


Noise jamming interference is a broadband random process, whose distributive 
law depends on the method of creating interference and can differ considerably from 
normal, However, under the effect of this process on the narrowband mechanisms in 
a number of elements of the system of detection of coherent signal, there occurs a 
mutual imposition of large number of independent values of this process, distant from 
each other in time at intervals, larger than the time of correlation, but smaller 
than the time constant of the given mechanism, With this, due to the central limit 
theorem, the process on output approaches normal, Therefore, if the spectrum of 
interference within limits of the width of the modulation spectrum can be considered 
uniform, the effect of interference on the detection system does not differ in 
character from the effect of Gaussian white noise with equivalent spectral density 
Ny. In the equation of detection characteristics instead of the signal-to-noise 
ratio we will enter the signal-to-interference ratio: 

at as | 

Therefore, the reliability of detection with the same probability of false alarm is 
considerably lowered, | | . | 7 

The Anorease in Antensity of noise during 4 constant levul of spaedticn of the 7 
relay leads also to an increase in frequency of false alarm in the system of dctaas: ae 
tion. In order to avoid an increase in this frequenoy above that ‘permissible, usually 


in the receiver is introduced a system of automatic noise gain control (aNcc);. en 


suring approximate constancy of noise level in the output of the receiving channel, 


mh systems of visual detection ANGC is frequently replaced by hand adjustment. Tre 
signal directing ANGC is usually taken. from a section of: distances or frequencies, a: 


in whieh the presence of a target is excluded. an ANGC systen is coristructed usually Se 


jut as a system.of automatic gain control, working on a. etgnal ‘ron target. We 








will idealize the work of ANGC, considering that this system ensures the bringing 

of interference and noises to a level equal to the level of natural receiver noises. 
With this, an increase in the frequency of false alarms does not occur and the effect 
of interference is considered by the corresponding change in the signal-to-noise 
ratio, The range of the radar in the presence of interference is expressed through 
distance corresponding to the same probabilities of F and D during the absence of 


interference, in the following manner: 
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where Nisa is the spectral density of the radiating power of the jamming trans- 
mitter in the receiver band; 
Gq is the antenna gain of the station of interferences; 
dy is the distance to jamming transmitter; 
(rt~o, 94) is the directivity factor of the radar antenna in the direction of the 
jamaing transmitter; 
ais the wave length; 
kis the Boltzmann constant ; 
wage absolute temperature of antenna; 
6,is the noise factor in the receiving device. 
If the problem of the radar set is the determination of the direction to the : 
acuree of interference, then the detection eysten should accomplish the capture 
of iiterfotdncs on angles. With this, inasmoh as the level of interference ia une 
known, capture can occur and tracking of interference start, effective in the direc- 
: tion of the parasitic lobe. To combat this pharionanen it ts possible to use ANGC 
with a Limitad dynamic range, selected or rogulated with respect to interference in 
such a manner that the interference received by the parasitic lobe is processed well - 
ay the ANGG syatem, and during the hit of interference in the main lobe, control is 


stopped and operation of the rolay takes place, - This method is useful only in a 





limited range of interference levels, and its effectiveness will be greatly weakened 
with a variable level of interferences, 

A more radical method of protection [59] consists in the use, along with a sig- 
nal recieved on the main antenna, of a signal from an additional antenna, for which 
the amplitude diagram coincides with the form of parasitic lobes of the diagram of 
the main antenna (or the corresponding adjustment of amplification factors is used). 
As a result of joint processing of signals from the output of both antennas, inter- 
ference effective in the parasitic lobe is partially compensated, 

Let us consider the optimum method of processing the signals received and we 
will estimate the potential noise~resistance of the suggested method, For synthesis 
of an optimum system in this case, assuming the signal and interference to be normal 
random processes, it is possible to use relationships (4.2.9) -- (4.2.11). Inter- 
ference, in accordance with the above, will be replaced by white noise, The sig- 
nal from the target, received by the additional antenna, will be disregarded, 
dith this, for functions of correlation of signals y)(t) and yo(t) received on the 
main and additional channels we have, respectively, 
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where Ng) and Ngz are spectral densities of noises in channels; 
| - a is the attenuation factor (taking into account the ate, depending = 
_. on the number of the Lobe) of interference in the second channel | 
owing to the difference in the directivity factors of antennas... 
solutdon of equation (4.2410) for this cass can be presented in the torn 


Wants Gi Bey hye LY Re a ly eat tiy me spelen, (4.12.2) 
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: interference ratio oe: 


In the case of slow fluctuation, coefficients B;,(t,, f,) do not depend on time 


and with accuracy up to immaterial factor A are equal to 


. Ny \* 
8,,=A; By, =B8,=—A atey Nes i By =A (aaeti) : (4.12.3) 
Substituting these expressions into (4.2.9), we find 
r " 
L, (y)~ ifs (t)-- - aN, ys of (t ts 9) fst a (4412044) 





Thus, optimum processing in the considered case includes subtraction (or addi- 
tion if a<0) of output of channels, and in the remaining does not differ from opti- 
mum processing of signal in one channel on a background of noises, If the directivi- 
ty factor of an additional antenna directed toward interference coincides with the 
level of the corresponding parasitic lobe of the main antenna, and pole’ additional 
channel is small as compared with interference, then the factor during y(t) can be 
replaced by one in (4.l2.h). | 

During fast fluctuation of signal, the solution obtained is fully analogous, ~The 


difference of output voltages of channels mst in this case pasa through a filter 


- with frequency response (4.3.8), be detected and be integrated during the time of - ; 


observation and with this parameter h in (4.308) in this cage is equal to 
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"detection characteristics for the considered ayeten of det ection, as is macy to. 


gee, have the same form as for’ a single-channel eyatem,” only the see a 


(ates) 





Frou b (ued) at follows that when io <i tho. of fect of of interference during 


sueinas processing is completely renoved, and. only the sun of noises in both channels 7 


af ffeets the quality of detection. In ee the effoctivenoas of compersat ion 








turns out to be significantly lower because of inaccurate matching of amplification 
factors and values of directivity factors in channels, 

It is necessary to note that compensation of interference can be carried out 
by such a method only when interference acts in the direction of the parasitic lobe 
of the main antenna. During a hit of target and interference in a beam of the 
diagram, levels of signals received on both channels become commensurable [taking in- 
to account the “actor during yp(t) in (4.12.4)] and the signal is compensated simul-~ 
taneously with the interference, However, ever. in this case the considered method 
has an important advantage: capture of a source of interference by angles becomes 
impossible when it hits the parasitic lobe of the antenna radiation pattern. 

It is necessary to note that the given method of satsction of signal may be, 
obviously, used with success for protection also from active interferences of 
another forn, effective in the direction of the parasitic lobe. It is essential 
that a change in the intensity of interference, in time Goes not lower the effectives 


ness of the method, 
4412.2. Intertergnse-Stationary Random Process 


- Above it was essumed that interference a festing tha syatem of detection, has 
ws ‘spactrun width significantly larger: shan the spectrun width of modulation. Cases : 


are encountered where this assunptde is net fultiied (narrow-band spot Samning,: 


raridim pulse jamming, ete. ). Axamination of “thone cases not only allows us to enti- . Ee 


“nate the effectiveness of such. interferences, ‘but also answers ‘the quests on con= a 
7 cerning tho expediency expanding the nodulation spect mun frow the Viewpoint « t De 


nrotection fran. aat ive: intorteroneess. 


“Thus, Let Ty conesitor interference in the fort. of an aApute rae stationary randon 2a ah 


process, assuning that the spectruii width significantly exceads the narrow-band 
fllter tranomissian band in the reveiver, Thin will allow us to consider the pros es 


cess at output of filter to be Gaussian, not being interested in the exach 


























es) obtain a stgmal-to-tmerterence ratio, in the form 


distributive law of the interference, and to replace interference at input of filter 
by equivalent noise. With this, all detection characteristics can be used, which oH 
relate to a case of detection on a background of noise, in which the signal Socncies 
ratio should be replaced by the signal-to-interference vatio, Equivalent spectral 
density of the interference at ipa of the narrow-band filter is determined, as it 

is easy to sho, by relationship me 


Nene = tim 


aaa 


3 4 
a. f fac (t,).2°(t,) /* (hot) r (t, ae t.) dt.dt,. (4412.7) : 
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where Aw is the difference “ta: carrier frequencies. of the ae and the expected 
signal; = 
rit 4) is the envelope of thie: ‘correlation function of interference. 


“tucpressing tt. o~ to). in (e327) through spectral-density of interference — 


_ Sy (0), we obtain . 





_supentting t this. expression into the formula for the eignal-tomnotee mite, . 
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“hen using ‘formule (e328) we should py attention to: the fast ‘thats “Ste ie 


, =. the spectral density of a Low-frequency envelope: of interference, soanacted ith the 
s spectral density of Anterterence Ss. (=) by. relationship — 
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"which is the prasence of 1/2 before the integral in (ueh2st)e 
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from which it is clear that in a narrow band of interference, smaller than the repe- 
tition frequency, it affects the receiver only when Ae=kQ,. With this, due to the 


broadband nature of the modulation, 


e@ 
Nona ~ Fe Sun (0) Y) S, (Ao — £Q,). (4.12.10) 


In the case of a band of interference, great as compared with the repetition 


frequency, it is possible to replace the sum in (4.12.9) by the integral 


News> a ( Su (0S bw) de, (412.11) 
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In order to imagine the character of the dependence of the signal-to-interference | 
ratio on the width of the spectra of interference Se (jw) and modulation Se,(e), We ap- 
proximate these spectra, for example, by T-shaped curves with a width of Jf, and 
Sj, respectively, Then, taking into account (4.12.11) and disregarding shift. ‘As, we ) 
obtain when 3j,< My 


a= 8 wes =: ‘he yet go (4el2.12). & 


whore Py is power; 


Ny is the maxisnun of the ‘spectral density. of interference, eee ae 
‘rote(ls 1212 ) it is clear ‘thats the effectiveness: of interference, is determined 


he: relative magnitude of postal: donnity of ‘equivalent. noise ue Aalok dimine L. a 


- ishes during expansion ef the: spectinin of nodulation, “Hh this, by Py. one. should 
we understand the. power ‘of the. interference in’ ‘the rodulats en bands. Hence expansion | 
2 ‘of ‘the modulation spoctrun Leads te an increase of nofeeresistance, when - ane width - 


of this spectrun is more ‘Hhad the width of the. interference epectrun, 


. Baring expansion | of. the interference spect usa the following pattern is observed, - 


. ; ae first, interferene aftacte the. syste only during: Awe near. to the eagnitude of FE 
the multiple frequency or repetition, where effectiveness is Lowered: with expansion ae 
ae of the saodulation spectrist. ti the width of the prior interval of Doppler fre= | 


quencies, is  signttoantly Loss than. the pegpecitaen Feeney then it ie rather 
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‘Gifficuls for such interference to hit in this interval. 


Narrow~band interference can be used as a false signal for withdrawal of the 
tracking system with respect to speed or false operation of the system of capture 
with respect. to speed, To combat such effects it is possible, apparently, to use 
the immutability of the properties of interference depending upon the magnitude of 
delay of the expected signal: operations have to occur in tne same channels, de- 
tuned with respect to speed, at all distances simultaneously. 

wnen p< Oe AG requirements for accuracy of adjustment, of interference are 
considerably lowered. It is sufficient to have an accuracy comparable with the 
width of the modulation spectrum. The effectiveness of interference with this does 
not depend on the width of its spectrum ard decreases during expansion of the modu- 
lation spectrum, When Aja > Af, requirements for accuracy of adjustment of inter- 
ference continne to lower. Effectiveness of interference, obviously, decreases 
during an increase of fe (an even greater part of the power does not affect the 
receiver) and is determined hy the relative magnitude of spectral density of inter- 
ference in the modulation band, | | 

as an example of stationary interference, let us consider random sequence of 
pulses, wnose moments of appearance are distributed evenly, and the number of pul- 
ses in a fixed time interval is distributed according to the law of Poisson, Phases 
of high-frequency filling of separate pulses will be consi:lered random (incoherent: 
sequence of pulses), With this, the correlation function of a sequence of n pulses, 
ppeaine at interval T, much larger than pulse duration, is equal to 


n 


Ra (s) == Re Py -- ‘ uy (ue (ts) dt ol , 
+O 
where F, is powex; 
uy (¢t) 38 complex modulation of pulse. 


uring T+co ; -+vy i3 the average frequency of pulses, 
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Finally, for the spectral density of interference Sy() we obtain 
Su (2) = PepSuin(o)s (1.12.13) 
where P,, is the average power of interference; 
Sun is the spectral density of the modulation of interference; 
Sua == eaten 
tu is the effective pulse duration, 

The effectiveness of random pulse jamming, as one may see from (4.12.13), is 
determined by the form and width of the spectral density of modulation and is identi- 
cal to the effectiveness, for example, of noise interference with the same spectral 
density. 


This affirmation is true, of course, only under the condition that we consider 





a receiver designed for the detection of signal in noise and not 
having a special means of protection from random pulse jamming of the type of 
mechanisms [59] which cut off the receiver during the effect of a powerful pulse, 
The use of such means is expedient, apparently, only with pulse signal, With con- 
tinuous radiation, their presence would lead to a loss of part of the receivable 
signal which greatly lowers the effectiveness of the use of modulation during re- 


ception, 


4.12.3. Relay Interference 


aa Modern generators of relay interference have a very wide band (Ch. 1) and allow 
a us to amplify and re-radiate signals with any practical law of modulation. Owing 
Ba to motion of a target carrying a jamming transmitter, the re-radiated signal ac- 
rR quires shift with respect to frequency and delay the same as a variecved signal., 
oe If additional shifts with respect to frequency and delay are absent, then this sig- 
BS nal is distinguished only by power from that reflected from a target carrying inter-~ 


ference, The presence of such a re-radiated signal can prove dangerous only when a 








relay is fixed on a false target used for camouflaging a true target. Usually in 
relays additional delay of the re~radiated signal is carried out and also shift of 
signal with respect to frequency can be carried out. In this case, relay inter- 
ference can be used also to camouflage a target carrying interference, 

To discern a signal from a target and interference, additional delay of re- 
radiated signal can be used. Out of a group of signals the nearest should be taken. 
If there are several targets or high ambiguity with respect to distance, then this 
method can be ineffective. 

if the power of interference is many times more than the power of signal, then 
this difference in power, in principle, can also be used for selection of target. 

In particular, during a hit of powerful relay interference on the parasitic lobe 

(if sensitivity of relay allows such a possibility) interference compensation de- — 
‘scribed in paragraph 4.12.1 can be used. In principle, discerning the signal and 
interference in this case can be, apparently, carried out, using the difference in 
statistical properties of these signals; however, such a method requires long track- 
ing of both signals, and its possibilities as yet have not been studied. 


4.13. Conclusion 


In the process of analyzing systems of detecting coherent radar signals on a 
background of noises and of various kinds of active and passive interferences we have 
discussed basically three forms of problems having great practical value: the selec~- 
tion of the main signal, the selection sep anise method of the reflected signal 
and a quantitative aieedi cates the quality of work of the various detection systems, 
which has been reduced to a calculation of thu threshold signal-to-noise ratio or 


signa].-to~interference ratio, corresponding to the given probabilities of correct 


detection and false alarm. ‘These three forms of problems we will touch upon once 


again in this conclusion. 











We will start with the methods of processing the received signal. As analysis 
has shown, optimum methods of processing depend cansiderably on the properties of the 
reflected signal and the form of interference affecting the radar, With the prac-~ 
tical structure of radar it is natural, it seems to us, to take, for a basis, a pro- 
cessing method sufficiently near the optimum method of signal detection in noise, 
supplementing and partially modifying it during operation, depending upon the form 
of interference, With this, in the radar receiving mechanism, working without the 
particination of an operator, there should be an indicator determining, by the 
character of received signal, the form of interference and directing a change in the 
character of processing. 

In a majority of cases it is possible to indicate a number of characteristics, 
by which the character of affecting interference can be determined sufficiently 
accurately, The distinctive peculiarity of noise interference, for example, is its 
broadband nature and the fact that it affects all receiving channels, detuned with 
respect to distance, equally. It is possible to include in the receiver an additional 
channel, tuned to distance, where the appearance of a target is excluded, and to use 
this channel as an indicator of noise interference, For an indication of passive 
interference in & large number of cases it is possible also to use its large ex~ 
panse (as compared with the target). 

For detection in noise in contemporary radar sets, using inherent coherent sig- 
nal resolving power with respect to speed, it is necessary to use multi-channel 
detection systems. Separate channele should be detuned with respect to distance 
and speed to a magnitude of the order of the resolving power with respect to these 
parameters and should overlap prior ranges of distances and speeds of detectable 
targets, Certain elements of channels can be combined, This question was dis- 
cussed in detail in Section 4.5. In every channel multiplication of the received 


signal by the expected signal should be produced (or gating of output of the reducing 


filter, which can be common for all channels), narrow-band filtration, detection, 
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and if the reflected signal fluctuates rapidly, incoherent accumulation during the 
time of observation, 

In the presence of passive interferences, if interference is broadband (Af,7 > 1) 
and the modulation spectrum drops sufficiently fast, the described system of detec~- 
tion on a background of noise can be used with success. In this case coherent ac- 
cumulation carried out in a narrow-band filter ensures almost the same suppression 
of interference as the corresponding optimum processing. 

In a case of narrow-band interference, for its suppression a system of period- 
by~period subtraction can be used. During the corresponding selection of multipli~ 
city and the magnitude of attenuation in the delay circuits and during coherent 
accumulation of signal after subtraction, such a system, as analysis has shown, in 
a large number of cases is near optimun, In order te avoid changing the character 
of processing during the appearance of passive interferences, it is possible to use 
an increase in time for examining the directions oscupied by interference. Such a 
method can give good results when the angular dimensions of interferences are small 
as compared with the width of the sector of survey. 

. Use of a special method of processing a received signal {coherent compensation 
of interferance (Section 4.9)] is inevitable. in the case of point interference with 
an assumed distance from a target smaller than the resolution range with respect 
to distance. Processing of such form can be carried out by means of multiplication 
of the received signal by the support signal equal to the difference between the 
expected signal from the target and the signal from interference, taken with the 
corresponding factor, or by fieang of corresponding subtraction of values of the 
output voltage of the reducing filter, 

Let us turn to the question concerning selection of the main signal. Here we 
can montion the number of utilized carrier frequencies, the law of modulation on 
each of the working frequencies and concerning the width of the modulation spectrun, 


determining resolving power with respect to distance, 
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As analysis has shown, the simultaneous use of several working frequencies, 
spaced from each other far enough that the corresponding reflected signals are sta- 
tistically independent, allows us to increase considerably the free-space range of 
a slowly fluctuating target and during the corresponding selection of frequencies to 
ensure reliable selection on a background of passive interference in a given speed 
range. If the signal from the target fluctuates rapidly, then the range, with an 
increase in the number of working frequencies, no longer increases, and from this 
point of view multi-frequency work becomes inexpedient. 

The law of modualtion of the main signal from the viewpoint of the problem of 
detecting a single target on a background of noise has no value. The effect of this 
law begins to show only when it is necessary to distinguish several signals, which 
can be signals from several targets, signals froma target and passive interference, 
or a signal from a target and active interference, 

Results of Section 4.10 show that the best selection of a target with respect 
to speed is ensured during the use of a signal with line spectrum, and if it is 
desired, to combine this property with high resolving power with respect to distance, 
the number of spectral lines must be increased. Such properties of the main signal 
are oasiest to obtain, using a periodic signal with intraperiodic modulation, ensur- 
ing good distance resolution (for example, a pulse signal or continuous signal with 
phase-code manipulation). To remove ambiguity in distance and speed, inherent to 
the periodic signal, in those cases, when this ambiguity cannot be avoided by selec~ 
tion of repetition frequency, it is possible to use a change of repetition fre- 
quency in the process of operation or a combination of several frequency channels with 
various repetition frequencies (paragraph 4.10.3). 

Width of the spectrum of intraperiodic modulation determines the extent of the 
resolution range with respect to distance, As discussion in paragraph 4.10.4 has 


shown, from the viewpoint of reliability of target detection on a background of noises 











and passive interferences, it is expedient to sesuanss resolution range only 
as long as it does not become less than the dimensions of the target. 

In certain radar stations it can be expedient to change resolving power with 
respect to distance in the process of operation. An increase of resolving power 
after capture, with respect to angles and speed, can be used to decrease the number 
of channels in the system of detection (Section 4.5). 

The comparative analysis of various forms of signals and the methods of their 
processing, the results of which were briefly enumerated above, is possible only with 
the use of their quantitative characteristics. In this chapter we obtained a large 
number of paieionaieed determining the form of detection characteristics and allow- 
ing us to find the probability of correct detection and false alarm and the magnitude 
of the threshold signal-to-noise ratio or signal-to-interference ratio corresponding 
to the chosen probabilities. Many formulas for threshold signal-to-noise ratio 
(signal-to-interference) are sufficiently simple and can be used during engineering 
calculations, 

Tt is necessary to note that during the analysis and synthesis of detection 
systems we have considered basically two extreme cases -~ fast and slow fluctuation 
of reflected signal. For the intermediate casc, the relationships obtained, were 
not defined due to essential calculating difficulties. Results for this case, re- 
lating to the synthesis of optimum systems, do not present, in our opinion, an es- 
sential practical interest (these systems are very complicated and will hardly be 
used, and moreover, they apparently give small gain as compared with the mechanisms 
usually utilized), whose davadttan characteristics it is impossible to mention, 

The problem of determining detection characteristics in an intermediate case 
betweon fast and slow fluctuation very frequently appears in practice and the so~ 
lution of it, furthermore, would allow us, finally, to establish where slow fluc- 


tuation ends and where fast fluctuation begins. On graphs illustrating the character 


of the dependence of threshold signal-to-noise (signal-to-interference) ratio on the 
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width of the spectrum of fluctuation of the signal, the corresponding sections of 

the curve were plotted by sieeneiatian. For a whole nunber of problems the Saguneny 
thus obtainable is apparently sufficient. Nonetheless, accurate caiculation of de- 
tection characteristics on this section of change .Af-T at least for a particular case, 
presents essential interest and is an urgent problem. 

It is possible to indicate in this chapter also several other questions relating 
to the detection of coherent signal not receiving a sufficiently. complete reflection, 
In particular, there is the problem of synthesizing an ant inan detection system de- . 
signed for a group of interferences capable of acting jointly or separately. As 
already has been noted, such a system should possess properties of self-adjustment 
and include an indicator of interferences, directing a change in the character of 
signal, processing and péssibly a change in the properties of the main’ signal; This 


problen is very great and complicated. At present, we probably do not have even a 


“eufficdently clear mathematical formulation for it. 


Another protien is connected with tho selection of the form of main signal, ‘In 


veotion sid it wa shown that a signal ensuring good target ‘selection with “ pespect 


to arses on & background of passive interferences should possess. ae spectrun, 


At the ‘gama: tina” it As desirable to Sere this property -with hidgh resolving power 


with: respect to distance, A combination of these properties takes place in the 


periodic signal, which possesses, however, high ambiguity in distance and speed, 


Hence the question appears whether it is possible to form a signal with line spectrun - 


-and high resolving power eee respect to distance, in which the deficiencies of 


periodic signal would be at least patisrly reduced, solution of this problem would 
be, it seems to us, an important contribution to the theory of radar signals, . 

An important problem for investigation is also the problem of detecting p fluc- 
tuating coherent signal during variable observation time depending on the obtained 
realization and during the use of a multi-channel detection system. In our autniens: 


the solution of this problem is of special interest, taking into account the possible - 


oe 








presence of active and passive interferences. 
And, finally, a whole number of problems appears in connection with optimizing 


survey and investigation. Enumeration of these problems has already been given in 
Chapter 3 (Sections 3.8 and 3.9). We will note only that the particular questions 


examined in Section 4.7, relating to this problem, indicate promising investigation 


in this field. 





CHAPTER 5 


DETECTION OF INCOHERENT PULSE SIGNAL 


5.1. Introductory Remarks 


In accordance with the definition introduced in Chapter 1, an incoherent 

Signal differs from coherent by the presence of additional random phase shifts for 

separate periods of modulation. These phase shifts are stipulated dy the method of 

generating of signals of such form. A high-frequency generator is started in every 

period by the pulse of the modulator. Here, the phase of oscillations of the 

generator changes from pulse to pulse in random fourm. Initial phases of oscillations 
ig in seperate periods are independent and are distributed evenly in the interval | 

(O; 2 r). 


- Obviously, the distinction between incoherent and coherent Signals is kept 


. only as long as the values of initial phases are not remembered and are not used 


during reception. In systems of selection of moving targets sometimes are used 
. (651 so-called coherent heterodynes, phased by every pulse of the transmitter. Here, 
the signal on the output of the mixer is coherent. 

The distinction between coherent and incoherent signals becomes immaterial in 
the case when the bandwidth of the filter, carrying out coherent storage, is signif- 
icantly larger than the frequency of repotition. 

If the off-duty factor of pulses is high, then such expansion of the band does 


not lead to distortion of modulation: for the pulse duration, the filter, as 








before, works as an integrator. During the time between pulses, voltage on the 
output of the filter is decreased almost to sero, so that the neighboring pulses 
are detected independently. This circumstance allows us to use, in this chapter, 
in the investigation of the characteristics of detection of an incoherent signal, 
a number of results, received in Chapter 4 for a coherent signal. 

The consideration in this chapter starts from the investigation of properties 
of the relation of verisimilitude for an incoherent signal. It seems that the form 
can be added to the optimum operations, acceptable from a technical point of view, 
only for extreme cases of slow and Yast fluctuating at a very large and minute 
signal~to-mise ratio. To find the characteristics of detections, corresponding to 
optimum operations, in tne general case is not possible. Therefore, proceeding 
from a number of other works [9, 19], we consider these characteristics only for 
a System, carrying out summation of squares of envelope pulses during the time of | 
observation. Besides this system of detection, jn the chapter is analysed a systen 
with binary storage, and also a systes with integration of scanning by distance. 
For the considered systems, equally with reliability of detection on a background 


of noises is investigated the noise-resistance in reference to active interferences. = 


5.2, Relation of Verisimilitude For_an Inccherent Signal 


‘he character of optimum processing of an incoherent signal is determined by: 
tne relation of verisimilituds, This relation may be, obviously, found from the ye 
relation of verisini Litude for a coherent signal by means of averaging by additional 
phase shifts in every period. If the signal wis coherent and additional phase shifts 
are absent, then the relation of verisimilitude for the case of detection of such 
a Signal in a noise would be recorded in the form of (4.12.5): 
Avenr{ J ol ay, \ 


where 


a, 
h= { yal sje ut: (5.2.3) 
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v(j, k) is determined by equation 
o(/, o+ax ah, Nett, k)== ge(j, &); (5.2.2) 


q-~Signal-to-noise ratio for the period. 


In the presence in the j-th period of an additional phase shift 4, in (4.11.5) 


f, is replaced by /, exp ( /4,). Averaging by all 4,, we obtain 


as Po 
ANG (.. fcx0{ So BAA NA. (5.2.3) 
Q 6 i’ 
where A,={/,| is the value of the envelope on the output of the system intra- 


period processing (reducing filter or IFA, if intrapulse modulation is absent). 
Intagration in (5.2.3) cannot be produced without introduction of additional 


limitations on elements of matrix [/e(j. &)/]. In connestion with this, | let “us. 
immediately turn to conSideration of particular cases. : 
Let us assume that the signal-to-noise ratio during oa of observation nq : 
is small as compared to one. Here, the exponent in (5.2.3), the index of which with 
high probability turns out to be minute, can be peoiased by the first two members of a 
-itg9 Taylor series. With accuracy up to members on the order of q*, we obtain a 
ANT Yeu Na e8eb) 


Opt imum interperiod proceasing consist, in this case, of summation of equares " Le 





of anvelope signals, occurring in various periods on the output of the ayeten gS 


intraperiod processing, with coefficients v(j, J), which in extreme cases ‘of fast 


“and slow fluctuations of a signal do not depend on J. Processing of such form ean : . 


be carried out with the help of a aqiare-iae detector and storing nechanisn ae : 


| example, a potentialoscope). 


The same result occurs, a3 is ives to ses, with an arbitrary signal-to-noise . 


eee if the. correlation ef fluctuations of signal in neighboring periods is absent. 7 


Here, the relation ar verisimilitude has the forn 


With a large Signal-to-noise ratio q elements of matrix ||0,,/| have, relative 


to q, @ magnitude on the order of one, If in the received signal y(t) thee is a 


at fa = 
rar aot oy 





useful signal (exactly in this case, it is desirable to continuously reproduce the 


relation of verisimilitude on the output of the receiver), then with high probability, 


coefficients at e/-h) in (5.2.3) have a magnitude on the order of q and integrand 


in (5.2.3) quickly diminishes by measure of ramoval from maximum, taking place at 
8, =: 6,...2= 4,. In connection with this, the magnitude of the integral is deter- 


-mined mainly by the behavior of the function in the nearest environment of the 


+(8 
e/ 


maximum, where ~%) it is possible to decompose into Taylor series by 0;-6,. 


Aga result, we obtain {y ti naa} 

| exp off, Rp AAn 
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The coefficient at the exponent depends on Ay, ner An significantly lesa, than 
oO . the exponent, and its presence during interpretation and eubsdinent. of optimum. om 
- operation’ can not. be considered. Basically, these operations. reduce to the: eo 

_ formation of & quadratic. form Benda - Tee formation of analogous form’ ie , 


reduced also the optimum operations during coherent: ségnaly only there: the dinet | ee. 





remy lis of intraperiod. processing, and. not ‘their moduli are. ‘entered in ite: ry vas " oS 
indicated in the ‘exanination of a coherent: signal, the form of such find cy be 





raceived as the result of tr ansadaaion of the converted signal. through a storing 





filter, coordinated with the Spectrum. of. Fluctuations of the reflected signal faiths 
" (during fast ‘uctuatdons) or in the. time of observation (during slow fluctuations), »” 3 2 
2. - quadrats ie detection and subsequent storage during the tine of abservation. (the : | 
4 lat ter only in this case. of processing of envelopes A a and quadratic detection 2 

ta replaced by raising to a square, which during slow ees wher subsequent 
/ storage is absent, is an inverse Spabarien (see Chapter 3) and ean be rejected. | 


. _ Thus, during ‘Slow fluctuation, ‘the optisum interperiod processing for the comeeeree 





en | ase of q 3.1 reduces to Linear detection and storage. ‘During fast fluctuation, . 
¥. . ‘this accumulation should be carried out with the help of a pulse filter, coordinated 


with the spectrum fluctuations, the result of storage should be raised to s square 

















and, in turn, be stored already for the whole time of observation. Ina limited 

case of fast fluctuations, when the amplitudes of neighboring pulses are statistically | 
independent, storage after the linear detector disappears and optimum processing 
reduces, as already was noted, to summation of squares of the envelopes. 


. Actually, in radar stations using an incoherent. signal, the interperiod 


processing consists in detection and storage of a predetected signal dur.ng the time. 


of observation. The characteristics of utilized detectors, as ‘already was noted in 


Chapt er 2, are similar to-quadratic at small input signals and ‘to linear with — 


| a high level of che. signal. Thus, in existing radars, processing is used which is ~~~ 


similar to optimum an two extreme. cases of fast and slow fluctuations. In the 


| : interval between these. cases, optimum processing considerably differs -from utilized, 
begin significantly mare complicated. Unfortunately, mathematical difficuities do 
“not allow us to produce a sufficiently strict Comparison of these methods of | 
. procéssinn, which would permit, us finally to solve the question ‘about expediency ¢ of 
. transition to the optimun method ; The accumlated experience of comparison of 
7 various methods of signa) processing allows us to assune that in this. case the ~ 
. - transition to optimum processing does not provide an essential fain, The ottece 2 sg 
= a tiveness of both. compared metheds: is endured by a decrease of: the influence of. 2 
— = fluevust ions during accumulation of independent values. of the signal from the output 
. : af the. detector and hardly. considerably _— upon dertain nod fication’ of the- 
o wet ot accumlation. ee 


Regarding the dependence of. threshold signal-to-noise rit Lo. on. the. fot of. 


“datector characteristic, then’ to this question, as it is known, at tre dawn of the 


development, of radar theory, was devoted a great deal of theoretical and oxporinental be 


a works, ao the result of which, it was fixed that the influence of this characteris.ic @ 
is” hardly esseritial, In the future, in the ealeulation of characteristics of 2 
_ detection of ineoherent signal, we ‘shall consider the detector. 30 be et in a 


order to receive final results in sufficiently simple fora. 











In the investigation of various systems of detection, we will be interested 
only in post-detector processing, considering intraperiod processing of the 
optimum type. Calculation of deviations from optimality can be done in this case, 
as it is easy to see, with the help of the same relationships as with the coherent 
Signal (see Saction 4.4). 


5.3. Characteristics of a System with 
Summation of Squares of Envelopes 


We shall calculate the characteristics of detection for a systen, on the 
output of which is formed and compared with the threshold the — 


=y4 =JIbl (5.3.2) 


faut 
It is easy to see that expression (5.3.1) is a partial case of formulas (4.11.7), 
when v(j, Kk) =0,. Considering this circumstance and using (4.11.8)=-(4.11.10), 
for the characteristic function of magnitude L' we obtain 


iy a 
Tacks | { you i ay}, (5.3.2) 


where Ry, --funotion of interperiod correlation of received signal (see agree! sus! | 


ond G(4, J y) is determined by. equation 


Gi, k; )— ry Gif. & VRu=Rin- | G33) - | 
If the input of the aysten of detection is influenced only by noises, than | 


Risud,, the determinant in denouinater (5.3.2) becomes diagonal and easily is 
ecaloulated das | 7 


This characteristic function corresponds to chi-square distribution with 2n degrees 


of freedon, In accordance with this, for the ae of false lars, there 
takes place formula (4.11.62). 


In the presence of useful gal 
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where q is the signal-to-noise ratio on the output of the system of intraperiod 
processing. 

At optimum intraperiod processing, q is equal to the ratio of average power of 
Signal for the period of spectral density of noise. Dependence of q on various 
withdrawals from optimum processing was considered in detail in Chapter 4. 

Calculation of probability of exceeding of threshold for that case in general 
form cannot be done. Therefore, we, aS earlier, will distinguish cases of fast and 
slow fluctuations. During slow fluctuation (p (j,k) = 1 j,k = 1,...,n) the 
determinant in (5.3.2) also can be calculated immediately. As a result, for char- 
acteristic function ‘'l(n), we obtain an expression, fully analogous to (4.4.20) 


1 
¥()=7=AeaicAe! (5.3.4) 
whence for equation of characteristics of detection analgous to (4.4.21) we have 
at F <1 --D a [ ote te | ae 
D=exp RF — J (5.3.5) 


From (5.3.5) for threshold sipuatoesencine ratio a corresponding to 
probabilities F and D, we obtain 


k;,' ee! 
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ate r 
Comparison of (5.3.6) and (4.4.28) shows that dependence of threshold power 
of signal on the number of incoherently stored pulses carries the same character, 


—1. . , (5.3.6) 


as dependence of ¢, on the product of the transmission band of the filter for the 


tive of observation during detection of coherent signal. Correspondingly, the 
loss, stipulated by use of incoherent accwmiation instead of coherent, coincides 
with the loss, stipulated by expansion of the filter band as compared with that . 
coordinated (tte= +) in @ number of tines, equal the number of stored pulses n. : 
If n is foeet sf then threshold oving to Anccherent ascumlation as dncreased by . 
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During fast fluctuation, the solution of equation (5.3.3) can be received by 
Fourier transform. Substituting this soiution in (5.3.2), we obtain 


riymen{— J et—at+esenaa, (5.3.7) 


where S( \) is spectral density, corresponding to the function of correlation 
p(j, &). 
Using (5.3.7), it is simple to find the semi-invariants of the sought 


distribution 
%,= (v1) ; flt-ssar dd, 
(5.3.8) 


For calculation of characteristics of detection at large A/,.7 can be used 
normal approximation (4.4.10) or Edgeworth series (4.4.11). In a limited case of 
fast fluctuations, when Af,.7> a and the neighboring pulses fluctuate independently, 
a clear expression can be obtaimd for dependence 4(D,F,n), which coincides, 
obviously, with (4.6.3) (upon replacement of m by n), since in this case we also 
deal with incoherent accumuiation of a certain number of independent components 
of a signal. | | , | 

The Edgeworth series can be used for calculation of characteristics of © 
detection also at arbitrary values of A/.7. In connestion with this, it is 
useful to give here an expression for seni-ivariants, not, using solution of ‘ A 
equation (5.3.3) by the method of Fourier, received for the case of AleT >t. 

- We shall find the Solution to (5.3.3) = the form of a series | ; 
| au, b= ZOU, M59) 
by substituting which in (5.3.3) and equating the coefficients at identicas degrees | 


“ov dn both parte of the equality, it is simple to be convinced that 


G,U, nm Zou [iat a(t )) , os (5.3. 10) 


— deeey that matrix (/,(), byl] 48 obtained by raising the matrix [R,-¢pi() At to - 
the (v + L)th degree. ay subtdtuting (5.3.9) in (5.3.2), we obtain 


Fool Yow oft. oes 


INV, 


= 
7 


ae 
7 
a 


Nes, 
8 
ef GPs 


~ oa 
oie? -°. M. 
s ae 
ys ; ‘si 


ee 

a 

ot at 

eat sl 
a2 8 4 


ef a, 
oe te, 


ae ee se 
. 
t. 
ere 


Es 
et 


% F 
«an : 
= et Fe 
wt 


a * 
e 
«, 





eo ote am 
GL a eT 
: Pe Pgs, 


Oat eae fg Ge 
?. *. oe gE. erate ey he, 
Pee ee ee cae SE OS a ae 


whence it follows that the sought semi-ivariants which are, as we know, cosfficients 
at (ix)'/vl in the decomposition of in¥(y)in a series by degrees of in, are deter= 
mined by formula . é 
salem Ih YG. (i, N=(V— UIT e [in ge, &)!, (5.3.22) 
where Tr||a;,|' designates the sign of the v-th power of matrix ||aj, |. 
From the matrix theory, we know that 
Tr it out = 1 i 


where y,(j==1,.,.,a) are the characteristic numbers of matrix .'!@),/|, determined 


by equation 
iy @q 12ing— ¥8jn {== 0. (5.3.13) 


It is easy to see that characteristic numbers 3; of matrix |/3;,-+ ¢p(j, &)|| 


are connected with characteristic numbers «; of matrix ||p(/, &)/| by the relationship 


B= I + G2}. 
so that 


* = (v— ny (1 -+- ga,)’. (5.3-1b) 
The problem of calculation of siiveamad: ‘entering Edgeworth series, was 
reduced, thus, to determination of characteristic numbers of matrices = |ipjs!/, beO05 
to solution of equation (5.3.12) for this matrix. In the majority of practical | 
cases, the solution of this equation can be done only with use of computetieea) 7 


ba engineering. 


‘In Pig. 5.1 are represented graphically the results of calculation of character~_ 


~ teties of detection, conducted by I. N. daiantor and Yu. G. Sosulin for r sdgnal | wath on - 
. exponential function of correlation. . | | 


Fron the figure it is olear that dependence siay at. constant Ae >0_ has 
a a aininun, i.e., there exists an optimum nuaber of pulses, into which it is 
expedient to divide the power of the emitted signal, in order to ensure maxima 


pangs. Exietence of the optimum is connected with the effect of decrease of oe 
: —- magnitude of fluctuations in the use of several not completely correlated. 


random signal components. 
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At = AfeT=0 an optimum, naturally, is absent and the threshold Signal-to-~ 


noise ratio q) monotonically grows with increase of number of pulses, between which 


the emitted power is distributed. 
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Fig. 5.1. Dependence alt 4f.1) 
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This growth is connected with the decrease of power of signal, processed 
coherently (power of separate pulses). It is necessary to note that at Al.T>0_ 


at sufficdentily large n there also takes place growth of Ms with increase of n, 


whereby, a8 one may wee from the figure, ¢, grows with approxinately the Same © Speed, 


as during slow fluctuation, i.@., approximately proportional to j/A. 


| The proportionality factor, depending on probabilities of correct detection 
and false alarm and on the relationship between time of observation and width of 


spectrum of fluctuations for the case of fast fluctuations, can be found, considering 


the distributive law of stored Signal to be Gaussian. ‘The corresponding equation 
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of characteristics of detection has the form 


D=1—® O-"(1—F)—9 Va 


1+ +2 {star (5.3.15) 


At Af.T > the neighboring pulses fluctuate independently and S*(4)=1. 


Here, 
am La On (1 — F)+O-"(0) 
Wn oS 
Va 
If n D1, the second component in the denominator can be disregarded and q, 


(5.3.16) 


turns out to be proportional to Ya. At very large n, when n turns out to be com 
parable with 4f,7, the neighboring pulses become correlated. Here, 


where a is the coefficient, lace on the form of spectrum of fluctuations. For 
the case of exponential function of correlation a = 0.5. 

By substituting (5.3.17) in (5.3.15) and disregarding components l+2q under 
the radical (this is possible to do, if go >1), we obtain | 


weVn— oa! (5.3.38) 
ar? 4D) ’ 
veing Fig. 5.3, it ie easy to check that calculation by approximate formulas 


(5.3.16) and (5.3.28) gives results fully satisfactory in accuracy in regions of 
large n. 
From the curves in Fig. 5.1, it 4s clear that the dependence q(i/-T) at 


onstant n considerably differs from the analogous dependence at coherent signal. 


With an incoherent signal, ¢, monotonically diminishes with the growth of A/.7, 


when with the coherent signal, this dependence had a very clearly expressed minimus. 


This distinetion is connected with the fact that in the considered case, an increase 


of Spe does not lead to lowering of effectiveness of coherent processing, carried 


out only within the limits of each pulse, inasmich as fluctuating changes of 
signal for pulse duration are assumed to be small. fue to this assumption, we 


ae 





always remain in that region of A/,7, where the useful influence of expansion of the 
spectrum of fluctuations (increase of number of independent components of signal) 
So 

ay acts in full measure, and the harmful influence (impairment of coherence) is cam- 


pletely absent, i.e., always remains on the left of the minimum. 


c ‘ 5.4. Effectiveness of Use of Several Frequency 
ms Channels 2nd Several Independent Scanning Cycles 


The questions which are the subject of this paragraph, were already considered 
bs : in the praceding chapter for the case of the coherent signal. It was show that 
oe during slow fluctuation of a reflected signal, there exists an optimus number of 
statistically independent components of the signal, ensuring a maximum of free-space 
= range with a given total average power. These components can exist sither due to 
emission on several frequencies, or due to the application of several cycles of 
space scanning. With fast fluctuations, the threshold signal-to-noise ratio 9% 
monotonically increases with the increase of the number of components, so that the 
best results are provided in this case by a single-frequency radar set or a radar 
set. with slow scanning (one cycle for the entire time used in detection). 

Analogous dependences with incoherent. signal have a number of peculiarities, 


a which | we will now consider. We shall start from the case of multifrequency work, 
be “when the power of each emitted pulse is cistributed equally betwen w frequency 

a channels. If the frequency difference between channels: is sufficiently great, then: 
Ee | "Lhe corresponding reflected vignals fluctuate independentiy. As was shown in 

Be Chapter 4, the optimum method of joint processing of such signals is the sumntieh: 
* | of results of processing of separate signals. ‘The corresponding characteristic 

: function a(n) for total signal is equal to the product of characteristic functions 
be of results of processing of separate frequency components. We shall consider that 
= A every frequency channel there is carried out summation of squares of envelopes 
. of Separate pulses. Here, the characteristic functions of output voltages of 

= o . separate channels are deterained by corresponding formulas in Section 5.3. In 
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particular, when the reflected signal fluctuates slowly, in accordance with (5.3.4) 


2s _ it 
Ocala Rp Gb 


where g, is the relation of total power of signal to spectral density of noise 
(one-sided). 


If mn is sufficiently great, then the distributive law of total signal in the 
absence of a target can approximately be considered normal. Then, at l—D >F, 


we have 
D= Kym so as (5.4.2) 
14% Tk 
whence 
20- se _ 
mV mn Ki)” (5.403). 


Dependence gqo{m) at F = 107%, n = 100 and various D is shown in Fig. 5.2. At 
D >0.5, function g)(m), as also in the case of coherent signal, has a minima, 
which corresponds to the optimum number of independent components 7.,,, somewhat 
less, than for a coherent signal. Function 9 (m) quickly changes at small m, $0 
that for obtaining a gain in distance, near to maxinun, it is sufficient to we 


 Qeak frequency channels. 


During fast fluctuation in a limit, when 4/,7> a and neighboring pulses 
fluctuate independently, the use of m frequency channels is equivalent to an increase ~ 


, of m times the number of pulses. Here, in accordance with (5.3.16) q,i8 increased 
by approximately ,/mi times. It follows from this that by measure of increase of 


dfeT, the optimum number of channels decreases. With Ny —— to 4,7, and 


= bfeT 1 analogous to (5.3.18), ve have 





o-: {—- . , 
= fma rm : oh 
1 so a (5.b.4) 


In the case of multifrequency operation, it 49 technically more siaple, 
apparently, to have # radar set, in which the frequency channels operate alternately, 
i.e., to use retuning of frequency. Here, the received signal is divided into = 
sections, fluctuating independently. Such a method, obviously, is completely 
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_of each frequency) and qum by gy, inasmuch as at each frequency the total — 
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Fig. 5.2. Dependence of threshold signal-to-~ 
noise ratio on the number of independently 
fluctuating components with various methods of 
their obtainment and processing: oo 
——- retuning of frequency (subdivision into 
cycles) during accumulation; - - = - subdivision 

. into cycles during independent comparison with 
threshold; - . = . = = sultifrequency operation 
during accumulation; = .. +... << multifrequency . 
operation during independent comparison with — 


_Squivalent to the distribution of total time, used for irradiation of the given 


target, between m cycles, - ete 4 
During slow fluctuation,. the corresponding characteristics of detection 


car be received from those. just now considered by means of replacement of mn . Ce 


by ny ( nq is the number of Jointly processed pulses, nis the number of pulses 


power of the transmitter ie emitted. In accordance with this, the threshold 


Signal-to-nol@n ratio turns out to be for that case. approximately: Vv a 
Vines less, than during simultaneous operation of frequency channels (Pig. 5.2), 


and monotanically diminishes with the growth of m. Hest results are obtained | 


BF : 














at m= No, when each pulse is emitted at ite own frequency and fluctuates indepen- 
dently of those remaining. Physically, the gain as compared with the case of channels, 
operating simultaneously, is explained by the fact that in the use of retuning, the 
power of separate pulses, processed coherently is increased. | 


During fest fluctuation (Af.7 > 1), the received Signal turns out to be con= 


sisting of several independently. and randomly variable components due to. the. 


fluctuat. ions themselves. Retuning of frequency or: subdivision into cycles does. not . 
lead to increase of numbar of components as long as MT, (r ath is the tine 


of operation at each of | the frequencies or expewre time of target for one sale 3 
of scanning) reneins significantly greater than. one. in accordance. with: this, the 


_mapni tude of threshold signal-to-noise ratio does not change. - pan ‘further increase 
“of m, the ratio ¢, diminishes, sls0. tending in linit to the. value, » corresponding t to 


the independently fluctuating pulses. ae 
With tho use of several indepanient cyolas of scanning, due to possible 
displacenants of the target during the ‘oyole and from considerations of technical 


) convenience, {t 9: more expedient to make. ceaparison of the. output signal with 
= the ‘threshold in each eyels, taking the Solution of ‘the presence of a target, if’ ro we: 
- least An kk ayoles fron m ‘there occurs exsbediog. of threshold. | “Por simplicity, et : 

te ‘gonsider, tne cane, when k “2, Corresponding to. this, case, the ‘characteristics. 


of detection can be received ‘feos the characteristics of detection for one. has fr 


-peplacesent. of 6 mt by vie ty nan pay. 


a ar eh gy in accordance. sith (5. 6). 





| kh graph of dependence (shes) at Pa 10°» n < 100 and rarious » also 4s Bee = 
shom in Pig. Sed. ‘At D 20.5, the dependence @e(m) hes ainieus at certain Moar. 
the threshold sigul-to-noise ratio turns out to be in this case sommbat analler, 


than during accumlation of output voltages. of simultaneously i cia ‘frequency 


ied. 


channels, but significantly larger, than during accumulation of independent cycles 
of scanning (and upon retuning at trequanky). | 

During fast fluctuation (Af-T > 1), an increase of m leads, obviously, to a> 
increase of threshold signal, since here near to optimum processing, the accumulation 
of statistically independent signai sections, due to fluctuations, is replaced by 


independent comparison of the results of: accumulation in these sections with the 


. threshold. 


: <."Independent comparison with the threshold of results of processing of separate 

"3 “statistically independent components of a signal can be used also in case of | 
simultaneously operat ing channels spaced by frequency. Such processing, in particulay 
" . takes piace during Siniltaieous eredlation of @ detected baret by several radar 
stations. During slow fluétuation, calculation of characteristics of detection can — 
ie be done. on the. basis of (5.3.6). Replacing @ in (5.3.6) by j/3, F by £ and 


a ‘by ~ we we ) obtasa 


kz! x) ne 4) a 7 
Jem aes feo ty. Je # (5.4.6) 
Bo es on, 3 3 
HF 


ee 2 Depertonse: @:(m) for that case, also shown in Fix. 5.2, has & ainimum for. 

Beanie Sah  esentficantly sualler, than during scoumilation of output voltages of — 
oe : Curves of gal) pass significantly above the corresponding 

a Uves, tor other wathoda of processing ef atat “‘teally independent signal components . 


fe sone idee here, 


| | 5.5. Visual Detection 

an a great number of radar stations, the solution on the presence of a target 
aS taken iy the operator on basis of observations of the output signal of the rader 
‘Bet on the screen of the cathode-ray indicator. The signal from the video detector, 
proweeding to the input of the electron-beam tube, is stared on the screen of tuve, 


due to the inertness of the luminophor, covering the screen. Therefore, by the method 


af processing of the signal, the syetem of visual detection is similar to an automatic 





a ~ ta 


System with incoherent accumulation of signa] and, in particular, to a system with 
accumulation on a potentialoscope. The essential difference. consists of the fact 
that the system of reading and relay are replaced during disval astecticn by the 
eyes and brain of the operator. - : | 

Any strict theory. of visual detection is absent and will hardly appear quickly, 
since it is not possible to quantitatively consider the entire mass of psychological 
and physiological factors, introduced by the operator in che: process of detection. 
The role of the theory: in this question reduces to finding a setbed of calculation 
of characteristics of detecticn, the resuits of which are more or less well coordi-~ 
nated with experience. Comparison of results of calculation and experiment is 
devoted, in particular, to a Significant part of tne book “Threshold signals" (1), 
and also a great number of periodical articles [69-73]. 
. Correct placeaent of the experizent for devermination of the characteristics of 
Mivial devaction is connected. with: a ‘whole series of essential difficulties. For 


the most, part, the. experinent is placed in idealized conditions, wherety the validity. 


of the received idealisations is. deternined obly by the intuition of the ‘experinenters. Y 


In particular, an eh oxperinents, before’ the opePaton, usually was placed the prove 


af taking & solution: ‘concerning in which of ‘the Limited nuaber of fined positions © 


aoneared a signal, af it As accurately ‘known. that it’ existe. - Here, it remains ine 


phe definite such an important pacateter, ” the probability of false alam. — 


significantly lowers, the value of the receiied results. . 

| _ Por estimation of threshold Hignad-tomnaise, ratio in visual detection frequently 

‘is used the So-called “aritarion: _ deviation”: they. consider that the signal can be 

detected with a probability, near: te 0.5 it the difference of. mean values ‘of stored. 
Sipnal. in points. of the screen, Mere the useful signal fa: docated and where it is 


| not, is ‘approximate ly equal to. the maar-aquare deviation. this eriterion wives 


result, quite near to experimental ant, in. pirtte war, truly eer the 


dependence characteristic for incoherent accumlation demngel!’ a. 


\ at 








ike 
wet 


. 
8 

“ 
- 


s 
2 ate 


» 


AD tt ee 
are 
ae 


6 


’ “ fos, ae 


4, 44 
oy 


c+ 
B,. 
Bs. 
a 
3 








ta, soa > * 
. te toy, . 
eye gee 


7 








For calculation of gc at various D and F it is necessary to obtain some kind 


_ of model of a system of visual detection. As such a model can serve, for example, 
. a system with an accumulator in the form of a potentialoscope and relay. The 


operator, using observations only for one cycle of scanning, is not able, apparently, 


to ensure reliability of detection higher, than the proposed model, since conversions | 
of the signal carried out by this model are near to optimum. If such a model is 
used, then for calculation of characteristics can be used the results of Section 5.3. - 
The results of the experiment, described in [71], show that in reality, the 
operator uses several cycles: with an increase of number of cycles, the probani tty : 
of detection growed faster, than this would be during independent processing of cycles, 
It follows from this that an increase of range of the radar set with visual detection | 
can be received by means of increase of speed of rotation of antenna. A reasonal ie 


limit of such increase should be fixed experimentally, since the mechanism of use of 


neighboring: cycles is unknown to the operator. Conducted in the preceding paragraph, 
__ the calculation. of characteristics of detection for various methods of processing of 
“statistically independent components allows to assume that for visual detection, the 


‘range, near to maximum, can be received in 2--4 cycles during the time, used for 


detection of target. 


5.6, Influence of Active Interferences On a System with 
Accumulation of Squares of Envelopes 


We Shall now investigate the influence of active interferences on a system of 
detection of incoherent signal with summation of squares of envelopes of separate 
pulses, subjected to intraperiod processing. AS varieties of interferences, we shall 
consider noise and random pulse jamming. With reapect to relay interference, we 
cannot add anything new to what has already been noted in the discussion of the 
coherent signal; and therefore, this form of interference is not specially considered 
here. 


During the analysis of noise-resistance of incoherent systems we will not also 


I57 








specially remain on the question of influence on these systems of passive inter- 
ferences, The question of passive interferences was considered in detail in 

Section 4.11, where, along with optimum systems of detection, were considered 
systems with period-by-period subtraction of arbitrary multiplicity and subsequent 
incoherent summation. It is not difficult to see that, considering in final formulas 
the multiplicity to be equal to zero, we can obtain all necessary results for 4 
system with incoherent accumulation. Analysis of these results immediately shows 

the low interference-stability of the considered system, which is fully cocrdinated 
with the conclusion made in Chapter 4 about the impossibility of effective protection 
from passive interferences without the use of selection by speed. In connection with 
this, a more detailed analysis of these results does not present practical interest. 

Analysis of the influence of noise barrage interference on the system is cone 
ducted just as for the case of coherent signal. The distinction consists only 
in the fact that for normalization of interference due to the absence of a narrowe 
band filter in the receiver, it is necessary to consider the width of the spectrum 
of interference to be large as compared to the width of the spactrum of modulation.. 
In practice, this condition is usually fulfilled. This assumption allows to replace 
interference by equivalent white noise with corresponding spectral density Ny. 

With automatic or manual gain control, ensuring constancy of frequency of false 
alarms, the harmful influence of interference reduces to o decrease of the equivalent 
Signal-to-noise ratio. A corresponding decrease of the free-space range of the , 
target. with given probabilities D and F may be, as with the coherent see, cal- 
culated by the formula (4.12. 1). 

For protection from interference, acting in the direction of the lateral | 
lobe, as in the case of the coherent signal, the method of compensation of inter- = 
ference, described in paragraph 4.12.1 can be used. . | Oo 

Let us consider interference, represented by a random sequence of pulses with 


arbitrary intrapulse modulation u,(/), The influence of this interference on the 
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system of detection in the form considered here does not reduce to the influence 
of equivalent white noise. Strict analysis of this influence is connected with 
the calculation of interaction of the signal and interference in an amplifier 
of intermediate frequency (due to nonlinearity of the amplifier, which we cannot 
disregard due to the high level of interference) and video detector. In order to 
simplify calculations, we shall consider that due to limitation in the IFA, with 
coincidence of signal from the target and interference in time, the signal and 
noises of the receiver can be ddsrepanded: Under this condition, the influence of 
interference on the system reduces to the appearance of an additional fluctuating 
component on the input and to vanishing of a certain part of pulses of the signal, 
coinciding with the interference. 

if the frequency of tracking of pulses of interference is not very great, then 
vanishing of part of the pulses of the signal in the first order of approximation can 
be disregarded and considered only as an additional fluctuating componant on the 
input of the relay, and also a change of amplification factor, stipulated by the 
influence of interference on the automatic gain control, With automatic gain 


sontrol and sufficiently frequent interference such a case is possible, when the 


_ interference emerges from under the limitation. Usually this case corresponds to 


the impermissibly lowered reliability of detection and we will not consider it. 
In accordance with the assumptions, the accumulated voltage in the presence of 
random pulse jamming (RPJ) ‘* eee in the form 


“eat z (4 +4) | (5.6.2) 


where Bi ie the square of the envelope > voltage of interference in the jth period. 





on the output of the system of intraperiod processing, 
At is the mean value of the square of the envelope of noise on the output of 
the same syaten. | | - 
‘hea distributive law of the firet component in (5.6.1) in detail ian: investigated. 


in ths preceding paragraph. The distributive law of the second component atn » 1 


opt 
“99 
ma? W 





-falee alarm we obtain 


is possible to consider due to the indevendence of values of interference in various 
periods, We must find themean value and dispersion of the second component and produce 
contraction of the distributive laws of components, in order to find distribution 
p(V). 

Considering the appearance of pulses to subordinated to the law of Poisson 


with average frequency v, we have 





Yama ne (t, pleas (5.6.2) 

Way (Vay =n Pt vf Cy (6, du) [tds =. 
: : (5.6.3) 
=n(F) Vt, 


where C if st, Aw) is the function of mutual correlation of pulses of interference 
Uy(t) and signal u(t): S 
C,(s, da)= (un (x-+e)u"(x) dx, (5.6.4) 
woe 
and 7 and Aw is detuning of pulses of interference and expected signal from 
target in time and in frequency. . 
In (5.6. 2)oo(S. 6.4) it is sanumed that 
fiona {monde (5.8.5) 


Es in (5.6.2) and (5.6.3) designates the energy of pulse of interference on 
the input of the systen of intraperiod processing, i.e., after passage through IFA. 


Obviously, in the presence of limitation 


Ea La sy (5.6.6) | 


where U orp is the level of limitation, 
«, is the effective pulse duration of interference. . . 

- Lat us turn to the calculation of characteristics of detection. Tf there is 

no Signal from the target, and ifn y» 1, then the distributive law for V ay be 


considered normal, Using (5.6.2), (5.6.3) and expressing the threshold of operation 


. of relay by the probability of false alarm without RPJ, for the probability rps of 


Ppl — OO"), (5.6.7) 


BYE 





ea 
ba where leet 
Ce Vie dna (5.6.8) 
fo and = gyq== At is the interference-to-noise ratio in the period of repetition. 
Be From (5.6.7) and (5.6.8) it follows that in the case RPJ, AGC does not ensure 
S constancy of frequency of false alarms, which diminishes with an increase of frequency 
= of .interference. 
ES We shall now calculate the probability of correct detection. For that, let 
& us recall [see (5.3.4)], that during slow fluctuation the distributive law of stored . 
hee signal is a contract of the exponential law and chi-square of distribution with 
Bs 2(n--1) degrees of freedom. At n >, this law can ba replaced by the normal one. 
Bo Inasmuch as the distributive law of accumulated interference also is assumed to be 
Ee normal, the law of p(V) is obtained as a result of contraction of exponential and 
Pe normal distributions. Integrating p(V¥) from c to op and replacing the integral of 
Co probability by the step function, we obtain 
" Dep exp[—— ee = pele D, (5.6.9) 
FE where D is the probability of correst detection with RPJ, and y is determined by 
x formula (5.6.8). | | 
Po During fast fluctuation, assuming distribution for the stored signal in all — 
os cases to be normal, we have | 
: : D,.j=t of 2 tae e- = Va 
: | | + Ghote + 24 + gtge uf S*(ayda | 
| ha Bae > (5.6.10) 
BS | From (5.6.9) and (5.6.10), it ia clear that Drpj diminishes with an increase 
te of frequency of interference, . | 
Be The critical sigiat-tccisartersane ratio, sorresponding to the given probability 
: of detection, is increased in the presence of interference approximately in proportion / 
‘~ to the average power of interference on the output of the system of intraperiod procee= 


ing (Go~ l+vnigy), The same increase of q also takes place during noise interference, 
So that these forms of interferences are approximately equivalent. 
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For protection from RPJ with great pulse power it is possible to use cutoff 
of the receiver for the time of income of the pulse, large as compared with the 
pulse of the signal. In this case, the probabilities of false alarm and correct 
detection will decrease by measure of growth of frequency of interference, since 
part of the stored pulses of noise or signal with noise falls, due to coincidence 
with interference. The number of stored pulses diminishes on the average of ( 1-=p, ) 
times, where p, is the probability of pulse of signal and interference. In accord- 
ance with this, the threshold signal-to-interference ratio for the period increases 
VT p, times. Probability p, is equal to approximately v(s,+-+,), where e 
and <, are the durations of pulses of signal and interference. 

For protection from RPJ, it is possible also to use ordinary circuits of 
protection from non-synchronous interferences (delay lines for a period with cascades 
of coincidence, et.), In the use of a delay line with a cascade of coincidence, to 
the output of the latter passes only that pulse, which corresponds to the pulse in 
that same point of the preceding period, due to which the number of pulses of inter- 
ference, appearing in the intervals between pulses of the signal decreases 
times, and accordingly, the frequency of false alarm is lowered. 


5.7. Sy! with tegration of ¢ 


Soastines it ie sufficient only to establish the fact of the presence of the - 


target, not indicating the distanceto it. As was noted in Chapter 3, close dn 


effectiveness to the optimus systen of detection in this case is the multichannel 
system, which compares with the threshold the relation of verisiailitude for various 
‘values of distance. In certain cases, such a syatem can be unjustly complicated. 

In this paragraph we shall consider several siapls aratenty, which in principle 


can be used for the solution of this problem. 


Probably, the simplest and most evident method of detection of incoherent 
pulse signal without determination of magnitude of delay is integration of a 
by distance, carried out through the output of the video detector (or video 
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amplifier). If the a priori interval of delays Ar is less than the period of 
repetition, the videcamplifier or IFA is gated with a duration of Ar. The 
time constant of the integrator is determined by the duration of the bunch. 
Considering integration during the time T to be ideal, the detector quadratic 
and the video amplifier linear, it is possible to register voltage on the input of 


the relay in the form yi 


oy 


Ajit) de, 


1th> 
CUS 


(5.71) 
where 4,(¢) 18 the voltage envelope on the output of the system of intraperiod 
processing (on output of coordinated IFA, if intrapulse modulation is absent) t 
seconds after the beginning of the j-th period. 

Voltage A;(f}) has a spectrum, limited by the transmission band of the system 
of intraperiod processing, coinciding with the width of the spectrum of modulation, 
and in accordance with the theorem of V. A. Kotel'nikov, can be completely character~ 
ised by discrete values in points, distant from each other by 1/A/,. Examining 
this circumstance and considering that in the gate dr there is a signal from one 


target, eMee 7,1) can be rewritten in the form 
mi 8*= 1) 


va Sat + y A (56762) 
where Ag, is the signal envelope with noise in: the jth period, | 

Ay: is the noise envelope. | 

All. n(AfAr—1) of values Aw are statistically independent and possess 
identical properties. Therefore, for calculation of distribution p(V), the | 
belonging of Aw to some period does not have meaning, which is also considered in - : 
the notation (5.7.2). | | | | 

The distributive law of p(¥) can be received by contraction of laws for the first 

an -"seond componente in (5.7.2). The distributive law of the first component ws 

cunsidered in detail in Section 5.3. The second component is subordinated to ohi~ : 
square distribution with 2 a(Alde—l) degrees of freedon (Atm: can be represented 


in the form of the sum of squares of sine and cosine of the noise components on 


HG 





the input of the detector, which are independent). 
In the case of slow fluctuations, in accordance with (5.3.4), for character- 


istic distribution function p(V) we have 


2 a (5.7.3) 
¥O)= Tam Fella 


where k= Afyds. 
From (5.7.3), for an equation of the characteristics of detection analogous to 


(5.3.6) we have 
kz (F)~2(nk — 1) 


= rk A a 
; 2In 55 =Vat fa (5.7.4) 


from which it is clear that due to integration of scanning, the threshold signal-to- 
noise ratio is increased by VE =YOfads times, at the same value of probability 
of false alarn, . 

If the frequency of false alarm is given, the probability of false alarm in a 
system with integration of scanning turns out to be k times less than the probability 
for one section in the multichannel system. With real values of k and F, calculation 
of this circumstance leads only to an insignificant deviation from dependence qo(k). 

In the case of fast fluctuations with the use of normal approximation, the 
—@quation of characteristics of detection has the for | 

| | putes a 
er re 

At q 1, the second component under the radical may be disregarded and fee: 
calculation of 9, we can use the characteristics in Section 33, by ee the 
threshold value of ¢, by Vk ‘times. 


(5.7.5) | 


It is interesting to note that in a similar manner, on the number of sections © 
in distance depends the threshold signal for the system of detection with search. 
In search, the number of pulses, stored in every section, decreases k tines, due 
to which ¢,~ Vk. Thus, the system with integration of scanning and the systen 
with search turn out to be equivalent, The very same also takes place for coherent 
systems during slow fluctuation of reflected signal (see (4.4.26) ). 
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The effect of integration of scanning in a certain interval of delays frequent ly 
takes place also in a multichannel system (and, in particular, during visual detec- 
tion) due to the contracted band af, of the video amplifier or the insufficiently 
high resolving power of the electron-beam tube. In these cases, the interval 
is approximately equal to I/Af, or bly (o ig the diameter of a spot on the screen 
of the tube, ov, is the speed of scanning). Calculation of the influence of the 
mentioned technical errors can be performed with the help of the formulas received 
here, 

‘It is possible to expect that the influence of noise in a system with integra- 
tion of scanning will decrease with the use of a nonlinear video amplifier, in 


which the detected signal is limited from telow. Here, 


vaod Frias § R Wi All + ¥ 142] (5.7.6) 
where f(x) is equal to zero at x less than ite leve} ae of a and equal 
tox-aatx > a. 

Calculation of the characteristics of detection for that case can be produced 


only in the case of fast fluctuations of signal and interference, using the normal 


- Approximation, We shall find an expression for the mean value and dispersion of 


magnitude V. Considering that i. is subordinated to exponential diatribution, for. 


V we easily obtain (with accuracy up to nonessential constant factor) 


e o 
Vion [xpe(x bade tn (k— nf KPa (+ a)de = 


~~. (5.7.7) - 
aegis Fb byes], | 


Just as simply is calculated dispersion of random variable V without a signal 
from the target. | 
: Vi — Woz nk (2 e=*) en4, (5.7.8) 
Using formulas (5.7.7) and (5.7.8) and considering the law of distribution for 


V to be normal, it is easy to receive the following equation for threshold signal-to- 
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ety 

ae 

‘ -’ noise ratio q, corresponding to a 50% probability of detection: 

a Si-ge) -$ ee 
ea (1-+9)e —-e =g,)V2—e-%, Pash 
me 


RN. where qi is the signal-to-noise ratio, corresponding to ND = 0.5 without limitation 
Cie (a O). When qa, <4; the value of a, ensuring minimum q, turns out to be equai to 


We 2, 


= 
ro When g,>1 and g>1 

pe eS ed ae 

reas G=9,V2—e-*e : ® (5.7.10) 
seats 

ph Ss 

ies from which it is clear that q monotonically diminishes with increase of a. The 


sume result is also given by graphical solution of the equation. It shows that the 





normal approximation is impossible to use for determination of optimum level of a. 


ihe fact that this level exists is clear from physical considerations: with un- 





ae iimited increase of a even at the level of operation, equal to the level cr 
os i.iitation, the probability of detection should infinitely diminish. Here, the 
conditions of application of the normal approximation are executed poorly, since 
‘here ovcurs a number of components different than zero in (5.7.4). Aoparentiy, 
tie optiman of a has @ magnitude of the order q and is increased by measure of 
insrease of the number of pulses n. A corresponding gain in the threshold sirnal- 
sen tse rate cun be approximately calowlated by the formula (5.7.10). The 
“tha cn abeut the acourate value of the optimum and magnitude of gain, due to 

sn Si is thn simplest of all, apparently, in every separate case to solve 
corse nee tally, 

oige-resistance of the system with integration of scanning in reference to nodse 

ind randem pulse jamming is determined, as is simple to be convinced of, by the samo 
relationships as in the case of a system with accumulation of squares of envelopes. 
Introduction of limitation from below in no way, obviously, affects the noise- 
resistances in reference to random pulse jamming, inasmuch as the level of limitation 





a is lass than the amplitude of pulses of the interference. 
pase Approximately the same results will be obtained, obviously, if instead of the 
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is dartied out, for example, - by means of seeding a video sigal, selected in the 


constant component of detected voltage, released during integration of scanning, we 
use some harmonic of frequency of repetition, released with the help of a filter. 
The signal-to-noise ratio for these harmonics turns out to be, in the case of 4 
coordinated filter of intraperiod processing, equal to the signal-to-noise ratio 


on the zero harmonic. 


5.8. System of Detection With Binary Accumulation of Signal 


For accumulation of a signal in large time intervals, analog integrators, on | 
the strength of a number of deficiencies inherent to them, turn out to be not wholly 
useful. In order to carry out accumulation with the help of a digital device, it 
ig necessary first of all to convert all detected voltage into a number. Here, 
inasmuch as the number of digits in a digital installation is limited, there in- 
evitably takes place replacement of voltage by the nearest of possible numbers, i.e, 


- quantization. 


The simplest case of quantisation i quantiaation-by two levels of 0.1, which - 


appropriate way according to distance, on a relay with one steady state. The total 


. number of standardised pulses obtained, during the time of “observation T =n, (n ers Bene 
- is the number of periods of duration T,) is calculated and is compared te the 


threshold k, exceeding of which indicates the presence of a target. “AS showed the 


“simulation (75), such a method of processing quantised signals ensures, along with | 
“detection, sufficiently accurate location of a bunch of pulses, reflected fron the 
. target. | — +s “36 . " 


The main eovhion connected with binary accumlation, is the comparison of it with 
the analog type. It is also interesting to note the question of in wnat degree | 
are the eee ‘carried out in thie. case oa the quantined pulses, near to. 
optimum, 


: We shall constitute. the relation of verisind tude for quantined signals. 
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- where 


“with great probability be arranged in groups, the duration of which is determined en 


thal, let us consider at first a sequence of pulses with fixed amplitudes, which 
correspond to Signal-to-noise ratio 94..049n. For realization, consisting of v 


ones and n = v seroes, the relation of verisimilitude in this case is recorded in 


the form Aly; pla. a) ha 
to TN Gest Sear t— Pegi. 4 
7 ¢(0. a) eee a) (5.8.1) 


were. plaiy 0) is the probability of oie the. threshold of quantization a 


of the signal envelope with ‘noise at. signal-to-noise ratio q,. 


The first Product, “in (5.8. 1) is taken for all periods, in which there appeared 


, ‘a one, and. ‘the second product--for all remaining periods. 


| The relation of verisimi litude for a fluctuating ee can be received by 


os avOP agin (5.8.2) for ald a (#1. aA) 


swf. f rte. 6 Q)NYS QireeesGn)dq,s..dgq. (50862) 


ah. the case of slow cieetvallae with probability one and relation of 


veri sini Litude QF ge Pn 


coef she bie a ay (Saea) Me | (5.8.3) 


The relation of verisimilitude A(y) is « monotonically increasing function. 2m 


| the: ntunbar of ones ‘ comparison ‘of which with the threshold, carried out during © 
“binary: accumulation, is the optimum for this case of operation. An analogous - 


result is obtained, if pulses of the signal fluctuate jsepeiently. Here, . a 
. fe. a) )* fl —prlg, arms re ee ae 
 AW)= aoa} {Fees} Foie ae Ge (G84) 5 i.e ce 
5 wg PB (¢. 6)== Plata. a) - oes a “S 
- = Jestdde. 
Ina case, intermediate between very slow. and very fast fluctuation, AW) 


- depends not. only on the number of ones, but also on their distribution dn sequences. 
This result is not sudden. From qualitative considerations it is. quite olear that 


ata suffiosentiy large signal-to-noise ratio qs the ones in the. sequences should 
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by the time of correlation of fluctuations. Calculation of A(y) for that inter- 
mediate case is connected with significant difficulties. 

Calculation of characteristics of detection, corresponding to binary accumulation, 
comparatively simply is conducted for the case of independent pulses. Here, the 
number of ones is subordinated to binomial law and for probabilities of correct 


detection and false alarm, we have, 


D= Dyly )P@ a)! —~p,(g, a)", (5.8.6) 
=) "\ »°(0, —p(0, a)". 8. 
F YC) a)|! — p(0, a)} (G87) 


Excluding k from here, we can find dependence D(F, q, a) and, maximizing D 
(minimising q), by a-optimum magnitude of threshold of quantisation and correspon- 
ding value of k. The reverse can be done: express a by F and find the optimum value 
of k. The necessary calculations can only be done muserically. a 
Dependence qo (F, D, k) for independently fluctuating pulses already ves | 
considered in Chapter 4 in connection with the problem of survey. In vig. 428, ae 2 





v2 : dependence 4 (k) ia shen graphically for various D and Fs 210) ns 10. a 
e 3 the. graph, it is clear that dependence Go (x) is near optamium, lying in ‘the | 
yn vietadty of 3-5, and is rather. weak, The optinun value. of p(0, a) Be 20107 oe eS 
be 2. 2010" Loss as conpared with ing accumilation, Pr shows the amparizon of. 


| corresponding curves dn Pig. 418 and Sel, i 1.5—01.7 db. | 2, Pees 
“In the case, when n >i and aT el, At is ‘posible to une, “for eateulation c Dee 





OS : _ of characteristics of detection, the normal approximation. ‘the mean vale and 

So one dtaperston al accumulated voltage are deternined. by formulas 

fe a ee EAM a 
eee Pe : oe te 3] font tddrdr,~a'pi(a a es G88) 


where patent) 19 the Jolt distribution of squares of envelopes ort the ‘tantaating a : 
“A signal with noise in a Ah, and keth verlots. (eee (tt 1: me | 
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We shall use decomposition of Pin ees f,) in series according to Laguerre 
polynomials = : 


. “Te eaeg) 
xe u- als i ae ° a ota: OO (5.8.9) | 


x{t + £ re “si, 
2 


‘where ¢ is the power of noise on output of the detector, 


Rg- yoteted—» 
is the coefficient of interperiod correlation of totality of signal and noise: on 
input of detector, 
q is the signal-to-noise ratio, 
pA) Ae the coafficient of correlation of signal Fluctuations, _ 
Me shall assume that | ein Ee gt ok 
& cutatituting (89), (80) in (ud), ” obtain | a hee ee 
ie ge ee | bat) ao 
Sess oe yee! ata wy ee oe - 
“nfeiaceet, om 


"The series (5.8.22) converges. quickly and ean be used 4n prastieal caloulations, 


the results of such caleulation are represented in Fig. 5.3 in the forn of (epentenee : 
ye er ~e on n aan D = 0.9, ‘AjeT 10, AB can be seen from the graph, the 
2 easy ‘caused by replacement of analog scoumlation by binary, 4s increased with 

/ the growth of ny hovewer, the rate of this inorvase gradually diminishes, 

_ Caloudation of chareoteriaticn, corresponding to. binary accumlation. during 
glow Pluetuation, may be caltted, averaging, by the sigul-to-noies retic, the 2 e ae 7 
" qhupacteristion of detection for a regular signal (000(5.8.6)]. The latter, wits 
a detail, are considered in tm, wtare it ves shown that the optimum 4 4a all 
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of threshold of quantisation in the case of a regular signal also is hardly critical. 


_ Magnitude a is proposed to seloc:, by proceeding from the condition p (0,a)-~0,!. 
. Here, the loss in the signal-to-noise ratio as compared with analog accumulation is 
1.5 =-2 db. Averaging of characteristics, corresponding to the regular signal, in 


the magnitude of the signal-to-noise ratio can only be done numerically. 
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Fig. 5.3. Change of loss in distance due 
to replacement of analog accumulation by 
binary, depending upon number of stored 
pulses, 


In Fig. 5.3 is shown the calculated dependence of Vy fen on n when Af,7 <1 


and D- 0.9, Comparison of curves of this figure shows that the loss of binary 


accumulation grows with the increase of Af,7, — 
The available results of comparison of systems of detection with binary and 


analog accumulation of detected pulses show that binary accumulation gives, in 


goneral, an unessential loss and can be, with success, used in cases, when realisa- 
tion of the system with analog accumulation encounters technical difficulties. 
Binary summation may, obviously, be used also for accumulation of a detected 
signal in systems of detection of coherent signal. Here, quantisation should be 
carried out by amplitude and by time. The interval of quantisation in time should 
be small as compared with the time constant of the pre-detector narrow-band filter. 


5.9. Gonelusion 


Comparison of ccherent and i~soherent systems of detection shows that 
incoherent systems frequently have significant loss in distance. In the. most 
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typical case of slow fluctuations of target, this loss grows with the increase of 
number n of stored pulses approximately as j/n. Only in the case of independently 
fluctuating pulses of a signal when coherent joint processing of these pulses is 
impossible, there is no loss. Hence, follows the expediency of transition to the 
use of coherent systems of detection in those radar stations, for which such transi~ 
tion technically is possible. 

In the solution of this question, one should consider that transition to 
coherent detection requires introduction, to the receiver of the radar set, usually 
of & very significant number of channels, detunned by Doppler frequency and covering 
a priori interval of frequencies (see Chapter 4). In incoherent systems, the 
multichannel effect in speed is usually absent, inasmuch as Doppler frequency turns 
out to be low as compared with the width of the spectrum of the pulse. In certain 
systems, the snown complication of the receiver turns out to be impermissible and 
for them incoherent signal processing is more acceptable. 

With the incoherent signal, the system of dstection should be multichannel 
with respect to distance, i.e., it should ensure independent accumulation and 
comparison with threshold of signals, arriving from various distances. Analysis of 
the system with integration of. scanning, conducted in this chapter, showed that the 
abandonment ‘of the multichannel effect entails an essential loss in the free-space 
ranges. For construction of a multichannel] receiver storing devices can be used of 
the potentialescope type or delay Lines with feedback, or blocks of gated auplifiers, 
the gates of which are detunned with respect to distance, with subsequent analog i 
binary accumulation. In the last case, accumulation can be carried out with the 
use of computers. . | | | . 
| Loss with respect to distance, due to binary accumulation upon correct. sélection 
of threshold of the standardising device, turns out to be comparatively smal) 
(10 ~ 158). i 

"For decrease of number of channels with respect to distance, as with: the 


coherent signal, it is possible to use an increase of resolving power up to that 
required after detection, for example, by means of connecting intrapulse modulation. 
es During slow fluctuation of reflected signal, for increase of range simultaneous 


or alternate operation can be used on several carrier frequencies, and also, an 
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increase of frequency of survey (subdivision of time, used for detection, in indepen- 
dently fluctuating cycles). For obtaining a gain in distance, near to maximum, in 
each of these cases it is usually sufficient to take 2 to 5 operating frequencies 
(cycles of survey). The biggest gain is obtained with the use of retuning of 
frequency with accumulation of results of processing separate pulses during the time 
of observation. For example, at 5 alternately utilized carrier frequencies, the 
= free-space range with probability 0.9 is increased by 1.5 times. 
Calculation of the possible presence of active interferences, as in the case of 
a coherent signal, should, apparently, be produced with the help of additional 
— devices introduced in the receiver for protection from interferences, connected upon 
appearance of any form of interference. 

For protection from random pulse jamming, it is possible to apply selection of 
pulses by amplitude or by frequency of sequence. On the whole, the noise-resistance 
© of incoherent systems of detection is significantly lower than coherent ones. This 
Bs especially refers to passive interferences, for protection from which with an in- 
cS coherent signal only the system with external coherence can be used, which was 
Ls. considered in the preceding chapter. 

Be . In spite of the abundance of incoherent syatens of detection, some of the 

Be problems connected with these systems remain unsolved or are not soived until the. 
end. In particular, there are no sufficiently full results on the characteristics 
br of binary accumulations, concerning selection of thresholds of the standardising 
cascade and relay and considering the presence and character of fluctuations of a 
) = useful signal. This problem obtained at present a large meaning in connection with 
ee - the wide use of digital technology in Systems of processing radar data. its 

; solution is connected with large calculating difficulties, the surmounting of which 
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will demand, apparently, the use of high speed computers. 

Some interest is also represented by the investigation of characteristics of 
detection for optimum processing of an incoherent signal in those cases (see Section 
5.2), when it does not coincide with accumulation of squares of envelopes. Apparent- 
ly, such congideration is simple to make for a small number of stored pulses (for 
example, n = 2). Very desirable also is the stricter comparison of characteristics 
of detection with linear and square~law detectors. We enumerated typically 
"incoherent" problems. Furthermore, a number of unsolved problems, enumerated in 
the conclusion of Chapters 3 and 4, is common for ccherent and incoherent signals. 
Here is the problem of optimum survey and target search, the problem of detection of 
nongaussian signal for the case, when it is impossible to disregard the problem 
of detection of a target on trajectories with the use of a memory from cycle to 


cycle, 6tc, 


Literature 


1. Threshold signals. Translation from English. Edited by A. P. Sivers, 
"Soviet radio", 1952. 


2, V. Peterson, T. Berdsal, V. Foks. Theory of detection of signals. In 


collection. "Theory of information and its application". Edited by A. A. Kharkevich. 
Fizmatgis, 1959. 


3. 0D. Midditon. Statistical theory of detection of signals. In collection. 
"Reception of signals in the presence of noise”. Edited by L. S. Gutkin. Foreign 
Literature Publishing House, 1960. 


4. 0. Midditon and D. Van Miter, Contemporary statistical methods in the 
theory of reception of signals. In collection. "Reception of sigvals in the 
mune. of noise". Edited by L. S. Gutkin. Foreign Literature Publishing House, 
19690. 


5. D. Midditon and D. Van Miter. Detection and reproduction of signals, 
received on a background of noisea, from the viewpoint of the theory of statistical 
solitions. In collection. "Reception of pulse signals in presence of noises", 
Edited by A. Ye. Basharinov and M. S. Aleksandrov, Gosenergoisdat, 1960. 


6. D. Midditon and D. Van Miter, On optimum multdalternative detection of 
signals in noise. In coliection. "Reception of signals in the presence of noise". 
Edited by L. S. Gutkin. Foreign Literature Publishing House, 1960. 


7, \V..Zibert. General regularitiss of detection cf targets with the help of 
radar. "Questions of radar technology," 1957, No, 5. 


Wey 








8. F. M. Woodword. Probability theory and theory of information with 
applications in radar. Translation from English, edited by G. S. Gorelik. "Soviet 
radio", 1955. 


9, L. A. Vaynshteynand V. D. Zubakov. Detection of signals on a background of 
random jamming. "Soviet radio", 1960. 


10. S. Ye. Fal'kovich, Reception of radar signals on a background of fluctuating 
interferences. "Soviet radio", 1961. 


11. Yu. B. Kobzarev and A. Ye. Basharinov. On the effectiveness of algorithms 
of search based on the method of test steps of cdéntrolled distance. "Radio 
engineering and electronics",1961, No. 9. 


12, Ye. Yanke, F. Emde. Tables of functions with formulas and curves. 
Gostekhizdat, 1949. 


13. G. L. Turin. Introduction to the theory of coordinated filters. IRE Trans., 
IT-6, June 1960. 


14. P. A. Bakut. Estimates of maximum of verisimilitude of normal signals. 
"News of higher educational institutions", Radio engineering, 1962, No. 3, 


15. G. R. Welty. Quaternary code for pulse radar. IRE Trans., IT-6, June 
1960. 


16. A. A. Kharkevich. Spectra and analysis. Gostekhizdat, 1953. 


17, BR. Levin, Theory of random processes and its application in radio 
engineering. "Soviet radio", 1960. 


18. GC. Kramer. Mathematical methods of statistics. Foreign Literature 
Publishing House, 1948. 


19, J. I. Marcum. Statistical theory of detection of target by pulse radar, 
TRE Trans., IT#2, April 1960. 


20, V. B. Shteynshleyger and A. G. Zonnenshtral', Fluctuations of signal from 
a set of random reflectors for a moving locator. ‘Radio engineering and electronics", 
1958, Vol. III, No. 7. 


21. Radar war. Account of the methods of combatting radar. "Soviet radio", 
1946, 


22. Kovit and others. Methods and technology of radio countermeasures and 
the conflict with it. "Poreign radio electronics", 1960, No. ll. 


23. Blettner. Methods of radio countermeasures, Foreign radio electronics", 
1960, No. 4. 4 


24. V. 1. Bunimovich. Fluctuating processes in radio receivers. "Soviet | 
radic", 1951. 


25. 3. 0. Rays. Theory of fluctuating noises. Collection of articles, ‘Theory 


of transmission of electric signals in the presence of interferences", Foreign . 
Literature Publishing Houss, 1953, 


YOS 





ve 
me “, 


iene: 


es ke OF oe 
oat ee 


agi 
a 

al 4 
. 

Ass 





26. Maximum sensitivity of receivers with the use of ideal antennas, masers 
and parametric amplifiers Proc. IRE, April 1960. 


27. Receivers of radar stations. Translation from English, edited by A. P. 
Sivers, Parts I and II. "Soviet radio", 1949. 


28. Adler, Van Slik. Electronic parametric amplifier as an element of radar 
systems, "Foreign radio electronics", 1962, No. l. 


29, Grimm. Main characteristics of external noise. "Foreign radio electronics’, 
1960, No. 6. 


30. I. A. Bol'shakov. Passage of regular and random signals through a phase 
detector of the switching type. "Herald of Moscow university", 1958, No. 6. 


31. G. P. Tartakovskiy. Dynamics systems of automatic gain control. State 
Power Engineering Publishing House, 1957. 


32. I. A. Bol'shakov. Detection of pulse signals in the presence of noises. 
"Herald of Moscow university", 1959, No. 1. 


33. V.V. Shirokov, V. G. Repin. Influence of interferences on system of 
automatic gain control. "Radio engineering", 1959, No. 4. 


34. V. V. Shirokov. Influence of signal fluctuations on receivers with 
automatic gain control. "Radio engineering and electronics”, 1961, No. 9. 


35. V.V. Shirokov. Influence of amplitude-modulated signal on two-loop 
system of automatic gain control. "Radio enginsering and electronics", 1960, No. 2. 


36. V. A. Kotel'nikov. Theory of potential noise-resistance, Doctoral 
dissertation, 1946 (see also book x of the same title. State Power Engineering Pub- 
lishing House, 1958). ; 


37. A. Wald. Theory of statistical decisive functions. J. Willey and Sons, 
1950, N. Y. : 


38. A. Wald. Fundamental ideas of the general theory of statistical solutions 
(see "Supplement" in book [39]). 


39. A. Wald. Sequence analysis. Translation from English, edited by B. A. 
Sveost'yanov. Fismatgis, 1960. 


40, R. L. Dobrushin. One statistical problem of the theory of detection of a 
signal on a background of noise in a multichannel system. "Probability theory and 
its application”, 1958, Vol. II, No. 2. 


41. A. Wald, J. Wolfowics. Optimum character of sequence criterion of relation 
of probabilities (see "Supplement" in book [39]). 


42. G. Busgang, 2. Midditon. Optimus sequence detection of signals in noise. 
In collection. "Reception of signals in the presence of noise”. Edited by L. S. 
Gutkin. Foreign Literature Publishing House, 1960. 


43. A. Ye. Basharinov, B. S. Fleyshman, Application of the method of sequential 
analysis in systems of two-digit transmission with relay intensity pancuuartone of 
Signals. "Radio engineering. and electronics", 1950, Vel. ae No. 2. 


of. é re 
LO ae ve 


Soy oe ais eae ae 
’ , . 
a ae Ma ct: 














. 
* 
stage 
SE : 
ae ane 
ee “eg 
. ate 
ol, es 
P . 
* ~ 


44. A. Ye. Basharinov, B. S. Fleyshman. Binary-storage, two-threshold 
analysers. "Radio engineering and electronics", 1959, Vol. IV, No. 9. 


45. A. Ye. Basharinov, B. S. Fleyshman. On an effective method of sequential 
analysis in installations for detection of weak signals in noises. ‘Radio engineer- 
ing and electronics", 1958, Vol. III, No. 6. 


46. G. Blesbalg. Connection of the theory of sequence detection with the 
theory of information and application of it to detection of signals in noise by 
means of binomial tests. In collection. "Reception of signals in the presence of 
noise", Edited by L. S. Gutkin. Foreign Literature Publishing House, 1960. 


47. D. Preston. Effectiveness of search for a radar set with successive 
testing of ratio of probabilities. "Foreign radio electronics", 1961, No. 1. 


48. D. Blackwell, M. A. Girshik. Games theory and statistical solutions. 
Foreign Literature Publishing House, 1958. 


49. V. Zibert. Some applications of the theory of detection to radar. 
"Problems of radar technology", 1959, No. l. 


50. F. Woodword, I. Davis. Principle “of inverse probability" in the theory 
of transmission of signals. In collection. ‘Theory of transmission of electric 
Signals in the presence of interferences". Foreign Literature Publishing House, 1953. 


4 dl. R. Bellman. Dynamic programming. Foreign Literature Publishing House, 
1960. 


52. A. Ye. Basharinov, B. S. Fleyshman. Concerning the question of cybernetic 
methods of discerning information flows, a report at the All-Union conference on the 
probability theory in the city of Vilnius, September 1960. 


53. D. Middlton. On the detection of random signals in additive normal noise, 
TRE Trans., IT#3, June 1957. 


54, V.D. Zubakov. Optimum detection during correlated interferences. ‘Radio 
engineering and electronics”, 1958, Vol. III, No. 12. 


55. V.D. Zubakov. Detection of a signal on a background of normal noises 
and random reflections. "Radio engineering and electronics", 1959, Vol. IV, No. 1. 


56. V.D. Zubakov. Detection of coherent signals on a background of correlated 
interferences. ‘Radio engineering and electronics", 1959, Vol. IV, No. 4. 


57. L. A. Vaynshteyn, Radar detection of a blinking object on a background 
of correlated interference. "Radio engineering and electronics", 1959, Vol. IV, No. 5. 


58. V.G. Sragovich. On optimum detection of signals on a background of 
nee oo interference. "Radio engineering and electronics", 1959, 
Vol. 9 NOe De 


59. C. A. Fowler, A. P. Usso, A. E. Ruvin. Technology of processing signals 
and survey radar systems. IRE Trans. MIL-5, April 1961. 


60. I. M. Gel'fand, A. M. Yaglom. On the calculation of a ey of 
chat saa random function contained in another similar function, UMN, 1957, 
Ole 9 HO. Le : 





61. Ye. Ye. Slutskiy. raoue for calculation of incomplete [ -function 
and function of probabilities xX Publishing House Academy of Sciences of USSR, 
1950. 


62. S. Gershkovich, B. Detap. _ Parameters of a radar station with separation 
of frequencies. "Problems of radar technology", 1958, No. 3. 


63. F. Klass. Radar station with increased range, using the method of 
separation of frequencies. Problems of radar technology", 1958, No. 3. 


64. Ya. D. Shirman. Theory of detection of useful signal on the background 
of Gaussian noises and arbitrary number of interfering signals. "Radio engineering 
and electronics", 1959, Vol. IV, No. le. 


65. Radar technology. Translation from English. "Soviet radio", 1949. 


66. P. A. Bakulev. Radar methods of selection of moving targets, Oborongiz, 
1958. 


- 67, Ya. Z. Tsypkin. Theory of pulse systems. Fismatgiz, 1958. 


68. L. P. Goats, I. D. Albright. Aircraft Doppler-pulse radar set, IRE 
Trans 9 MIL~5, April 1961. 


69. J. Van Vleck, D. Middlton. Theoretical comparison of video, audio and 
instrument methods of reception of pulse signals in the presence of noises. In 
collection. "Reception of pulse signals in the presence of noises”, Edited by 
Ae Basharinov and M. S. Aleksandrov. State Power Engineering Publishing House, 
1960. 


70. Hall. Calculation of the range of a pulse radar station, "Problems of 
radar technology", 1956, No. 6. 


71. Taker. Detection of pulee signals in noise. Correlation between traces 
during visual detection. "Problems of radar technology", 1957, No. 6. 


72, Griffits, Detection of pulse signals in noise. Influence of width of 
Spot on visual detection. "Problems of radar technology", 1958, No. 3. 


73. Shkol'nik. Detection of pulse signals in noises. Problems of radar 
technology", 1958, No. 3. 


7h. OD. V. Harrington. Investigation of detection of repeated signals in noise 
with the help of binary accumulation. In collection. Reception of signals in the 
aaa of noise", Edited by L. S. Gutkin. Foreign Literature Publishing House, 
1960. 


75. G. Dinnin, I. Reed. Investigation of detection and location of signals 
with the help of meters. In collection. ‘Reception of signals in the presence 
of noise", Edited by L. S. Gutkin. Foreign Literature Publishing House, 1960. 





76, <A. N. Volshin, V. A. Yanovich. Radar Countermeasures. Military 
Publishing House, 1960. 


77. OD. Middlton., Introduction to the statistical theory of communications, 
Vol.I,II, "Soviet radio*, 1961--1962 





You 


» 
ae t ; 1 


“ye 28 gs teat Pt ee sys |" aed 4 
2 SRN DA REE SU CAAT ASIA ae ee ae ae a ae 





Best | 
Available 
Copy 


i 





